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BASICS ON POSITIVELY MULTIPLICATIVE GRAPHS AND
ALGEBRAS

JEREMIE GUILHOTT, CEDRIC LECOUVEY, AND PIERRE TARRAGO

Abstract. An oriented graph is said positively multiplicative when its adjacency matrix
A embeds in a matrix algebra admitting a basis b with nonnegative structure constants in
which the matrix of the multiplication by A coincides with A. The goal of this paper is to
present basic properties of this notion and explain, through various simple examples, how
it relates to highly non trivial problems like the combinatorial description of fusion rules,
the description of the minimal boundary of graded graphs or the study of random walks on
alcove tilings.

1. INTRODUCTION

The aim of this paper is to study positively multiplicative algebras and pos-
itively multiplicative graphs, two notions which provide a unified background to
many problems at the interaction between algebra, combinatorics and probability.
Given a finite set Z of indeterminates and a field K equal to R or C, a positively mul-
tiplicative algebra is a unital K[Z*']-algebra A admitting a basis B such that 1 € B
and the structure constants of A with respect to B lie in R, [Z*1], the subset of
K[Z*!] of Laurent polynomials with nonnegative real coefficients. The set Z can
be empty and then it is just required that the structure constants are nonnegative.
This class of algebras contains the fusion algebras [6], the group algebras or the
character algebras associated to finite groups, the character algebras of simple Lie
algebras, but also homology or cohomology rings defined from algebraic varieties re-
lated in particular to Schubert calculus or to the geometry of affine Grassmannians,
see [15, 16].

Due to the positivity of the structure constants of A with respect to B, the matrix
of the multiplication by any positive linear combination s of elements in B expressed
in the basis B can be considered as an adjacency matrix of an oriented weighted
directed graph with set of vertices in bijection with the set B. Conversely, starting
from a finite oriented graph I' with weights in R, [Z*!], it is a natural question to
look for an underlying positively multiplicative algebra structure. We will say that
I' is positively multiplicative at a vertex v;, when its adjacency matrix Ar can be
embedded in a matrix algebra which is positively multiplicative with respect to a
basis B such that (1) the i§® element of B is equal to the identity and (2) the matrix
of the multiplication by Apr expressed in the basis B is the matrix Ap itself. One
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can notice here that we have two types of constraints for a graph to be positively
multiplicative which are of very different nature:

(1) The first one relates to linear algebra: does there exist a matrix algebra A
with a basis B containing 1 and such that the matrix of the multiplication
by A is A? If so, we will say that I' is multiplicative.

(2) The second one is of geometric nature: does there exist an algebra as in (1)
whose cone C(B) of nonnegative linear combinations of elements in B is
stable by multiplication?

We shall see that the answer to Question (1) is most of the time positive when
the graph T is of maximal dimension, that is when the algebra K[Z*!][Ar| has
dimension the number of vertices in I". In this case, the algebra A and its basis
B are unique when they exist and can be computed by elementary linear algebra
techniques. In contrast, it is highly non trivial to find general conditions sufficient
to guarantee a positive answer to Question (2). Moreover, even when a graph I'
is positively multiplicative, it is often very difficult to get a combinatorial descrip-
tion of the structure constants of the basis B, for example by counting paths in I'.
Depending on the situation, this problem may be equivalent to the description of
tensor product multiplicities in representation theory, the determination of combi-
natorial fusion rules or that of computing the structure constants in the homology
rings of affine Grassmannians. For tensor product multiplicities of Kac—-Moody
algebras, an elegant description exists in terms of the Littelmann path model [20]
or the combinatorics of crystal graphs [13]. For the symmetric groups, these mul-
tiplicities (Kronecker coefficients) are much less understood. The determination of
combinatorial descriptions for the fusions rule in conformal field theory [1] or the
structure constants in the homology rings of affine Grassmannians [15] is still an
unsolved problem.

The goal of the paper is to propose a unified approach in the study of positively
multiplicative graphs independent of the algebraic or geometric context where they
naturally appear. The results, presented in an expository style, gather basic facts on
these notions that we will need in future works and for which we did not find explicit
references in the literature. Such results will be used in particular in [10, 11] to study
respectively random walks on alcoves tilings and convergences of random particle
systems on a discrete circle. Although they use quite elementary tools, we believe
that they deserved to be written down. We will explain in particular, when the
graph is of maximal dimension, how to decide whether a graph is multiplicative and
then provide simple procedures to compute the associated basis. When a graph T is
positively multiplicative, we will also give a general construction (called expansion)
yielding an infinite graded graph I'e defined from I' for which it is easy to get a
complete description of the extremal positive harmonic functions. These functions
are essential tools in the study of random walks on graphs or alcoves tilings (see
for example [14, 19]).

In each of the following sections, we have chosen to present numerous examples
of the different notions we introduce. We hope they will be sufficiently helpful for
the reader. The paper itself is organised as follows. Section 2 is devoted to the
notion of positively multiplicative algebras and its connection with fusion algebras.
In Section 3, we define and study multiplicative graphs I'. When I' is of maximal
dimension, we give a simple procedure to check whether or not it is multiplicative
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at a given vertex and then to compute its associated basis B. The positively multi-
plicative graphs are presented in Section 4. In Section 5, we introduce the column
and row Kirillov—Reshetikhin crystals of affine type A. These are two important ex-
amples of positively multiplicative graphs whose definition is elementary but with
structure constants of high combinatorial complexity. In Section 6, we detail the
expansion procedure and explain how to get a description of the minimal boundary
(i.e. of the extremal positive harmonic functions) on each extended graph coming
from a positively multiplicative graph. Their generalisations and their study will
be our main objective in [11]. In Section 7, we study commutative positively mul-
tiplicative (possibly infinite dimensional) algebras over C and show that the subset
of elements of the distinguished basis B that are generalised permutations has the
structure of an abelian group. In the case of a positively multiplicative algebra over
C coming from a positively multiplicative graph, this subset is precisely the set of
vertex v of I' for which T" is positively multiplicative at v.

2. POSITIVELY MULTIPLICATIVE ALGEBRAS

We start by introducing some notation that we will use all along the paper:

e K is either R or C,

o Z={z,...,zy} with N € N is a set (possibly empty) of formal indeter-
minates,

e K[Z*!] is the Laurent polynomial ring in Z over K,

e R, [ZF!]is the set of Laurent polynomials with nonnegative real coefficients,

e K(Z*!) is the ring of fractions of K[Z*1].

In this section, A denotes a unital associative algebra over K[Z*!].

DEFINITION 2.1. — The algebra A is said to be positively multiplicative (PM
for short) when it admits a K[Z*!]-basis B = {b;,i € I'} indexed by a countable set
I satistying the following two conditions:

(1) 1 B,

(2) for any i,j € I, we have b;b; =3, ; cﬁjbk with cf’j € R, [ZH).
When such a basis B exists, we say that it is a positively multiplicative basis for
A (PM-basis for short) and that A is positively multiplicative with respect to B.
The algebra A is said to be strongly positively multiplicative when it is positively
multiplicative and for any (j, k) € I? there exists at least one index i in I such that
cﬁ j #0.

Examples 2.2.

(1) The algebra K™ is PM with respect to the basis B={b; | i = 1,...,n} with

by = (1,...,1) and b; = e;_1 for ¢ = 2,...,n where (ej,...,e,) denotes
the canonical basis of K™. It is easy to construct other PM-basis for K",
for instance one could change by to (0,1,...,1) in the basis B. In general

a PM basis is not unique.

(2) Any finite-dimensional C-algebra A generated by one element is PM. In-
deed, if we set A = Cla] and denote by p, the minimal polynomial of a, we
can factorise pg,
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where aq,...,a, are the k distinct complex roots of p,. Then, using the
Chinese remainder theorem, we get

k
a= Ty o

The algebra on the right hand side is PM because each algebra C[X]/(X —
a;)™i is with respect to the basis {1, X — aj, ..., (X —a;)™i 1}

(3) Regarded as a two-dimensional R-algebra, the field C of complex numbers
is not positively multiplicative. Indeed if such a basis (1,z) existed, we
could assume that 22 = a + bz with (a,b) € R;O and get that z is a non
real root of the polynomial X2 —bX — a. Since its discriminant is positive,
this yields a contradiction.

(4) Let A be a finite-dimensional commutative subalgebra of Mat, (C) (the
algebra of n X n complex matrices) stable by the adjoint operation. Then,
each matrix A in A is diagonalisable because AA* = A* A. Moreover, since
A is commutative, there is a common basis of diagonalisation. Therefore,
the algebra A is isomorphic to C™ which is PM.

(5) Consider a polynomial P(X) = X" — a, 1 X" ! — ... — gy such that
(@n-1,...,a0) € R} and A its companion matrix. Then K[A] is a n-
dimensional PM subalgebra of Mat, (K) with respect to the basis {A* |
k=0,...,n—1}.

(6) For any finite group G, the group algebra C[G] is a PM algebra with respect
to the basis {g | g € G}.

(7) For any finite group G, its complex character ring R[G] is a commutative
PM algebra with respect to the basis of irreducible characters. Observe
that R[G] is also isomorphic to C™ just by considering the basis of indicator
functions associated to the conjugacy classes of G.

(8) Homology and cohomology rings associated to algebraic varieties are other
important examples of PM algebras.

IIZ

Examples (6)—(7) above are particular cases of fusion algebras (see [6, Section 5.1]
for a detailed introduction to fusion algebras). A fusion algebra is an algebra over
C (here we take Z = () with a positively multiplicative basis B = {b;,7 € I} and an
involutive anti-automorphism * (that induces an involution ¢ — ¢* on I by setting
bj = b;+) that satisfy ¢ ; = Cg*,k for all i, 5,k € I.

