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NON-LOCAL APPROXIMATIONS OF THE GRADIENT

HAIM BREZIS AND PETRU MIRONESCU

Abstract. We revisit the proofs of a few basic results concerning non-local approximations
of the gradient. A typical such result asserts that, if (pc) is a radial approximation to the
identity in RN and u belongs to a homogeneous Sobolev space WP, then

u(@+h) —u(z) h N
N/ o pe(h)dh, = € R

Al

converges in LP to the distributional gradient Vu as € — 0.

We highlight the crucial role played by the representation formula V; = (Vu) * F;, where
F¢ is an approximation to the identity defined via p.. This formula allows to unify the proofs
of a significant number of results in the literature, by reducing them to standard properties
of the approximations to the identity.

We also highlight the effectiveness of a symmetric non-local integration by parts formula.

Relaxations of the assumptions on uw and pe, allowing, e.g., heavy tails kernels or a
distributional definition of V;, are also discussed. In particular, we show that heavy tails
kernels may be treated as perturbations of approximations to the identity.

1. A REPRESENTATION FORMULA AND APPLICATIONS

Let (p2)o<e <<, be a family functions on RY such that:

pe is non-negative, integrable, radial, V &, (1.1)

/p5:17 v g, (12)

RN

Elgno / pe(h)dh =0,V § > 0. (1.3)
|h| > 6

Following Mengesha and Spector [7] (with roots in Bourgain, Brezis, and Mirone-
scu [1], Gilboa and Osher [6], Du, Gunzburger, Lehouck, and Zhou [5]; see also
a detailed list of references in [7, p. 254]), we set, for any measurable function
u € Li, (RY), and assuming that the integral below exists,

Ve(w) = Veu(w)

V. may be seen as a non-local approxirnation of the gradient. Indeed (see Re-
mark 1.13), (i) when u is C' and bounded, we have the pointwise convergence
Vo(z) = Vu(x) as e — 0,V z € RY; (ii) when u is C' and compactly supported,
we have V. — Vu uniformly.
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28 H. Brezis & P. Mironescu

In what follows, we revisit the proofs of a few results establishing the validity of
the convergence

Ve = Duas e — 0, (1.5)

in various functional settings. Many of these results were originally obtained, in
slightly different forms, in [7].

Before presenting the main results and methods, we make some easy observations
concerning the existence of V.. Set

We(z) = Weu(x) = We . ()

/ ful ”C”"h'_ w@ () dh, © € RY.

Clearly, the following holds.

LEMMA 1.1. — Let u € L}, (RY) be such that W. € L}, .(RY). Then V. is
well-defined a.e. and is measurable.
Moreover, we have [V.| < N W a.e., and thus V. € L}, (RY).

Remark 1.2. — In the above statements, the condition W, ,, € L}, (RY) seems
constraining. However, under the following assumption:

for every e, there exist some d., R. > 0 such that
pe(h) = 0if |h| < bcorif|h| > R., (1.6)

we have W, , € L}, (RN),V u € L}, (RY).
This is especially relevant for Propositions 2.2, 2.3, 2.5, 2.6, and 5.1 below.

We next present a sufficient condition for having W, € Li,_(RY) (and thus, by
Lemma 1.1, V. € L}, (RY)). For 1 < p < oo, set

|u(x + h) — u(x)|?
cp =Lepu =1Icpup. = // P pe(h) dxdh.

1,
RN RN

LEMMA 1.3. — Assume (1.2). Let 1 < p < oo and u € L} (RY). Then
IWll? e, < Lo

Consequently, if I. , < oo, then V. is well-defined a.e., measurable, and
IVell po gy < N [Lep] 7.

In the above and in what follows, the LP-norms of vector fields F : RY — RN
are computed with respect to the Euclidean norm | |, i.e.,

1F1 oy = [ IF@)P da.
RN

Similarly, the mass of a measure F' € .# (RY;RY) is computed with respect to
the Euclidean norm, i.e.,

N
Tp———_ / G dF;; ¢ € 0 (RYRY), [¢(z)| < 1,V @
jleN
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Proof of Lemma 1.3. — The conclusion follows by integrating in x the inequality
p—1
u(x + h) — u(x)|P
/' o myan ([ powyan
|h|P
RN
u(z +h) — u(z)” N
/ hP pe(h)dh, ¥ x € RY.
O