PROPOSITION 2.3. — Every fusion algebra is strongly positively multiplicative.

Proof. — Let A be a fusion algebra with basis B = {b;,i € I}. Since * is

an anti-automorphism, we have c¥ i = c?* - = C;" x+ using the property of fusion

algebras. Assume there exists (], k) € I? such that ck . =0 for all i € I. By the
previous argument, we have c k* =0foralliel and thus c] g =0foralleel
since the map 7 — ¢* is a leectlon on I. We get the equality b;bg« = 0. This
implies that bj«b;bg«b, = 0. Now observe that c = c;m 1 and similarly
C?*,k = 1, where b;, =1 € B. Since the structure constants of the fusion algebra A
are nonnegative, the coefficient of 1 in the product bj«b;by-by is positive. Hence
bj«b;bg-by # 0 and we get the desired contradiction. O
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PROPOSITION 2.4. — Let A be a finite-dimensional, commutative and positively
multiplicative algebra. Then A is integral over K[Z1].

Proof. — Let B = {b;,i € I} be a PM-basis for A. Since A is generated over
K[Z*!] by the elements of B, it suffices to show that the elements b; are integral over
K[Z*']. For any such b;, the matrix M of the multiplication by b; in A in the basis
B has coefficients in K[Z*!] (in fact in R [Z*!]). Thus the characteristic polynomial
of M has coefficients in K[Z*!]. This implies that its minimal polynomial, which
is also the minimal polynomial of b; also has coefficients in K[Z*!]. Hence b; is
integral over K[Z*1]. O

Remark 2.5. — Given a PM-algebra A with Z#(, any morphism 6 : K[Z*!] — K
defines a specialisation of A that we shall denote 4y. When 6(z) € Ry for any
z € Z, the algebra 4y remains positively multiplicative. Further if A is strongly
positively multiplicative, so is Ajp.

3. MULTIPLICATIVE GRAPH

Let I' = (V, E,w) be a finite oriented weighted graph where V' is the finite set
of vertices, E is the set of edges F and w is the edge weight function taking values
in some algebra. We will assume that I' does not have multiple edges, so that the
set of edges can be viewed as a subset of V' x V: a pair (v,v") € V x V represents
an edge starting at v and ending at v’. Finally, it will be convenient to extend the
edge weight function w to the full set V' x V simply by setting w(v,v’) = 0 if there
is no edge from v to v’. Note that with this setting, the sum of the weights of all
edges starting at a given vertex v is equal to Zv’ev w(v,v’).

Unless explicitely specified otherwise, all the graphs considered in this paper are
finite oriented weighted graph with edge weight function taking values in K[Z*1].
We denote by Graph,, (K[Z*!]) the set of all such graphs that contains n vertices.
In most examples and applications the indeterminates in Z*! will be eventually
specialised to positive reals.

In this section, I' denotes a graph in Graph,, (K[Z*!]) whose set of vertices is
{v1,...,v,} and edge weight function w. We denote by Ar = (a;;)1<i j<n the
adjacency matrix of I' (which lies in Mat,,(K[Z*!])), that is the coefficient a; ; is
equal to w(vj,v;). The adjacency algebra Ar of T' is the algebra K(Z*!)[Ar] of
polynomials in Ap with coefficients in K(Z*!). Note that the adjacency matrix and
the adjacency algebra of I" are defined up to an ordering of the vertices of I' and
thus up to a conjugation of Ar by a permutation matrix.

In this section, we introduce the notion of multiplicative graph which lies at the
heart of the paper. We then study this notion in the case where the graph is of
maximal dimension, that is when the adjacency algebra is of dimension the number
of vertices of I', where we give an explicit criterion to decide whether or not the
graph is multiplicative.

3.1. Multiplicative graph, roots and matrix realisation. Given any finite
dimensional associative algebra A, a basis B of A and = € A, we denote by m, the
endomorphism of A defined by a — xa and by Matg(m,,) the matrix of m,, in the
basis B. We write BJi] for the i*" element of the basis B.
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DEFINITION 3.1.

(1) We say that (A,B) is a matrix realisation of ' if A is a subalgebra of
Mat,, (K(Z*')) of dimension n containing Ar and B is a basis of A such
that Ar = MatB(mAF).

(2) We say that T' is multiplicative at v;, if there exists a matrix realisation
(A,B) of T' with Blio] = I,,.

(3) We say that T' is multiplicative if there exists a vertex v;, such that T is
multiplicative at vj,.

(4) The set Rr of roots of T' is the set of vertices v;, such that I' is multiplicative
at v;,.

We will see in Example 3.15 that it is possible to have a graph I' that admits a
matrix realisation but which is not multiplicative. Note that if (A, B) is a matrix
realisation of I' then (A,Bz) is also a matrix realisation of ' for all invertible
elements z € A*. In particular, a graph that admits a matrix realisation (A, B)
such that there exists b € BN .A* is multiplicative. Indeed the pair (A4,Bb~1) is a
matrix realisation of I' and Bb~! contains the identity.

Example 3.2. — Let P = X" —qa, 1 X" ! —... —ap € K[X] and let A be the
companion matrix of P. Let I be the weighted graph with n vertices {vy,...,v,}
and adjacency matrix Ar equal to A (here Z = )). For example, if P = X* —2X3 —
X? —3X — 4, the graph I' and the matrix Ar are given by

4
U1 @@ V4 2

1

3
00 0 4
1 0 0 3
Ar=19 1 ¢ 1
00 1 2

The minimal polynomial of Ar is P so that K[A] is of dimension n and the pair
(K[A], B) where B = {I,,, Ar,..., AL"'} is a matrix realisation of T'. The graph I
is multiplicative at v;.

ProprosITION 3.3. — The graph I' is multiplicative at v;, if and only if there
exists a n-dimensional associative algebra A over K(Z*'), an element x € A and a
basis B = (by,...,by) of A such that b;, = 1 and Matg(m,) = Ar.

Proof. — Assume that there exists such an algebra A. The map

Mg : A — Mat,, (K(Z*"))
y — Matg(my)

is an injective morphism of algebras. Then Mg(.A) is a subalgebra of Mat,, (K(Z*1)).
We claim that (Mg(.A), B) where B = {Mg(b;) | ¢ =1,...,n} is a matrix realisation



MULTIPLICATIVE GRAPHS AND ALGEBRAS 37

of I". First, Mg(z) = Ar by construction, so that Ar C Mg(A). Then, we have
xb; = my(bj) = > | a; jb; so that Mgb, = Y a; jmp,. Hence,

MB(.%‘) MB(bj) = Ar MB(bj> = MatB(mw) MatB(mbj)
= Matg(mlmbj)
= Matg(mrbj)

= Z a; ; Matg(mp, )

i=1
= Z Qj, 5 MB(bi).
i=1

Since b;, = 1, we have MatB(mbiO) = [,, and we get that I' is multiplicative at v;,,.
The converse is obvious by definition of a multiplicative graph. O

Example 3.4. — Let I' be the Cayley graph of the symmetric group &,, associated
to the transpositions 7; = (1,i) with ¢ = 2,...,n. That is, the set of vertices of
I'is {o | 0 € 6,} and there is an edge (with weight 1) between o and o’ if
and only if 0/ = 7,0 for some i. We show that I' is multiplicative at e where e
denotes the identity of &,,. Let A = K[S,,] be the group algebra of the symmetric
group &,, with basis B = {e, | 0 € 6,} and let z = E2<i<n e(1,)- Then we
have Ar = Matg(m,) hence showing that T' is multiplicative at e. In fact, T is
multiplicative at any vertex p by considering the basis Be,-1.

Given 4,5,k € {1,...,n}, let mi_ﬂ € K[Z*'] be the sum of the weights of all
paths of length j that start at vy and finish at v;. For ip € {1,...,n}, we denote
by M;, the matrix with coefficients (mgoai)léi,jgw

Assume that I" is multiplicative graph at v;, and let (A, B) be a matrix realisation
of I" where B = {by,...,b,} and b;, = I,,. By induction, for any integer j > 0 and
ke {l,...,n} we have

n
Albe =Y " m]_bi. (3.1)
i=1
We denote by cﬁj where 4, j,k € {1,...,n} the structure constants of A with
respect to B, that is

bib; = Y _ ¢} by
k=1

LEMMA 3.5. — Assume that I is strongly connected. Then, for all1 < j, k < n,
there exists at least one i € {1,...,n} such that cf,j # 0.

Proof. — Assume that we have 1 < jg, kg < n such that cff;-o = 0 for any
i € {1,...,n}. This means that the right ideal Abj, generated by bj, in A is
contained in @y, K(Z*1)by. Thus for any nonnegative integer ¢, we have A’b;, €
Drsry K(Z*!)bg. By (3.1), this implies that there cannot exist a path in T' from
vj, to v, which contradicts our assumption that I' is strongly connected. O
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3.2. Multiplicative graphs of maximal dimension. Recall that the adjacency
algebra Ar of T' is defined to be K(Z*!)[Ar] where Ar € Mat, (K[Z*!]) is the
adjacency matrix of T.

DEFINITION 3.6. — We say that I' is of maximal dimension if dim Ar = n.

Let I' be a graph of maximal dimension and assume that there exists a matrix
realisation (A, B) of T'. Then since A contains Ar and is of dimension n, we must
have A = Ar. In particular, A is commutative. Note also that, in this case, the
centralizer of Ar is Ar.

Examples 3.7.

(1) The graph in Example 3.4 is not of maximal dimension. Indeed, if it was,
the algebra K[&,,] would be isomorphic to a commutative algebra.

(2) The graphs I' constructed from a polynomial P as in Example 3.2 are of
maximal dimension since the minimal polynomial of Ar is P and the degree
of P is the number of vertices in T'.

(3) Let A be the complex character algebra of a finite group G with positively
multiplicative basis the set B = {x1,...,xn} of irreducible characters. Let

o=a1x1+ -+ apxn with (a1,...,a,) €R™

Let T’ be the graph with n vertices such that Ar = Matg(m,). In other
words, the vertices of I' are in bijection with the set of irreducible char-
acters and the weights encode the tensor product multiplicities. The ba-
sis B = {1¢,,...,1¢,} of characteristic functions associated to the con-
jugacy classes of G is another positively multiplicative basis of A. Using
B’, we see that A is isomorphic to the algebra C™. It follows that I" is of
maximal dimension if and only if ¢ takes distinct values on each conjugacy
class. Indeed the element x = (x1,...,2,) of C" generates C" if and only if
its minimal polynomial has degree n. Since this polynomial coincides with
that of the multiplication by = in C™ whose eigenvalues are the coordinates
;1 =1,...,n, this is equivalent to say that the x;’s are pairwise distinct.

We first show that if " is of maximal dimension then it admits a matrix realisa-
tion.

PROPOSITION 3.8. — Assume that I' is of maximal dimension. The set
B = {B | (Ar, B) is a matrix realisation of T'}

is non-empty and the invertible elements A of Ap acts transitively by left multi-
plication on this set.

Proof. — We prove that the set % is non empty. Since dim Ar = n, the set
B' = {A")i = 0,...,n — 1} is a basis of Ar and Matg/(ma,) = C,, where pa,
is the minimal polynomial of Ar and C,,  is the companion matrix of pa.. The
matrices Ca,. and Ar have entries in K(Z*!) and are conjugate in Mat,, (K(Z*1))
since dim K(Z*!)[Ar] = n is the degree of .. Thus Ar = PC,,, P~! where P is
an invertible matrix P with entries in K(Z*'). If we define B to be the basis of
Ar such that the change of basis matrix from B’ to B is equal to P, we then have
Matg(ma.) = Ar as required.
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We prove that A{ acts by multiplication on B. Let B = {by,...,b,} and B’ =
{bl,...,bl} be two bases in B. Let Q = (¢; ;)1<i,j<n be the change of basis matrix
from B’ to B, that is b} = 7, ¢i jb;. We have Matg/(ma.) = Q' Matg(ma,)Q
so that Ar = Q 'ArQ and Ar commutes with Q. But T is of maximal dimension
so the centralizer of Ar is equal to Ar, therefore Q € Ar. Let U € K(Z*!)[X] be
such that @ = U(Ar). Since Matg(ma,) = Ar, we get that Matg(mg) = Q. But
by definition, we have

b; = Zqi’jbj = ij
i=1

This shows that B can be obtained from B’ by multiplying by the invertible ele-
ment Q.

Finally, it is clear that if B € B then zB € 9B for all invertible elements z € Af.
Therefore, we have a transitive action of the abelian group Aj on B. O

We keep the notation of the proposition and we fix i € {1,...,n}. The matrices
in {B[i] | B € B} are either all invertible or all not invertible. When they are all
invertible, there exists a unique basis B such that (Ar,B) is a matrix realisation
of I' and BJ[i] = I,. The graph I' is then multiplicative at v;. When they are
not invertible, the graph I' is not multiplicative at v;. In other word the previous
proposition implies the following result.

COROLLARY 3.9. — Assume that I' is of maximal dimension. If T' is multi-
plicative at v;, then there exists a unique matrix representation (A, B) such that
Blio] = I,,.

Remark 3.10. — In the proof of the previous proposition, we have used the fact
that Matg(ma.) = Ar implies that Matg(my(a.)) = U(Ar) for each polynomial
U € K(Z*')[X]. In general, any n-dimensional algebra embeds in the algebra of
its linear endomorphisms just by considering the multiplication by each element
(which is a linear map). This embedding is not surjective (the algebras have di-
mensions n and n?). We thus warn the reader that in general, the action of a linear
endomorphism of A does not coincide with the multiplication by its matrix in the
basis B (which does not necessarily commute with A). This is in particular the
case when we consider generalised permutation matrices associated to the basis B.

The situation simplifies even further when the minimal polynomial p4,. of the
adjacency matrix of I' is irreducible and the graph T is strongly connected.

PROPOSITION 3.11. — Assume that I' is a strongly connected graph and that
piay. is irreducible over K(Z*'). Then T is of maximal dimension and is multiplica-
tive at any vertex.

Proof. — Consider the Frobenius reduction of the matrix Ar in the field K(Z*1).
Denote its invariant factors by g1 = parn, flo, ..., e With g1 | p; for any ¢ =
1,...,7— 1. Since p; is irreducible we must have u; = us = - -+ = p,.. The matrix
Ar is conjugate in K(Z*!) to a matrix B with r identical blocks equal to Cpua,. the
companion matrix of ja.. Let us write B = PAP~!. The matrix P has entries
in K(Z*!) so it can be written under the form P = £P’ where P’ has coefficients
in K[Z*!] and d € K[Z*!]. As a consequence, there exists a specialisation fy such
that fp(z) > 0 for any z € Z and fp(d) # 0. The matrix Ay (the specialisation
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of Ar via ) remains irreducible because T is strongly connected, thus its Perron—
Frobenius eigenvalue A\ corresponds to an eigenspace of dimension 1. This implies
that » = 1. Indeed, Ay is conjugate in C to the matrix By (the specialisation of B
via ) with r identical blocks, each of them having the eigenvalue A because it is a
root of O(pay). Since r = 1, the minimal polynomial 4, has degree n and we can
apply Proposition 3.8 to get a basis B such that (Ar, B) is a matrix representation
of T'. Further since K(Z*!)[Ar] ~ K(Z*")[X]/(1a.) we know that K(Z*1)[Ar] is a
field. All the elements of B are non-zero (otherwise B is not a basis), hence they are
invertible in K(Z*!)[Ar] and this implies that I is multiplicative at any vertex. [

Recall that the coefficient m; ; = mgo _,; is the sum of the weights of all paths
in T of length j from the vertex v;, to the vertex v; and that M;, = (m] ,;)i<ij<n-

The matrix M;, gives a simple combinatorial criterion to decide whether or not
the matrix Blig] is invertible in a matrix realisation (A, B) of I (recall that this does
not depend on the matrix realisation). Further, when b;, is invertible, the matrix
M;, allows one to compute the corresponding unique normalised basis B such that

Blio] = I, (see Corollary 3.9).

THEOREM 3.12. — The graph T is of maximal dimension and is multiplicative at
v;, if and only if the matrix M;, is invertible. Moreover, in this case, the columns
of MZ-;1 give the vectors of the normalised basis B = {by,...,b;; = 1,...,b,}
expressed in the basis {1, Ar, ..., A?il}. In particular, the entries of the matrices
in the basis B belong to mK[Zﬂ].

Proof. — Assume that I' is of maximal dimension and is multiplicative at v;,.
Then there exists a basis B = {by,...,b,} of Ar such that (Ar,B) is a matrix
realisation of I" and b;, = I,,. Using (3.1) we get

n
Alby, = AL = "ml b
i=1
Since dim Ar = n, this equation shows that the matrix M, is the change of basis
matrix from the basis {I,, Ar, ... ,A?_l} to the basis B. Therefore, it is invertible
and the columns of Migl express the vectors B;, in the basis {I,,, Ar, ..., A?‘l}.
Assume now that M;, is invertible. Let (xo,...,2,_1) € K(Z*')" such that
Z;l;ol xjAL = 0. The j™ column C; of M;, coincides with the 3" column of A7,
thus we have Z;’;Ol z;C; = 0 and since M;, is invertible, we must have xz; = 0
for all 7. It follows that dim Ar = n and T is of maximal dimension. By Proposi-
tion 3.8, there exists a basis B such that (Ar, B) is a matrix realisation of I". The
family {A{;bio | 7 =0,...,n— 1} is also a basis of Ar (the change of basis matrix
from {Alb;, | j = 0,...,n — 1} to B is the invertible matrix M;,). But this can
only be true if b,, is invertible. Therefore I' is multiplicative at v;,. O

Remark 3.13. — Theorem 3.12 provides a simple procedure to:

(1) decide whether or not a graph I" of maximal dimension is multiplicative at
a given vertex and,
(2) compute the unique corresponding matrix realisation.

For instance, we can compute explicitely all the structure constants of the homology
ring of affine Grassmannians for the affine Weyl groups of type G2 [9].
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The corollary below follows easily from Theorem 3.12 and Proposition 3.11.

COROLLARY 3.14. — Assume that I' is strongly connected and that pa, is
irreducible. Then the matrix M;, is invertible for all i.

Example 3.15. — Consider the graph I' with adjacency matrix Ar given as fol-
lows:

N
=

(N
)

Ar

Il
— = O
=)
—_

The graph T is strongly connected and since we have
pa(X) = (X +1)(X% = X — 21— 20),

I' is of maximal dimension. We compute

1 0 2z1+2 0 =z 29 0 29 21
M1 =10 1 1 s M2 = 1 0 21 + 1 s M3 =10 1 V)
0 1 1 0 1 21 1 0 2241
and

det Ml = 0, det(Mg) = Z2 — Zf, det(Mg) = Z% — Z1.

It follows that T' is multiplicative at vy (respectively at v3) if and only if 29 # 22
(respectively z; # z2). It is not multiplicative at v;. Observe that when z; =
zo = 1, I is not multiplicative but, according to Proposition 3.8, it admits a matrix
realisation.