We now recall a few sufficient conditions for having I. , < co. Set
W'?.={ue 7' (RV); Due L? (R")}
={ue L, (RY); Due L” (R")},1<p < o,
BV:={ue 2' (RY); Due .# (RV)}
={ueLl, (RY); Due.# (RY)}.
In what follows, for u € W, we denote the distributional gradient Vu.
Let K, n = ][ |hj|P do(h) (which does not depend on j € [1, NJ).
We have the fgl]\l](;\izing

LEMMA 1.4 ([1]). — Assume (1.1).
(1) Let 1 <p < oo and u € W'P. Then I., < K, x 19l L1 vy VUl T vy -
In particular, V. € LP(RY) and

1
Vel oy < N [Kp 8T [lpelleny 1900 Lo gy -

(2) Letw e BV. Then Iy < K1 n [lp<]l 11 @y 1D g gvy-
In particular, V. € LY(RY) and

”VEHLl(RN) SN KN ||ps||L1(RN) HDUH%(RN)-
We next present a crucial identity that illuminates the validity of (1.5): (1.10),

and its avatar (1.11). Although (1.10) was probably known to experts (it is implicit
in [7, proof of Lemma 3.3] and related to several identities in [5]), its intimate
connection to (1.5) seems to have remained relatively unnoticed.

Assume (1.1). Let f. : (0,00) — [0,00) be a measurable function such that

pe(x) = f-(Jz|) for a.e. z € RV, Set

F.(h) := N/ fT(t) dt, v h € RV \ {0}. (1.7)
|n|
Let us note that

oo o0 t
”FEHLl(]RN) = /FEZN ’SN_l‘/TN_l/ifst()dtdr
RN 0 r

sV / N () de = / pe(h) dh = [lpe]| s oo
0

RN

(1.8)



30 H. Brezis & P. Mironescu

so that, in particular,
F. e L'(RM). (1.9)

LEMMA 1.5. — Assume (1.1). Let F. be as in (1.7).
(1) Let 1 < p < o0 and u € WP, Then

Ve = (Vu) % F; a.e. (1.10)
(2) Let u € BV. Then
Ve = (Du) * F; a.e. (1.11)
Proof. —

Step 1. Proof of (1.10) when u € C*=(R¥) and p. € C°(RY). — In this case,
we actually prove that

Ve(z) = (Vu) * Fe(z), ¥V x € RV,

For this purpose, we note that

F, is compactly supported, (1.12)
VF.(h) = —thng(h), vV h e RV \ {0}, (1.13)
F.(h) =O(|1n|h||) as h — 0. (1.14)

Using (1.12)—(1.14), we find, via an integration by parts, that

%®%=—/W@+m—uwﬂvﬂmmh

]RN
— — Jim. / (u(z + h) — u(x)] VE.(h) dh
RN\B(0,5)
- / Vu(z + h) F.(h) dh = / Vu(z — h) F.(h) dh
RN RN

— (Vu) % R)(@), ¥ 2 € RY.
Step 2. Proof of (1.10) and (1.11) when p. € C°(R™ \ {0}). — Let n be a radial

non-increasing normalized bump function. By Step 1, we have

Ve wins (7) = (V(u*1n5)) * Fo(x) = (Du) * (Fz +n5)(x), ¥V z € RN, (1.15)

On the one hand, as 6 — 0, the right-hand side of (1.15) converges (possibly
along a subsequence) a.e. to (Du) * F.(x). (This follows by combining the Young
inequality with the fact that F. xns — F. in L'.)

In order to obtain (1.10), respectively (1.11), it suffices to prove that

Ve wins.pe (¥) = Ve p.(z) as d — 0 for ae. z € RV, (1.16)

Property (1.16) is obtained via dominated convergence, using the standard in-
equality

luxns(y)| < Au(y),Y 0<5<1, VyecRY, (1.17)



NON-LOCAL GRADIENT 31

(see, e.g., [13, eq (17), p. 57]), where .# u is the centered truncated maximal
function of w,

Mu(z) :Sup{f |u|;0<7’<1}.
B, (x)

(Here, we use the fact that n is radial, non-increasing, and supported in the unit
ball.) Using (1.17) and the extra assumptions on p., we obtain the domination

|uxns(x + ) — uxns(z)]
1]

pe(h)
< [Au(x + h) + Au(z)]g(h),V 0<d <1, (1.18)

with g(h) := p:(h)/|h| bounded and compactly supported. The right-hand side
of (1.18) is in LY(RY) since .#u € L}, (RY) (and thus, in particular, .Zju is
finite a.e.). The latter property follows by combining the Sobolev embeddings
WhP, BV < LN/(N_l)(RN) with the fact that, by the maximal function theorem,

loc

we have .#u € LT, (RY) when u € L} _(RY) for some r > 1. We obtain that the

loc loc
convergence in (1.16) holds on the full measure set

{z € RY; #1u(z) < 0o and z is a Lebesgue point of u} .

Step 3. Proof of (1.10) and (1.11) in the general case. — For fixed €, we approxi-
mate p. in L' with a sequence (p, ;); of kernels p. ; € C2°(RN\{0}) satisfying (1.1).
By Step 2, the corresponding associated kernels F ; satisfy

Veuwo. . = (Du) *x F, ; a.e. 1.19
sUsPe 5 5]

Let us note that F. ; — F. in L'(RY) as j — oo. (This follows from a straight-
forward variant of (1.8).)

We obtain (1.10), respectively (1.11), by letting 7 — oo in (1.19). Passing to the
limits is justified, on the left-hand side, by Lemma 1.4, and, on the right-hand side,
by the Young inequality combined with the fact that F. ; — F. in L'(RY). O

Using Lemma 1.5, (1.8), and the Young inequality, we obtain the following
LEMMA 1.6. — Assume (1.1)—(1.2).

(1) Let 1 < p < oo and u € W'P. Then IVell oy < IVull oo

(2) Let uw € BV. Then HVEHLl(RN) < ”Du”//l(]RN)'

This is an improvement of Lemma 1.4, since N [K, y]*/? > 1 when N > 2.
Indeed, the Jensen inequality yields

p
Kpn 2 (][ hjdv(h)>
SN—-1

_ (;f ]ém kzi: |hk|da(h)>p > (;7 ]ém da(h)>p - %

We next present two direct consequences of Lemma 1.5, originally obtained, with
different arguments, in [7].
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PropOSITION 1.7 ([7, Theorem 1.1(b)]). — Assume (1.1)~(1.3).
Let u € WP (RY). Then

V. = Vu in LP(RN) as e — 0.
PROPOSITION 1.8 ([7, Theorem 1.2]). — Assume (1.1)~(1.3). Let u € BYV.
Then
V. — Du x-weakly in .H# (IRN) ase — 0
and

Jim [[Vell g vy = [[Dull_g -

Proof of Propositions 1.7 and 1.8. — By Lemma 1.9 below, (F;) is an approxi-
mation to the identity. We conclude by combining this fact with Lemma 1.5. O

LEMMA 1.9. — Under the assumptions (1.1)—(1.3), (F:) is an approximation to
the identity.

Proof. — If § > 0 is fixed, then (1.7) and (1.3) yield

/ F.(h)dh =N |SN71| ZrN—l 7ft(t) dtdr

|h|>6

oot
=N |SN—1|//rN—1dr—f€t(t) dt
5 s (1.20)

SN [ N () dt
!

= / pe(h)dh — 0 ase — 0.
|h] > 6
The conclusion of the lemma follows from (1.8) and (1.20). O
We next present two a.e. versions of the above results.

PROPOSITION 1.10. — Assume (1.1)—~(1.3). Let u € WP, Then, for a.e. x €
RY | we have V.(x) — Vu(z) as e — 0.

PROPOSITION 1.11. — Assume (1.1)(1.3). Let u € BV. Then, for a.e. x €
RN, we have V.(z) — V%u(z) as e — 0.

These results clearly follow from Lemmas 1.5 and 1.9 and the following well-
known measure-theoretical result (see, e.g., [12, Chapter III, Section 2.2, Theorem 2]
for the first item, and the discussion in [12, Chapter III, Section 4.1] for the second
one).

LEMMA 1.12. — Let (F.) be a an approximation to the identity, with F. radial
and non-increasing. Then

(1) For every 1 < p < oo and G € LP(RY), we have G * F.(z) — G(z) at each
Lebesgue point of G.
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(2) For every finite Borel measure v singular with respect to the Lebesgue
measure in RN, we have v« F. — 0 a.e.