Example 3.16. — Consider the graph I' with adjacency matrix Ar given as fol-
lows:

00212’3220
10 0 0 0 =2
4|01 0 0 0 =z
r 01 0 0 0 =z
00 1 1 0 0
00 0 0 1 0

We get pua(T) = T — 2(z1 + 23)T% — 42072 + (21 — 23)° which is irreducible.
The matrices M; and M L are respectively

1 0 0 21423 229 0
0 1 0 0 z1+ z3 4z9
Mo — 0 0 1 0 0 21 + 323
1o 0 1 0 0 321 + 23
0 0 O 2 0 0
0 0O 0 2 0
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and
1 0 0 0 7% —29
0 1 229 229 0 _z1t=23
A )

M1 = 00 2211 2;3 2213 2;1 0 0

! 00 0 0 1 0
00 0 0 0 z
0 0 —  __=1 0 0

221 —223 2z3—221
The graph I' is multiplicative at v;. One can check that all the entries in

{by =1I,,,...,bg} belong to Z[z1, 22, z3]. For example, we have
0 VA 0 0 2123
0 0 z1 0 z9 0
1 ) 10 00 0 0
b3 = 7 — 23 <222A1‘ + = (321 + Zg)A — AF) 0 0 0 0 2 Z
0 1 0 0 O 21
0 0 0 1 0 0

Each element in Ar can be regarded as a linear map of K(Z*!)" = @7~ K (Z*!)e;
where (e1,...,e,) is the canonical basis of K(Z*!)™. In this context, saying that
M, is invertible is equivalent to saying that the vector e, is cyclic! for Ap. Indeed,
for any 1 < k < n, the vector Afe;, is given by the if" column of A% which coincides
with the k" column of M;,. Thus M;, is 1nvert1ble if and only if e;, is cyclic.

THEOREM 3.17. — Assume that I' is strongly connected, multiplicative at v;,
and of maximal dimension. Let B = {by,...,b,} be the unique basis of Ar such
that b;, = I,, and let cﬁj be the structure constants Ar with respect to B. We have

(1) bi(es,) =e; for any i =1,...,n, that is the igh column of b; is equal to e;.
(2) The j*" column of the mamx b; is equal to (c; ])k 1.,

(3) For any 1 <i,j < n, the j* column of b; is equal to the i co]umn of b;.

(4) The entnes of the matrices in the basis B and the coefficients c ; all belong

+1
to detMiO K[Z=1].

Proof. — We prove (1). Define the matrix C' by the equations Ce; = b;(e;,)
for all ¢ € {1,...,n}. To prove that C' belongs to Ar, it suffices to show that
C commutes with Ar (I is of maximal dimension therefore the centralizer of Ap
is Ar). Let j € {1,...,n}. On the one hand, we have

n—1

n n—1
CArej =C E Q;,5€4 = E CL,‘JO@I‘ = E ambieio.
1=0 =0

i=1

On the other hand

n—1
ArCej = (Arbj)e;, = <Z a; ;b )610 Zai,jbieio
i=0

where we use the fact that Matg(ma,.) = Ar in the second equality. The matrix C
is invertible because the set {bse;, | 1 < i < n} is a basis of K(Z*!)". Indeed, let
(71,...,7,) € K(Z*!)™ be such that Z1gz<nm bie;, = 0. Then }3,;, x;b; =0

IRecall that a vector v in K™ is cyclic for A when {A™v | 0 < m < n} is a basis of K™.
Equivalently, the linear map K[A] — K™ sending any B on Bwv is injective.
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because e;, is a cyclic vector for Ar but this implies that z; = 0 for all . This
shows that (Ar,B’) where B’ = C~!B = (b/,...,b/,) is a matrix realisation of T
Moreover we have

b;eio = C_lbieio = C’_lCei = €; for alli € {1, N ,n}.
It follows that bib} (e;,) = bl(e;,) = e; for all i € {1,...,n} and that b}b, = b}

iYig iYio
since e;, is cyclic for Ar. Since B’ is a basis of Ar, this implies that b;o =1I,. By
Corollary 3.9, we get B=B’ and C = I, as desired.

We prove (2). We have

n n—1
bibjeio = Zcﬁjbkeio < biej = Z cﬁjek
k=1 k=0
hence the result.
Assertion (3) follows from the fact that b;b; = b;b; in the commutative algebra
Ar.
We prove (4). Since I' is multiplicative at v;, and is of maximal dimension,
Theorem 3.12 implies that the matrix M;, is invertible and that the columns of

M;, belong to 7o57—K[Z=']. Assertion (2) implies that the coefficients ¢} ; also
ig ’
1 +1
belong to g K[Z*1]. O
4. POSITIVELY MULTIPLICATIVE GRAPH
In this section, T is a graph in Graph,, (R, [Z*']) with set of vertices {vy,..., v, }.

4.1. Definitions and examples.

DEFINITION 4.1.

(1) We say that I' is positively multiplicative at v;, if there exists a matrix
realisation (A, B) of ' such that A is a PM algebra with respect to B and
Blio] = I,,. We then say I is PM at v;, with respect to the matrix realisation
(A,B).

(2) We say that I' is PM if there exists v;, such that I' is PM at v;,.

(3) The set R of positive roots of I' is the set of vertex v;, such that I is PM
at v;,.

Remark 4.2. — Assume that I" is PM with respect to the matrix realisation
(A,B). Then the algebra A can be defined over the ring K[Z*!] and we have

A=EPK[Z*']b; where B = {b,...,by}.
Therefore, we can specialise the indeterminates in Z to any positive real numbers.

Given a graph I', it is not easy in general to decide whether or not it is (posi-
tively) multiplicative. In the case where I' is of maximal dimension, one can use
Theorem 3.12 to decide whether or not the graph is multiplicative and, when it is,
to compute the unique corresponding matrix realisation (A, B). Then, according
to Theorem 3.17, the graph I will be positively multiplicative if and only if all the
coefficients appearing in the matrices in basis B are in R, [Z*!].
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It is however fairly easy to contruct PM graph from PM algebras. Indeed, let A
be a finite dimensional PM algebra with PM basis B = {1 = by, by, ...,b,} and let

s= _ Bib; where 8= (f,...,B,) € R}. (4.1)
=1

Let T" be the graph with set of vertices {v1,...,v,} defined by the equation Ar =
Matg(ms) (recall here that my is the left multiplication by s). In general the graph
I" is not strongly connected or even connected. To insure the strong connectivity,
we need additional hypotheses on the algebra A. For example, if A is strongly
positive and 3 € (R% )™, the graph I' is strongly connected and coincides in fact
with a complete weighted graph.

We now give a series of example of positively multiplicative graphs.

Example 4.3. — In this example, we show that the set of roots Rr and the set
of positive roots Rff can be different. Consider the graph I" with adjacency matrix
Ar given as follows where ¢ > 0:

AF: 10(]
() () 010
~_
q
We compute

1 00 0 0 1 0 1 0
My=10 1 0|, Mx=|1 0 ¢ and M3=10 ¢q 1
0 0 1 0 1 0 1 0 ¢

All these matrices are invertible, hence showing that Rp = {v1,ve,v3} by Theo-
rem 3.12. Further, for i = 1,2, 3, there exists a unique matrix realisation (Ar,B;)
such that B;li] = I3. Again by Theorem 3.12, we get

B, = {[37AF7A%}7
By = {—qls + A}, I3, Ar},
BS = {C]2 + AF - qug"a —q+ A12—‘7I3}

Both matrices —ql3 + A2 and —q + A2 have negative coefficients, hence by Theo-
rem 3.17, the graph I' is not PM at ve and vs. It is PM at vy, hence showing that
RF = {Ul}.

Example 4.4. — In Example 3.16, one can check that the matrices of the elements
in the given basis have coefficients in R4 [21, 22, z3]. Thus the graph is positively
multiplicative at v;.

Example 4.5. — We give an example of a positively multiplicative graph which
is not of maximal dimension. Recall that the characters of the symmetric group &,,
are parametrised by the partitions A of n. Let x, be the character associatedto A.
It was proved by Gamba and Radicati [8] (see also [12, Section 7.13] for a simpler
proof) that

XA X Xn-1,1) = (I = Dxa+ D X
HFEX
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where the sum runs over the partitions p obtained by moving a box in the Young
diagram of A and [, is the number of distinct parts in A\. The algebra A of characters
for &, is PM for the basis B = {x, | n - A}. This implies that the graph I" whose
adjacency matrix is that of the multiplication by x(,—1,1) in the basis B, called the
Hamermesh graph, is PM. The graph I' is not of maximal dimension in general.
For example, for n = 4, we get the following graph and adjacency matrix

1

b

I
O OO = O
O = =
SO = O = O
I =)
o= O OO

-
R

]

whose minimal polynomial has degree 4.

In general, if we define a graph I' as in the example above starting from the
algebra A of complex characters of a finite group G and its basis B of irreducible
characters, it is known that the graph I' will be strongly connected if and only if
the character s in (4.1) is the character of a faithful representation.

4.2. Relabelling of vertices and weight changes on PM graphs. Assume
that I is positively multiplicative graph at v;, with respect to the matrix realisation
(A,B). Tt is natural to consider a larger class of graphs constructed from I' by
authorizing the two following variations (we will see that they preserve the property
of being positively multiplicative):

(1) for a permutation o € &, switch the labels of the vertices in I': the label
i becomes o(i). This gives a new adjacency matrix A% = T, AT, where
T, is the permutation matrix associated to o, that is the (i, j)-coefficient
of Tg is 6i,a(j)~

(2) for A1,...,\, positive monomials in R [Z*!] and for any vertex v; in T,

change each edge v; 2id, v; into v M v;. This gives a new adja-
cency matrix AP = D7'AD where D = diag(A1,..., ).

We will denote by G,, the group of generalised permutation matrices of size n. These
are matrices in which each row and each column contains exactly one nonzero entry
equal to a monomial in R, [Z*!]. Any generalised permutation matrix of G, can
be written under the form P = DT,. There is a natural action of G, on the
set Graph, (K[Z*']): we define the graph I'" by the equation Apr = P~'ApP.
We are going to see that this action of G,, (by conjugation on the adjacency matrices)
restricts to the set of positively multiplicative graphs.
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First, we have for all j =1,...,n
Abj = Zambi < Aba(j) = Zag(i)ﬁ(j)bg(i) < Agb;(j) = Zazjb;(i)
i=1 i=1 =

where bj = T; b, T, for i = 1,...,n and A% = (af;). Thus, by setting by = b/

o(1)
we obtain that the graph I'? with adjacency matrix A? is positively multiplicative
at v,-1(;y) with respect to (A,B,) where B, = {b7 [i=1,...,n}.

Similarly, we get AP = (a; ; x i ) and the equivalences

Zn: a; jb; <= A(\jb;)

Il
WM: i
>/

TJ aij(Aibi) = AP (\;b]) ZA a; j(Ab; )

where b;/ = D 'b;D for any i = 0,...,n. Hence the graph I'” with adjacency
matrix AP is positively multiplicative at v;, with respect to (A, Bp) where Bp =
{bPi=1,...,n} and bP? = \;D~ b, D.

PROPOSITION 4.6. — With the previous notation, for any P = DT, € G, the
graph T is positively multiplicative at v;, with respect to (A, B) if and only if 'Y is
positively multiplicative at v, (;,) with respect to (A, BY) where BY = {b{,... bl
and bf = )\U(i)P_lbg(i)P foralli=1,...,n

Remark 4.7. — When P commutes with each element of the algebra Ar (thus
in particular with the adjacency matrix Ar), we get bl = Ao (i)bo(iy and thus BY
is just the image of B by the generalised permutation matrix P.

5. COLUMN AND ROW KIRILLOV-RESHETIKHIN CRYSTALS OF AFFINE TYPE A

The goal of this section is to present two particular families of positively multi-
plicative graphs that are closely connected with the representation theory of affine
quantum groups (see [4]). In contrast to their combinatorial definition which is
very simple, their associated multiplicative algebras have sophisticated structure
constants for which no simple combinatorial description is known. They will pro-
vide us interesting illustrations of the notions and results presented in the previous
sections of the paper.

5.1. Partitions, column and row tableaux. A partition of length k is a se-
quence of integers A = (A = -+ = Ay > 0). It is conveniently identified with its
Young diagram as illustrated below

A=(5,3,3,2) «— [ .

By a column tableau of length % in the alphabet {1,2,...,n}, we mean a filling of
the Young diagram of shape (1, 1,...,1) (with k ones) by strictly increasing integers
in {1,2,...,n} from top to bottom. We denote by Coly(n) the set of such tableaux.
By a row tableau of length k in the alphabet {1,2,... ,n}, we mean a filling of the
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Young diagram of shape (k) by increasing integers in {1,2,...,n} from left to right.
We denote by Rowg(n) the set of such tableaux.

Example 5.1. — The following two tableaux are column and row tableau, re-

spectively
and .

5.2. The Kirillov—Reshetikhin (KR) column crystals. Given integers n > 2
and 1 < k < n, the KR crystal B, is the oriented graph with vertices the set of
vertices Colg(n) and edges as follows:
e there is an edge between C and C’ if there exists ¢ € {1,...,n} such that
i€C,i+1¢C" and C' is the column tableau obtained by replacing i by
i+ 1in C;
e there is an edge between C and C’" if n € C, 1 ¢ C’ and C’ is the column
tableau obtained by replacing n by 1 in C' and by reordering the entries.
There is a simple bijection between Col(n) and the set of partitions contained in the
rectangle (n—k)*. It associates to each column tableau C' = {c > cp_1 > --+ > ¢1)
the partition A = (¢ — k,cp—1 —k+1,...,¢c1 — 1}.
Examples 5.2.
(1) Assume n =5 and k = 2. The set of tableaux in Colg

1] (1] 2] [1] [2]
2] [3] [3] [4] [4]

They correspond to the partitions ( 1ncluded in the box

@DH\HiHH\ 7\\ \

The graph BS; and the corresponding adjacency matrix Ape =~ with
the ordering of Coly(5) above are:

[=[-]¢[=]-]

/

/

[<[] € [=[] €[]
[o]e] € [o[-] € [=]-]

AN

QY

[N elNelell oo NoeNoNao)
O OO O MR, OOOO
DO O OO O OO
SO R P OOOOoO oo
O OO OO OO oo
_— O OO OO oo

OO O OO OO OO
[N eNeleNeNoll el
O OO OO O oo+
OO OO OO+ O OO

[o]=] € [=]=]

The minimal polynomial of Bf ; is X110 - 11X% — 1 so it is of maximal
dimension.
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(2) When n = 6 and k = 2, one can check that the minimal polynomial of BS ¢
is X3 —26X7 — 27X so that the graph B3 ¢ is not of maximal dimension.

5.3. The KR row crystals. Given integers n > 2 and 1 < ¢ < n, the KR crystal
By, is the oriented graph with vertices the set of vertices Rowy(n) and edges as
follows:

e there is an edge between L and L’ if there exists ¢ € {1,...,n} such that
i € L and L' is the row tableau obtained by replacing ¢ by ¢ + 1 in L;

e there is an edge between L and L’ if n € L and L’ is the column tableau
obtained by replacing n by 1 in L and by reordering the entries.

There is a simple bijection between Rowy(n) and the set of partitions contained

in the rectangle (¢,...,¢) (n — 1 terms). It associates to each row tableau L =
{ck = ck—1 = -+ = c1) the partition A\ containing a column of length ¢, — 1 for all
1 < m < k. In other words, the image of A\ is (¢, — 1,...,¢c1 — 1).

Example 5.3. — The graph Bj 5 is as follows. On the left we have indexed the
vertices with the set Rowy(n) and on the right by the corresponding partitions using
the bijection described above.

5.4. Quotients of the algebra of symmetric polynomials. Let A; = Sym[zy,
..., xk] = Qleq, . .., ex] be the algebra of symmetric polynomials in the k variables
r1,...,2. Here,

Cm = E Ziy ...x; forany 1 <m < k.
1< < <im <k

Write Py for the set of partitions with at most k parts. It is well-known that Ay
admits the two distinguished bases

{ex | A€ Pr} and {sn| A€ Py}

where for any partition A = (Aq,..., \x) we have ey = SV Y and sy is the
Schur polynomial associated to A\. Here ) is the conjugate partition of A whose

parts are the heights of the columns in its Young diagram. For any positive integer
¢, consider 7 ¢ the ideal of Ay defined by

Tk = (sx | A has £+ 1 columns of height less than k).

Write Pﬁ for the set of partitions in P, with at most ¢ columns of height less
than k. Recall that for any nonnegative integer m, the m*™ homogeneous symmetric
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polynomial is defined by

hm: E Liy ovo oLy, -

ISt < Sim Sk

LEMMA 5.4 (See [16, Section 4]). — We have Iy o = (het1,- -, Revk—1)-

We define the ideals

and

and set

I y=(hesas ook, heyr — (1) 1q) C Qlg] © Ay

Jio = (hesrs - hogr—1, e — 1)

Qkyg = Ak/Ik,b ‘AZ,Z = Q[q] X Ak/Ig’é and Sk,l = Ak/Jkyz.

Clearly the algebras Qp , and AZ ¢, are isomorphic by sending hyyr mod Zj , on

(—1)*~1q. They were considered in [2, 16] from where we can extract some of their
important properties.

THEOREM 5.5 (see [16]). — Set n =40+ k.

(1)
(2)

(3)

The set B , = {bx := sxmod A} , | A C (¥} is a basis of A, so that
dim A{ , = (}))-
After specialising ¢ = 1, we have in A}M = Aj /(g =1) for any A C ok

by -bx=»_ by

vCek

where v is obtained by adding one box to A or by deleting the first row and
the first column when A; = £ and X has k rows (i.e. by removing the unique
possible hook of length ¢ + k — 1 if any). In particular, in the algebra A}Q o
the matrix of the multiplication by b1y in the basis by is the adjacency
matrix of the KR-crystal By, ,.

The structure constants of Allaé with respect to By , are nonnegative inte-
gers.

COROLLARY 5.6. — The graph By, with n = {+k is positively multiplicative.

Proof. — The previous theorem together with Proposition 3.3 (taking A = A,1€7 o
B =B}, and z = be1y) shows that the graph By, is multiplicative. Since the

structure constants of A,lfj ¢ with respect to By , are nonnegative integers, the result

follows.

O

Now, let us turn to the algebra Sy ¢ := Ay/Jre = Qk ¢/ {er = 1).

THEOREM 5.7 (See [1, 2]). — In the algebra S the following statements hold.

(1)

The set B} , = {bxmod Ji ¢ | A C £*71} is a basis of Sy ¢ so that

€+/€—1>

dim S ¢ = ( ’
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(2) In Sk, we have for any A C £F—1

by by = Z b

vCek—1

where v is obtained by adding one box to A, next by deleting a column of
height k if such a column appears. In particular, in the algebra Si g, the
matrix of the multiplication by by in the basis By ¢ is the adjacency matrix
of the KR-crystal labelled by the rows of length [ on {1,...,k}.

(3) The structure constants associated of Sy ¢ with respect to Bj, , are nonneg-
ative integers.

COROLLARY 5.8. — The graph B} is positively multiplicative.