Proof of Lemma 1.12. — The assumptions on F. imply that there exist (unique)
non-negative Borel measures y. on (0, 00) such that

F.(z) = pe((|z], 00)), for a.e. z € RY, (1.21)
5™ OotNd t)y=1,V 1.22
[ =1 v e (1.2)
0
li s OotNd t)=1,¥Y6>0 1.23
ti B [ =1 v 5 >0, (1.23)
§

Proof of item (1). — We have
’G * F. () — G(:l:)|

SN—1

/ Pt / Gz — rw) — G(@)] ds(w) pe((r, 00)) dr
0
N—-1

SN-1

= [
< 0/7“ / |G(z — rw) — G(z)| ds(w) pe((r, 00)) dr

_ /TN—l / G — rw) — G(a)] ds(w) /Oodug(t) dr

SN

_ O/ 0/ PN / G — rw) — Gla)| ds(w) drdp(t)  (1.24)

SN-1

- / / IGW) — G(@)| dy de(t)
A B(z,t)

— [1Balf (6() - Gl dydu(t
0 B(z,t)

SV Ty
— [t IGy) — G(x)| dy dpc (2).
A B(z,t)

We complete the proof by combining (1.22)—(1.24) with the fact that

lim |G(y) — G(z)|dy = 0 at each Lebesgue point x of G
t—0 B(:D,t)
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and the straightforward inequality

1
G(y) — G)|dy < ——————||G||;»pny + |G(x
1., 160 = C@ldy < (il Gl +16G)

1
< WHG”LP(RN) +|G(2)], Yt = 0.

Proof of item (2). — We have

v* F.(x)

=/ue((| yl. o)) d //dua £)dvly

RN |z— yl

/ | vt due - Nl' duea)-

0 |lz—y|<t

(1.25)

We complete the proof combining (1.22), (1.23), and (1.25) with the fact that
(by the Lebesgue—Besicovitch differentiation theorem) we have

B(x,t
im wz()fora.e. r e RY,
t=0 [B(z,t)|
and the upper bound

v(Bx,1) _ v(RY)
B, 0] S 1B(,0)]

Y >0 O

For other results in the spirit of Propositions 1.10 and 1.11, see Spector [11,
Theorem 1.2] and Brezis and Nguyen [2, Theorems 1 and 2].

Remark 1.13. — Here are two additional quick consequences of the fact that,
under the assumptions (1.1)—(1.3), (F.) is an approximation to the identity. It is
straightforward that the pointwise equality V.(z) = (Vu) * F.(z), V x € RY holds
if u € CHRY), and therefore for such u we have V. — Vu uniformly in RV as
£ — 0. Similarly, this equality holds when u € (C* N L*)(RY), and in this case we
have V.(z) — Vu(z), as e — 0,V x € RV,

2. AN INTEGRATION BY PARTS FORMULA AND APPLICATIONS

The representation formula (1.10) naturally leads to the following formal calcu-
lation, with ¢ € C°(RY;RY), f(z) := f(—z),V z € RY, and {e;}1<;j<n the
canonical basis of R™:
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/]RN‘/E,U.CZZ,/RN [V;:,uej]CJ:Z[VvE,ueJ]*C\;(O)
=2 [0+ F1+ G0

—Zu*{F *8@} Zu*V (0)
:/RN“( DLAT q}(—x).

J

Combining (2.1) with the (formal) identity V_ 7(—) = —V; s(z), we obtain the
formal identity

/RN cut €= Z/RN [Ve, () - ¢5] da, (2.2)

and its more symmetric avatar

| Weueiv
_ - /RN w(@) V(@) - ¢j] do,¥ 4, ¥ & € O (RN;R). (2.3)

Similar “non-local integration by parts” identities were known in the literature
(see, e.g., [5], [7, Theorem 1.4], and, in a slightly different setting, Silhavy [10,
Section 6]). As we will see below, (2.2) holds under mild assumptions on w (this is to
be compared with the more restrictive assumptions in Lemma 1.5). The importance
of such identities is that they provide a first direction for generalizing the results in
Section 1, consisting of weakening the assumption v € WP (respectively u € B.V),
widely used in Section 1, to a reasonable one allowing V. to be well-defined a.e.
and to obtain the property u € Wwitp (respectively u € B.V) as a conclusion.

We first formalize the validity of (2.2).

LEMMA 2.1. — Let € > 0 be fixed. Assume (1.1). Let u € Li, (RY) be such
that W. € L}, .(RN).

(1) Ifu e (L' 4+ L®)(RYN), then

/RN Ve (= — Z/ Ve, (2) - ej] da, ¥ ¢ € C° (RY;RY) . (2.4)

(2) If p. is compactly supported, then (2.4) holds.
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Proof. — We first note the following equalities, valid (thanks to the Fubini the-
orem applied to the first line) for every ¢ € C°(RN;RY):

[rcon ([t ) o
o ([
REOARY (2.5)
- N / / u(z) L@ |th) —<@, ) dz) dh
RN RN
—_N / ( / u(z) L@ HQ — <@, ) dx) dh.
N RN

We next claim that we may apply the Fubini theorem to the last integral in (2.5).
By linearity, in item (1) we may assume that either u € L*(RY) or u € L= (RY).

Proof of the claim when u € L*(RY). — In this case, we have
h- h) —
[ [ h- [ Thv) @I o ar ) an
RY \ RN

SIVC oo @y llell o vyl oe 1 vy < 00

Proof of the claim when u € L™ (RY). — By Lemma 1.4(1), we have

/ ( / u<x>||h'K“Th@)_“x)”pg(h>dx) i

RN

N

<KL N[l o @y DIV 1 gy I9ell 11 vy < 00
j=1

Proof of the claim when p. is compactly supported. — Let r, R > 0 be such
that supp ¢ € B(0,r) and supp p. C B(0, R). Set v := uxp(0,,+r) € L'(RY). Then

h-[C(x + h) = ¢(x)]

|h‘2 ps(h’)a v $7h € RN?

= v(z)

and we then argue as in the case where u € L'(RY).
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Applying the Fubini theorem in (2.5), we find that

/VE.CZ —N/u(x) /h [ HQ — <@, hyan | d

:—N/u(x) /Z@ |h| Cﬂ()m (h)dh | dx

RN

=—Z [ ) Ve, (@) - 1,
RN
so that (2.4) holds. O

Here are two quick consequences of (2.4), in the spirit of [7, Theorems 1.5
and 1.6].

PROPOSITION 2.2. — Assume (1.1)~(1.3). Let 1 < p < co. Let u € L}, (RY)
be such that W, € L}, (RN), V e.

(1) Ifu € (L' 4+ L>)(RY), then
611_1,110 HVe”Lp(RN) = ”vu”LP(]RN)
(W1th the convention |[Vul|p, g~y = 00 if u ¢ Wl’p) . (2.6)

(2) If there exists some R < oo such that
suppp. C B(0,R), V 0 < ¢ < &, (2.7)
then (2.6) holds.

PROPOSITION 2.3. — Assume (1.1)—(1.3). Let u € L}, .(RY) be such that W €
L (RM),V .
loc ’
(1) Ifue (L' 4+ L*)(RY), then

hm IVell 2 (RN) = ||DU||//1(RN)
(With the convention |[Du|| 4 g~y =00 if u & B'V) . (2.8)
(2) If (2.7) holds, then (2.8) holds.

OPEN PROBLEM 2.4. — Let u € L}, (RY) be such that W, € L} (RN). Is
it true that (2.6), respectively (2.8), hold, without assuming the support assump-
tion (2.7)?

Proof of Propositions 2.2 and 2.3. — In view of Lemma 1.4(2) and Proposi-
tions 1.7 and 1.8, it suffices to prove the following. If £ :=liminf. o [|Vz|| 1, @y) <

00, then u € WP if 1 < p < oo, respectively u € BV if p = 1. Clearly, this holds
provided

/ w divC < Ll agayy ¥ € € C (RY;RY) (2.9)
]RN



38 H. Brezis & P. Mironescu

where ¢ is the conjugate exponent of p. In turn, (2.9) holds provided

—/udivg“:JE)/%(,VCECSO(RN;RN). (2.10)
RN RN
In order to complete the proof, it suffices to establish (2.10) under the as-
sumptions of Proposition 2.2, respectively 2.3 (with no boundedness assumption
on [|V; ”LP(RN))
In view of (2.4), in order to obtain (2.10) it suffices to prove that

hm/uVECJ /u@@, <j<N. (2.11)

When u € L>®(RY), this follows from Proposition 1.7 applied to ¢; with p = 1.
When u € L'(RY), we note the domination

N
[uVe, - 5] IV oo vy lul € L (RY).
We conclude by dominated convergence, using the fact that V. ¢, - e; converges
to 0,;¢; pointwise as € — 0 (see Remark 1.13).

The argument for u € Li, (RY) under the support condition (2.7) is similar.
The proof of Propositions 2.2 and 2.3 is complete. O

One may consider versions of Propositions 2.2 and 2.3 for families of functions
instead of a fixed function. Here are, for example, two versions of [7, Theorem 3.7].