Proof. — The previous theorem together with Proposition 3.3 (taking A = Sy, ¢,
B = B, and z = b(1y) shows that the graph By is multiplicative. Since the
structure constants of Sy with respect to B} ¢ are nonnegative integers, the result
follows. O

5.5. An example: the graph Bj,. We consider KR crystal Bj, with one row
and ¢ columns filled with integers in {1,2}. The first examples of these graphs for
{=1,2 and 3 are:

L~ [z
(e 222

—_—
—

—_—
—

—

L e a2 2] 2] 2] 2]

—~

The adjacency matrix of Bj, is the (¢ +1) x (¢ + 1)-matrix

0O 1 O o ... 0

10 1 0 0

01 0 1 0
Ap;, =

0 O t. 0

0 0 1 0 1

00 0 1 0

The algebra Sz ¢ is Sym[x1, 22]/(e2 = 1, hy+1 = 0). Since e = x1x9, we just have
To = xl_l and by setting x = x1, we see that the algebra S, ; is equal to the algebra
L[z*!] of Laurent polynomials P in the indeterminate  such that P(z~!) = P(z).
Now in L[z*!], we have

xa-&-l _ 37_{1_1

a
he = E Tl =27 E z? = —
— - r—x
1<i<y/t =0
i+j=a

Therefore Sy is isomorphic to the algebra L[z*!]/(z*? — x=(“+2)). A simple
computation shows that

J
hix hj = hiyj o foralli>jeN.
k=0
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Let 7 and b; be the image of z and h; respectively in the quotient £[z*!]/(x/*+2 —
z~(*2)) and define B = {by = 1,...,bs}. We have z/*2 = z7¢~2. Therefore, for
any 0 <a </l —1, we get

f2+a+2 o :f—Z—a—2 E—Z—Q—&-a o jf—s—Q—a
bZ+1+a == — — == — ] - _b€+1—a-
r— r—x

This gives assuming that ¢ > j:
b;b; =b;_; +b;_jio+---+biy; when i+ j < Y4

and

J
bibj =Y biyj ok =bij 4 4br+0—bp—-—bi; 4
k=0
= bi*j +"'+b2(l+1)—i—j—1 when i + j > /.

This can be summarised by the rules

bii—j + -+ bigy ifi+j <Y,
bib; = o
bji—jj + -+ boery—ij1 ifitj>L
One may recognise the fusion rules for the fusion algebra su, (see [5]) at level £. This
construction is related to Conformal Field Theory. The Perron-Frobenius eigen-
value of the adjacency matrix of By, is A = 2cos H-LZ with normalised associated
eigenvector

1 ( . am )
Sin .
3 s
SIn 75 (42 cacom

6. INFINITE PM GRAPHS AND HARMONIC FUNCTIONS

The goal of this section is to present a general combinatorial construction (called
expansion) yielding infinite graphs from finite ones. To simplify the exposition, we
will also assume that all the algebras considered in this section are commutative.

Let T be a possibly infinite oriented graph with set of vertices V. We say that
T is graded if there exists a partition {V; | i € N} of V such that for any ¢ > 1, the
edges in I' which start at V; finish at V;41. In addition, when Vj is a singleton, the
graph I is said rooted and graded.

Recall that Z = {z,...,zxy} with N € N is a set (possibly empty) of formal
indeterminates. For 8 = (31,...,8n) € ZV, we define 2° = zflzgz zjﬁvN Then
the set {27 | B € ZVN} form a K-basis of K[Z*!]. Given a € K[Z*'], we denote by
a[B] the cofficient of 2% in the expansion of @ in this basis. In other words, we have

a= Z alp]2”.

BezN

We write 0 = (0,...,0) € ZV.
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6.1. Expansion of a graph. In this section, I' € Graph,, (R [Z*!]) denotes a finite
strongly connected graph with set of vertices V = {vy,...,v,}, edge weight function
w and adjacency matrix Ar = (a; ;) in Mat, (R4 [ZF!]). Recall that w takes values
in R+ [Zil] .

A path 7 of length £ on T is a sequence of £+ 1 vertices of I with two consecutive
vertices being connected by an oriented edge. The weight wt(7) of the path 7 is the
product of the weights of the edges encountered. Therefore wt(7) is a monomial of
the form cz? with 3 € ZV and c € R,.

DEFINITION 6.1. — The expansion I'e of I' at v;, is the rooted graded graph
with vertices

V;,C{vk

3,28

ie{l,...,n}, Bez", KGN} wherevﬁﬁz(vi,zﬁ,f)

and edge weight function we : Ve X Vo — R4 both constructed by induction as
follows:

0 : 0
® v; o is the unique vertex of V',

o if Vi, € V! with £ > 0 and w(v;,v;)[6] € R% for some § € ZN then

. k
vj,J/r31+5 € VI and We(vf,ﬂ’vj7Jﬁr}r6) = w(vi,v;)[0].

Remark 6.2.

(1) By construction of T, for all i € {1,...,n}, 3 € Z" and ¢ € N, we have
vf’ 5 € Ve if and only if there is a path 7 in I' of length ¢ from v;, to v; such
that wt(m)[8] # 0. Moreover, given vfﬁ € V!, we have vﬁ;l € VI if and
only if we have w(v;,v;)[6 — 8] # 0 (in particular there is an edge from v;
to vj).

(2) There is a strong connection between the edge weight functions we and w.
More precisely, for any vertex vf7 5 € V£ we have

0 {+1) _ 6—8 _ S—
E we(vi,ﬁ,vj’(s )z h= g w(vg,v;)[0 — Bl2° 7
vﬁglevf“ vffglEVerl

w(vg,v;)[0 — Blz°F  using (1)

I
(]
(]

Assume that I" be a positively multiplicative with respect to the matrix reali-
sation (A,B) where B = {b; = 1,bs,...,b,}. By definition A is an algebra over
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K(Z*') whose structure constants cf,j with respect to B belong to R, [Z*!]. In
other words, we have

cﬁj = Z cf,j[ﬁ]zﬂ where 8 = (81,...,8n) € 7N and cﬁj[ﬁ] eR,.
BezZN

The algebra A can also be viewed as an infinite dimensional K-algebra Ag with
basis
{zﬂbZ-!i: 1,...,n and ﬁEZN}.
In order to extend the notion of positively multiplicative graphs to the expansion
T. of T, we will in fact need the larger algebra A, = Ax ® K][g] where ¢ is a new
K

indeterminate distinct from z1,...,2yx. The powers of ¢ will record the lengths of

the paths starting from the vertex v;, of I' choosen to construct the expansion.
The set

B.={¢""b;|i=1,....,n, B Z", L e N}
is a K-basis of A,. Finally we define A, to be the subspace of A, with basis
Be = {¢‘2°b; | vfﬁ € Vel
Given Vf,ﬁ where i € {1,...,n}, B € Z" and £ € N, we set bf’ﬁ = ¢'2%b; € BL.
Note that 1 = b q.
PROPOSITION 6.4. — Let I'c be the expansion of I" at vy.

1) For any vertex vt , € V., we have in A
7.8
¢ 0 ¢
qAF X b]ﬂ = Z we(V]ﬁ), l—gl)b +1
£+1EV2+1

In particular, gAr € BL.

(2) Be is the subset of B. containing the elements ¢‘z°b; with ¢ > 0 which
appear with a non-zero coefficient in the expansions of the powers (¢Ar )Y,
£ > 0 on the basis B..

(3) The element b?,o = 1 belongs to Be and the product of two elements in the
basis B, expands on B, with nonnegative real coefficients. In particular A.
is a subalgebra of A, with PM basis Be.

Proof. — We prove (1). Let vf’ﬁ € Ve. We have

qAr x bﬁﬁ = q“lzﬁAFbj
n
= q“lzﬁZ:w(vj,vi)bZ
1935 wlu il

=1 6eZN

- Z Z w(vj,vi)[é]qe+lzﬁ+5bi

> wlvy,v)[d' - BbLE.
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But w(vj,v;)[0" — B] # 0 exactly when there is an edge from vgﬂg to Vit of weight
w(v;,v;)[0" — fB]. Hence the result.
We prove (2). Since bf; =1 € Ve, we get by induction using (1):

(qAr)* = Y wi(m)bf
m,l(m)=k
7 starts at v(ljv1

k
and ends at Vi g

We have bﬁ 5 € Be (or equivalently vﬁ 5 € Ve) if and only if there exists a path from
v 1 to vF 5 in Te. The result follows.
We prove (3). Given b{ ; and b$ _ in the basis B, we have

n n
k _ X _ k £ _ k 4
bls x b3, = ¢'27bi x ¢°27b; = D el g T b =Y Y ek l0b Y
k=1 k=16c7ZN

which shows that b£ 5 X bj ., expands positively on B.. Now if bﬁ P and b _ lie in B,
then bf ; appears in (¢Ar)* and b3 appears in (¢Ar)®. Since Ap € Mat, (R4 [Z*1]),
it follows that all the elements that appear in the product bf’ 5 xbj ., actually appears

in (¢Ar)“** and hence belong to Be. O

Remark 6.5. — In fact, the interesting finite graphs I' have often additional
properties which simplify the definition and the study of their expansion. This is
the case when:

(1) The weights of I" are only nonnegative reals.

(2) The length of a path is completely determined by its weight and by its end
point in I'. In this case, the indeterminate ¢ in the previous construction
is redundant and can be omitted. This is the case for the graph considered
in the example below.

Example 6.6. — The graph I'

- ‘. .

with adjacency matrix Ar = ((1) 21322 ) is PM with respect to the matrix realisation
(A,B) where A = R, @ RA and B = {I5,A}. We draw the graph I'. of the
expansion of I' at v; below on the left handside. The indeterminate ¢ can be
omitted, since when vfﬁ € I'e with 8 = (81, B2) we must have £ = 2(f; + 52) + 1 if
v =wvg and £ = 2(5; + B2) if v = v;. We have

Ae = R[Zl, 22]12 (&) R[Zl, ZQ]A

Note that the graph I, can also be labeled by 2-bounded partitions (that is partition
with parts less than or equal to 2) as illustrated on the right handside.
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0
Vi

4

V2.0.0)
2 N
Vi,a,00 V1,01 T

N2 N l
Vg,(1,o) Vg,(o,z)
Ve N Ve N / \ / \

Vieo  Vian Vi) ? l l
4 4 4

Voo Vaan) Va2 E

<N L N N / \ / N\ / \

V?,(?,,o) V?,(2,1) V?,(Lz) V?,(o,s) E Ej E

(0,0) g
£

OO <«—mm

FIGURE 6.1. The graph I'. and its labeling by 2-bounded partitions

6.2. Infinite PM graphs and harmonic functions. In this section, [ denotes an
infinite rooted graded (oriented) graph with set of vertices V where V is countable,
edge weight function w that takes values in R} and such that v; is the unique vertex
at level 0.