PROPOSITION 2.5. — Assume (1.1)-(1.3). Let 1 < p < co. Let, for every ¢,
u. € L}, .(RN) be such that Wk, € L}, .(RY). Assume that

(Ve,u.) is bounded in LP (RN . (2.12)

(1) If (u.) is bounded in (L* + L>°)(RY), then there exists some u € WP such
that, up to a subsequence e, — 0,

Ue — u x-weakly in M, (RN) , (2.13)

IVull o) < lim inf Ve u. ||L,,(Q), for every open set Q C RY, (2.14)
(2) If (uc) is bounded in Lj,,

then (2.13)—(2.14) hold.

PROPOSITION 2.6. — Assume (1.1)—(1.3). Let, for every e, u. € Li, (RY) be
such that W, ,,_ € L}, .(RY). Assume that

(Veu.) is bounded in L' (R). (2.15)

(1) If (u.) is bounded in (L' + L>°)(RN), then there exists some u € BV such
that, up to a subsequence ¢ — 0,

Ue — u x-weakly in M, (RN) , (2.16)

(RN) and the support condition (2.7) holds,

[ Dull gy < liminf Ve . ||L1(Q), for every open set Q C RY, (2.17)

(2) If (uc) is bounded in Lj,,
then (2.16)—(2.17) hold.

Remark 2.7. — Note that, by Lemma 1.3, (2.12) (respectively, (2.15)) holds if
Iopu. SC <00,V 0<e<egg (respectively, [ 1,4, < C < o0,V 0<e <ep).

(RN) and the support condition (2.7) holds,



NON-LOCAL GRADIENT 39

Proofs of Propositions 2.5 and 2.6. — We present the argument for Proposi-
tion 2.6; the proof of Proposition 2.5 is similar. Consider a (signed) Radon measure
won RY such that, up to a subsequence, u., — p *-weakly in .#,.(RY). Fix some
¢ € C(RY;RY). We then have

/ div(du:lim/ div ¢ ue,
RN k RN

“tn [ ]
! (2.18)

+ lim
k RN

dive =Y [Veu, €] | uey
7

:=lim A lim By,.
1 k+ m S

Step 1. We have By, — 0. — We have to treat three cases: (i) (uc,) is bounded
in L*(RY); (ii) (ue, ) is bounded in L>°(RY); (iii) (u., ) is bounded in L}, (RY) and
the support condition (2.7) holds.

Step 1.1. Proof in case (i). — We use the fact that, by Remark 1.13, div({ —
> i[Ver ¢, - €j] = 0 uniformly in RN, together with the boundedness of (uc,) in
LY(RN).

Step 1.2. Proof in case (ii). — By Proposition 1.7, we have div{ — > [V, ¢; -
e;] = 0in L*(RY). We combine this fact with the boundedness of (u, ) in L>(RY).

Step 1.3. Proof in case (iii). — By Remark 1.13, we have div{ — > [V, ¢, - ¢l

— 0 uniformly in RY. By the support condition (2.7), there exists some r > 0 such
that, for each e, div( =3[V, ¢; - €5] =0 in RN\ B(0,7). We find that

Bl < ||dive = [Veyq, - €] luesll i (0. — 0 as k — oo.

Step 2. Conclusion. — By Lemma 2.1, we have

Ay = f/ Verue, + €. (2.19)
RN

Let © C RY be an open set. Combining (2.18), Step 1, (2.19), and the assump-
tion (2.15), we find that, when ¢ € C°(Q; RY),

| div e < [l it Ve

It follows that y € BV and that (2.17) holds. O

Remark 2.8. — In view of [1, Theorem 4] and Ponce [8, Theorem 1.2], it is likely,
but not known, that, in Propositions 2.5 and 2.6, the boundedness assumptions on
u. can be removed, and that the x-weak convergence in .#},. can be improved to

strong LY . convergence. In this direction, we formulate below two open questions.
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OPEN PROBLEM 2.9. — Let 1 < p < co. Let, for every ¢, u. € L}, (RY) be
such that W, . € L}, (RY). Assume that

loc
(Veu.) is bounded in LP (R, (2.20)
/ u. =0, Ve (2.21)
B(0,1)

(1) Is it true that (u.) is bounded in L} (RN), or at least in L}, (RY)?
(2) Isit true that (u.) is relatively compact in LY (RY), or at least in L}, ,(RN)?

loc

Note the natural condition (2.21). Such a “normalization” condition is needed
since V; “does not see constants”; therefore, in order to have a priori estimates, one
has to “kill the constants”.

3. A DISTRIBUTIONAL APPROACH

A natural generalization of the approach in the previous section (based on the
identity (2.4)), consistent with the spirit of the theory of distributions, was initiated
in [7]. Tt consists of taking the identity (2.4) as a definition of V.. More precisely,
instead of assuming that W. € L} (R"), we assume that (2.4) holds for every

loc

¢ € CX(RM;RY) and some function V. € L}, (RY) that is not, a priori, given
by (1.4). This is a distributional version of V. given by (1.4) and, by the proof
of (2.4), it coincides with V. provided that W, € L}, .(R"). One could even go one
step beyond and define the distribution V. through the formula V({)=the right-
hand side of (2.4). (See also, for similar approaches in different but related settings,
Shieh and Spector [9], Comi and Stefani [4], Brue, Calzi, Comi, and Stefani [3].)

Repeating the end of the proof of the Propositions 2.2 and 2.3, we obtain, e.g.,

the following

PROPOSITION 3.1. — Assume (1.1)—(1.3). Let 1 < p < oo. Ifu € (L' +
L>®)(RY) and there exists some V. € L}, (R™) such that (2.4) holds, V &, V ¢ €
C=(RYN;RY), then

T Vel gy = V0l ey
(With the convention ||Vul ;,g~) = 00 if u & Wl’p) . (3.1)

1
loc

And the usual variants for p = 1 or u € L} (RY), under the support condi-

tion (2.7).

4. HEAVY TAILS KERNELS

The results in this section are in the spirit of [4].
Let p. satisfy (1.1) and the following variants of (1.2)—(1.3):

lim / pe(h)dh =1, (4.1)

e—0
[n| <1
. pe(h) .
Eh_r>n0 / ] dh =0,V d>0. (4.2)

|h| >é&
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Note that these assumptions are weaker than (1.2)-(1.3) and that they allow
heavy tails kernels, which are not integrable at infinity. Here is a special case,
considered, e.g., in [4], of kernels satisfying (4.1)—(4.2):

N —¢
we T(50)

pe(h) == N /2 T (E) |h[N=¢
2

0<e<N+2 (4.3)

Indeed, the validity of (4.2) is straightforward, while (4.1) follows from the fact

that
N —¢
gl—c T ( +1

2 € o N ) €

Nﬂ.N/Q F(E) e—=0 N7TN/2 5"‘ - |SN_1"
2

combined with the identity

€ 1
dh =1.
w1 |
|h| <1

The results in the previous sections can be easily adapted to kernels satisfy-
ing (4.1)—(4.2). The price to pay is that the natural function setting is W1?(RY),
respectively BV (RN), rather than WP, respectively BV. Here are some results
from the previous sections adapted to the assumptions (1.1) and (4.1)—(4.2).

PROPOSITION 4.1. — Assume (1.1) and (4.1)—(4.2). Let 1 < p < oco. Let
u € WHP(RN). Then

Ve = Vu in LP(RN) ase — 0.
PROPOSITION 4.2. — Assume (1.1) and (4.1)~(4.2). Let u € BV(RY). Then
V. = Du x-weakly in .# (RN) ase — 0 (4.4)
and
I [Vl ey = D0l gany (45)
In the next two results, we assume that, for some 1 < ¢ < oo, we have

Jim, 9= () /1Al a1y =0 (46)

PROPOSITION 4.3. — Assume (1.1) and (4.1)~(4.2). Let 1 < p < oo. Assume
that (4.6) holds when q is the conjugate exponent of p. Let u € W1P(RY). Then,
for a.e. # € RN, we have V.(z) — Vu(x) ase — 0.

PROPOSITION 4.4. — Assume (1.1) and (4.1)—(4.2). Assume that (4.6) holds
when q = co. Let u € BV(RY). Then, for a.e. x € RN, we have V.(z) — V®u(z)
ase— 0.

Remark 4.5. — Given any ¢ > 1, the kernel in (4.3) satisfies (4.6). Therefore,
Propositions 4.3 and 4.4 apply to these kernels.