DEFINITION 6.7. — The infinite graph I is positively multiplicative when there
exists an algebra A over K, PM with respect to a basis B = {b, | v € V} where
b,, = 1 and a distinguished element 7 in A such that

b, = Z w(v,v' )b, for any v € V.
v'eVv

v=> w(vi,v)b,

veV

In particular, we have?

DEFINITION 6.8. — A nonnegative (respectively positive) harmonic function on
Iis a map f:V = Ry such that f(v1) =1 and for any vertex v € V

f(w) >0 (resp. f(v) >0) and f(v) =D we(v,0)f(v)).
v’ eV
Observe that we have then
1= f(u) = Z w(vr, v') ().
v'ev
We denote by H(I') the set of nonnegative harmonic functions on . This is a

convex cone and we write Hg(I") for its subset of extremal points.

Remark 6.9. — The concept of positive harmonic functions on ' are strongly
connected to Markov chains. Indeed, if f is a positive harmonic function, we can
define a Markov ‘H chain on I' with transition matrix II defined by:

f)
f(v)

2Note that v is given by the fact that we must have v = vb,, = Zv,evg(vl,v’)bvl.

I(v,v") = w',v) for all v,v" € V.
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It then becomes possible to study H (for example to get its drift, a law of large
numbers etc.) when f is sufficiently simple, in particular when f is extremal (see [14,
17, 19] for examples).

Recall the following theorem essentially due to Kerov and Vershik (see [14] and
also [18]).

THEOREM 6.10. — Assume that K(Z*') = R and that I is positively multiplica-
tive with associated algebra A and basis B = {b, | v € V} with 1 = b,,, € B. Then
the map f : V — R belongs to Hy(I) if and only the linear form ¢ : A — R defined
by ¢(b,) = f(v) for any v € V is a morphism of R-algebras satisfying ¢(v) = 1.

Example 6.11. — Let [ = (V,E,w) where V = {(a,b) € N> |a =0 or b < 1},
E={((a,b),(d,0))) eV V|(d,V)=(a+1,b) or (d,b)=(ab+1)}

and w is constant equal to 1 on E. This graph is positively multiplicative with
respect to the algebra

A =Rzy,z2]/(z123) and the basis B = {Z7°73" | (a,b) € V}

where T7 and T3 denotes the images of 1 and x5 in A. Let f be an extremal
harmonic function on ' Then according the theorem above, we have f(y) =
f(1,0) + £(0,1) = 1 and the map ¢ from A to R defined by z7°75° — f(a,b) is a
morphism of algebras. In particular xm% is sent to 0. But

plx123) = p(Z1)e(T3)* = f(1,0)£(0,1) =0
hence f(1,0) =0 ou f(0,1) = 0. Finally we have

Ho(M) = {f1, fo} where f1(1,0) =1, f1(0,1)=0
and  f2(1,0)=0 and f5(0,1) =1.

(32

Let us verify the theorem above “by hands‘”. Let f be an harmonic function
on . We have f(1,0)+ f(0,1) = 1 and f is positive so that f(1,0) = p € [0,1] and
f(0,1) =1—p € [0,1]. Next we set f(2,0) = ¢q € [2p — 1, ¢]. Below, we draw the
graph I and we put the expected values of f in red close to each vertex.

1 (0,0)

/N

p(1,0) (0,1) 1—p

/NN

7(2,00 (1,1) (0,2) 1—2p+gq

SN/PTEN

2¢—p (3,0) (2,1) (0,3) 1=2p+g¢q
/SN
3(]_]) (470) (371) (074) 1—2p+(]
p—q

It is a straightforward exercise to show that f satisfies f(k,0) = (k — 1)q —
(k—2)p >0 for all k > 2. Using the fact that f is positive, we get p € [0, 1] and
q € [%p,p} for all k > 2. Tt follows that ¢ = p and f(1,1) = 0. Finally, we get

f=pfi+ (1 —p)fs as expected.
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Example 6.12. — Let ), be the Young lattice of partitions with at most n parts.
Recall that its vertices are the Young diagrams A associated to the partitions with
at most n parts and we have an edge A — p if the Young diagram of p is obtained by
adding a box to the Young diagram of A\. Let A = Sym|x1,...,z,] be the R-algebra
of symmetric functions in the indeterminates z1,...,z, and B = {sy | A € Y}
where s is the Schur function associated to A. Then ), is positively multiplicative
with respect to A and the basis B. Its extremal positive harmonic functions are
the morphisms ¢ : A — R such that ¢(sx) € Ri. One can show in this case
that these morphisms are parametrised by the vectors p = (p1,...,pn) € R} with
p1 + -+ + pn, = 1, the morphism ¢, corresponding to p being the specialisation
r; = pi,t = 1,...,n. The structure constants . are the Littlewood—Richardson
coefficients and 1t is a classical result that ¢ , > O only if v can be reached from A
by a path in ), (i.e. A Cv).

6.3. Positive harmonic functions on expanded graphs. In this section, I' €
Graph,, (R, [Z*1]) with set of vertices {vy,...,v,} is a strongly connected and pos-
itively multiplicative graph with respect to the matrix realisation (A,B) where
B = (b1,...,b,) and by = 1. Let I'. be the expansion of " at v; with set of
vertices V.. We denote by we the edge weight function on Te.

PROPOSITION 6.13. — The infinite graph T'e is positively multiplicative with
respect to the algebra A, and the basis Be.

Proof. — First of all, the graph I'e is rooted and graded with v{ ; the unique
vertex at level 0. We have b} ; = ¢°2%b; = 1 and by Proposition 6.4(1), we see
that the element v in Definition 6.7 is:

0 0 1 1
qAr = qAr x bj 5 = E we (V) 05 Vi 5)bi 5.
v% 56\/;1

The result then follows from Proposition 6.4. O

Given t = (t1,...,ty) € R} and (B1,...,0n) € ZN we write t? = tfl ...tfi,”.
With this notation, the specialisation that sends zy to ty for all k € {1,...,N}
sends 27 to t7. We write A¢ for the matrix obtained from Ar by applying this
specialisation to all the coefficients of Ar.

THEOREM 6.14. — Assume that K[Z*! ¢] C A. and A = K(Z*!)[Ar] (ie. T
has maximal dimension). Then, the set H} (T) of extremal positive harmonic func-
tions is parametrised by a subset of RiN . More precisely, to any t = (t1,...,tN)
in RiN corresponds an extremal harmonic function ¢ on I such that

gp(vfﬁ) =tP\"tr fori=1,...,n

where © = (m1,...,my,) Is the left Perron—Frobenius vector of the matrix Ay with
eigenvalue

)\ = Z @(ai,l)m
=1

Moreover, all the elements in ’Hg(l"e) are obtained in this way.
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Proof. — By Theorem 6.10, the elements of H} (I'¢) are determined by the mor-
phisms of R-algebras ¢ : 4. — R which are positive on the basis B, and such that
©(v) =1 where v = gAr.

Consider such a morphism ¢. First of all, since K[Z*!, ¢] C Ae, we have b; € A,
forall  =1,...,N. Since (A, B) is a matrix realisation of I" and by = 1, we have
Ar = 30 ai1b; so that Ap € A.. We set ©(q) = A1 € Rug, ¢(2k) =t € Rog
and ¢(b;) = m; € R for each k = 1,...,N. We have p(Ar) = p(q~!) = X since
(p(’y) = 1. Note that A = Z?:l <p(ai71)ﬂ'i.

We show that m; € RY for all 1 <i < n. Let i € {1,...,n}. Since I' is strongly
connected, there exists a path from vy to v; in I'. Thus, there is a vertex of the form
vfﬁ in T for some 3 € ZN and ¢ € N. We have ap(bfﬁ) = ¢(q*2°b;) = AP 7 so

2
that m; = % € R since )\,tﬂ,ap(bfﬁ) all lie in R (¢ is positive on Be). We

note here that if v! 5, € V; then

o (a2 i) = o(b )Nt = p(bllp )2

o(bls)  o(bly)
AR T A T
The coefficient of A (the matrix A in which each z; is specialised at ¢;) in position

(1,7) is p(a; ;) (vecall that a; ; € K[Z*1]). Let 1 < j < n. We have

and

n
qubj =dq Z am»bi.

i=1
It follows that ©(qAr)m; = ¢(q) >y ¢(a; j)m and > .| p(a; ;)m = Ar;. Hence,
this shows that A is a left eigenvalue of A; associated to the left eigenvector
(m1,...,m). The matrix A is still irreducible (because the ¢;’s are strictly pos-
itive), therefore 7 is equal to the unique left Perron—Frobenius vector of A; and
©(Ar) = A is the associated Perron—Frobenius eigenvalue. The corresponding pos-
itive extremal function f is defined on T, by f(vf’ﬁ) = cp(bfﬁ) = \"Pr,.