Remark 4.6. — Propositions 4.3 and 4.4 have straightforward versions, in which
the assumption on u is u € L"(RY)NW?1P, respectively u € L"(RY )N BV for some
r € [1,00) (and then, in (4.6), ¢ is the conjugate exponent of ).
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PROPOSITION 4.7. — Assume (1.1) and (4.1)—(4.2). Let 1 < p < oo. Ifu €
LP(RN) and W, € L}, .(RY) for every e, then

loc
Ehglo HVEHLp(]RN) = ||VU||Lp(RN)
(With the convention ||[Vu| ;, g~y = 00 if u & wtep (RN)) .47

PROPOSITION 4.8. — Assume (1.1) and (4.1)~(4.2). Ifu € LY(RY) and W, €

L, (RY) for every e, then

loc

Eliglo HVEHLl(RN) = ||Du||///(RN)
( with the convention ||Dul| 4w~y = oo if u & BV (RN)) . (4.8)
PROPOSITION 4.9. — Assume (1.1) and (4.1)—(4.2). Let 1 < p < oo. Ifu €
LP(RY) and there exists some V. € L} (RY) such that (2.4) holds, V ¢,V ¢ €
C(RN;RY), then
I [[Vell oy = V0o,
(With the convention |[Vu| ;, g~y = 00 if u & wtep (RN)) . (4.9)

PROPOSITION 4.10. — Assume (1.1) and (4.1)~(4.2). If u € L*(RY) and there
exists some V. € L}, _(RY) such that (2.4) holds, ¥ €,V ¢ € C°(RY;RY), then

loc
T [[Vel 1y = 1Dl ey
(With the convention |[Du|| g~y = o0 if u & BV(RN)> . (4.10)

We prove only Propositions 4.1 and 4.3; the other results are obtained from the
corresponding ones in the previous sections using similar arguments.

Proof of Proposition 4.1. — Set

2
pz(h)
Pz = Pe XB(01)s P2 = Pe—Pas Vo = Veupr, V2= Ve p2, ke (h) == E|h| '

By Proposition 1.7 and the assumptions (1.1) and (4.1)—(4.2), we have V! — Vu
in LP(RY) as ¢ — 0. On the other hand, we have the straightforward inequality

’Vez(x)i < Ju| * ke () + |u(z)| ||/<:5||L1(RN), vV z e RY. (4.11)
Combining (4.2), (4.11) with § = 1, and the Young inequality, we find that
V2 = 0in LP(RY) as e — 0. O
Proof of Proposition 4.3. — It suffices to note that (by (4.11) and (4.6)) we
have V2 — 0 pointwise as ¢ — 0. ]

Remark 4.11. — The fact that p is radial when || > 1 is not relevant for the
above results.
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5. I'-CONVERGENCE

One can associate I'-convergence results with the above convergence statements.
We present one result of this type, in the spirit of [7, Theorem 1.7].
Let 1 < p < oco. Set, for 0 < e < &g and u € L} _(RV),

loc

J (u): ||V;‘7’U«||LP(RN)7 lf WE,U € Llloc (RN)
PR 0, otherwise '

Vullrpmny, if u€ WP
Jo,p(U)::{” Hlartuey " , V1< p<oo,

00, otherwise

00, otherwise

Du , ifue BV
Jo (u)i= {” Iy

PROPOSITION 5.1. — Assume (1.1)—(1.3). Let 1 < p < oo.
(1) For 1< ¢ < o0, J., ['-converges to Jy, in LI(RY).
(2) Under the support assumption (2.7), J., T-converges to Jo, in L} (RY).

loc

Proof of item (2). — Let (u.)o<c<e, C LE . (RY) be a family such that u. —

loc
u in L}, (RY) and lim inf J. »(ue) < o0o. By Proposition 2.5 and the proof of
£ —

Propositions 2.2 and 2.3 (see, more specifically, (2.9) and (2.10)), we find that
u € WP if 1 < p < oo (respectively u € BV if p = 1) and Jy ,(u) < lism_}{)lf e p(ue).

In the opposite direction, we do not need the support assumption (2.7). Let
we WP if1 < p < oo, respectively u € BV ifp=1. Let 1 be a normalized bump
function. By Proposition 1.7 applied to u x 1,5, where j > 1 is an integer, there
exists a sequence (£5);>1 such that

1 .
Jep (wsmy;) < Jop (wsmn ;) +3, Vi1l V0<e<e,.

With no loss of generality, we may assume that ¢; — 0 and €41 < ¢;. If we set
Ue = u x5, VEjp S € <&y,

then u. — u in L}, (RY) when & — 0 and

loc

lim sup J; p(ue) < limsup Jop(u *11/5) = Jop(u).
e—=0 j— oo
Proof of item (1). — The proof is similar to the one of item (2). It suffices to
note that Propositions 2.2, 2.3, and 2.5 still hold if we replace (L' 4+ L*°)(RY) with
L4(RN). O
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