Conversely, for any t = (t1,...,tn) € RY, let (m = 1,m2,...,m,) be the

normalised Perron-Frobenius vector of Ag. We have a morphism ¢ : K[Z¥!] — R
defined by ¢(z;) = tx for any k = 1,...,N. By Lemma 2.4, we know that A =
K[Z*Y][Ar] is integral over K[Z*1], it follows by [3, Section V.2.1, Corollary 4]) that
we can extend ¢ to a morphism (that we will also denote ) from A = K[Z*!][Ar]
to R by setting p(Ar) = XA = >, ¢(a;1)m. Therefore since A, is a subalgebra
of K[Z*!, q][Ar], we get by restriction a morphism ¢ : A, — R. Applying ¢ to the
relation

qArb; = q ) a; ;b
i=1
gives Ap(b;) = > ¢(ai ;j)p(b;). It follows that (¢(b1),...,¢(by,)) is the left eigen-
vector of A associated to A\. Further by = 1 so ¢(by) = 1. Since the normalised
Perron—Frobenius vector is unique, we must have ¢(b;) = m; for all i = 1,...,n.
This proves that we can indeed define from any ¢t = (t1,...,t;,) € RiN a morphism
¢ : Ac — R positive on the basis B, and such that p(v) = 1. O
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Remark 6.15. — The arguments used in the proof of the previous theorem show
that the morphisms obtained (and thus also the extremal harmonic functions)
are essentially determined by their restrictions to K[Z*!] thanks to the Perron—
Frobenius theorem. Nevertheless, in the previous construction, it can happen that
two elements in RiN give the same positive harmonic function so that we do not
get a complete parametrisation of the extremal harmonic functions.

7. THE GROUP OF MAXIMAL INDICES

We shall assume in this section that Z = () and K(Z*!') = C (thus we only
consider C-algebras). All the graphs in this section belong to Graph,, (R;.). We have
seen that in general, the property of a finite graph to be positively multiplicative
depends on a choice of the vertex considered as a root. Let I' € Graph,, (Ry) with
vertices {v1,...,v,} be a positively multiplicative graph at v; with respect to the
matrix realisation (A, B) where B = (by,...,b,). We further assume that A is
commutative. Consider the cone

C(B) = PR b,
j=1

in the algebra A. In this section, we will consider the set of indices i such that
C(B)(e;) =R where (e1,...,e,) is the canonical basis of C".

We will prove in particular that it admits the structure of a commutative group.
We start with PM algebras coming from PM graphs of maximal dimension and
next consider the general situation of possibly infinite dimensional PM algebras.

7.1. generalised permutations and PM graphs of maximal dimension. Let
I' € Graph,,(Ry) with vertices {v1,...,v,} be a PM graph at v; with respect ot the
matrix realisation (A, B) where B = (by,...,b,). We will assume in this section that
I is of maximal dimension so that A = C[Ar|. Also, we can apply Theorem 3.17
to I' to see that the vector e; is cyclic and the map

n
¢ : C[Ar] — @Cei
i=1
P(AF) — P(AF) s el
is an isomorphism of vector spaces. Moreover b; is the unique element in A such
that b;(e1) = e; for all 4.

DEFINITION 7.1. — We say that a ig € {1,...,n} is maximal if for any p =
(1,5 pin) € RY with pg + -+ + py, = 1 there exists v = (vq,...,,) € R such

that .
> vibi(ei,) = p.
=1

Equivalently, ig is maximal if C(B)(e;,) = R’} but the definition above will be
easier to extend to the case of infinite dimensional algebras. It is easy to show that
1 is maximal. Indeed, since b;(e;) =e; for all i = 1,...,n, we have

Zuibi(el) =p forall p=(u1,...,pn,) €R™.

i=1
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Recall from Section 4.2 that G,, is the group of generalised permutations of size n
and that we have defined the subgroup

Gp:{UEQn|UAp:AFU}

of G,, which is the group of generalised automorphisms of the graph I'. The group Gr
is contained in the centralizer of Ar which is equal to C[Ar] (since I' is of maximal
dimension) and we have Gr = G, N A. Consider U in Gr and set U(e;) = Aie,(s)
with \; € R} fori =1,...,n and 0 € &,,. We get

biU(el) = Ubl(el) = U(el) = )\iea(i).
Then

n n

Ho (i Ho (i
Z /\(z) Albi(err(l)) = Z /\(z) blU(el) = U.
i=1 * i=1 "

This shows that o(1) is maximal and b, (1) = )\%U € Gr because U belongs to A
and A—llU(e1) = €y(1). Let us denote by I,,, C {1,...,n} the set of maximal indices
for T'. The results that we obtain in this section (working with countable infinite
dimensional PM algebras) will imply the following statements:

o for all iy € I, e;, is a cyclic vector for Ap. Thus there exists a matrix
realisation (Ar, B()) of T where B() = {b{®) . b} and bgé”) =1,

e for all iy € I,,, the basis B(®) is contained in the group Gr,

e the group Gr acts transitively on I,,,

e the set I, itself has the structure of an abelian group.

7.2. generalised adjacency algebra and positivity. Consider a positively mul-
tiplicative commutative algebra A with respect to the countable basis B =
{b; | i € I}. Let A; = (cf;)jrer be the (possibly infinite) matrix of the multi-
plication b; expressed in the basis B (that is b;b; = Zk cﬁjbk). Then A; can be
regarded as the adjacency matrix of an oriented weighted graph with set of vertices
{z; | i € I} and edge weight function w defined by w(z;,zx) = cﬁj for all j,k in
I (recall our convention that w(z,z’) = 0 when there is no edge from z to z’).
When n = card([) is finite, the family of adjacency matrices {A;,i € I} generates
a subalgebra of M,,(C) isomorphic to A.

We can formalise this phenomenon by the notion of generalised adjacency alge-
bra. Throughout this section, I is a countable set and V' will denote the normed
vector space £1(I) of complex sequences (v;) indexed by I with the £*-norm ||v||; =
> icr |vil. The vector space V' is complete, and we identify I with the Schauder?
basis (e;)icr of V given by e;(j) = 0;; for ¢,j € I. We write V, for the cone
of V' consisting of complex sequences taking non-negative real values, and V, ; the
subset of V, having ¢!-norm equal to one. From a measure theory point of view,
V denotes the set of finite complex measures on the set I, while V. (resp. Vi 1)
denotes the set of positive (resp. probability) measures on V.

3A Schauder basis S of a Banach space V is a subset of V such that any element v € V as a
unique writing as a convergent sum ZSES ass with as € C, s € S. This is the natural extension

of the definition of the basis of a vector space in the Banach space setting.
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We denote by B(V) the set of endomorphisms of V' which are bounded with
respect to the ¢!-norm, namely the set of linear maps T': V — V such that

ITlla = sup  [[To]ly < +oc.
vevillvl=1

The map T + ||T||1,1 defines a norm on B(V). If T € B(V), we write T;; for the
coefficient of Te; along e; for ,j € I. Given Ty and T in B(V'), we have

||T1T2H1,1 < ||T1||1,1 ||T2H1,1

so that T1 T, also belongs to B(V'). This shows that B(V) is stable by composition
of operators.
Given any normed space E and any subset S C F, write

C(S) = {szs

seS

A =0, 5€ S} and  C1(S) = C(S)N B(0,1)

where the closure is taken with respect to the norm on E and B(0,1) is the unit
ball.

DEFINITION 7.2.
e An adjacency operator on I is an operator T' € B(V') such that
Ti; 20

foralli,j € I.
e An adjacency algebra on I is a closed commutative unital subalgebra of
B(V') generated by adjacency operators on I.

For an adjacency algebra A (regarded as a normed space as previously), define
the adjacency cone of A as the cone

A, =C{T € A,T adjacency operator on I}).
By definition, A is then generated by A4. Since A, - Ay C A4, this implies that

A= (Ay). (7.1)
Example 7.3. — Let I = {1,...,n} and let V be n-dimensional C-vector space
with basis {ej,...,e,}. Let Ar is the adjacency matrix of an oriented graph T' €

Graph,,(R;). Then C[Ar] is an adjacency algebra on I. We always have C(A*,
k > 0) C C[A]4, but in general the inclusion is strict. Consider for example

A= ((1) g) where A — A%/2 — (1(/)2 8) € ClA]; \ C(A%,k > 0).

DEFINITION 7.4. — Two adjacency algebras A, A’ on I are isomorphic if there
exists an invertible adjacency operator U : V — V such that U~! is again an
adjacency operator and such that A= {UAU! | A € A}.

It is then straightforward to prove that for two isomorphic adjacency algebras
A and A" we have A, = UA,U~'. As the following lemma shows, isomorphisms
between adjacency algebras are infinite-dimensional analogues of the generalised
permutations of the set I (i.e. permutations and diagonal rescaling of the basis

(ei)iel)'
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LEMMA 7.5. — If T is an invertible adjacency operator such that T~ is also
an adjacency operator, then T is a permutation up to multiplication by a diagonal
operator with positive coefficients, meaning that there exists a permutation o of I
and a family {\;};cr of positive reals such that

Tei = )\7 €o(i)-

Proof. — Suppose by contradiction the existence of ig € I and i1,i2 € I with
i1 # 1o such that
T@io = )\eil + peq, + Z lie;
i€\ {i1,i2}
with X\, 4 > 0 and I; > 0 for all s € I\ {41,i2}. Then, since T~'Te;, = e;, and T~*
has non-negative entries, the latter equality implies that both T~ te; and T e;,
belong to Rxqe;,. But this contradicts the fact that T is invertible. O

For i € I and an adjacency algebra A, denote by ev; : A — V the evaluation
map A — Ae;. In the following definition, recall that A is a Banach space as a
closed subspace of B(V') and that a linear map f : E — F between Banach spaces is
coercive if inf ¢ g |||z =1 | f(#)||F > 0. Remark in particular that coercivity implies
injectivity for a linear map. Both notions coincide when I is finite because A is
then finite-dimensional and its unit ball is compact.

DEFINITION 7.6. — Let A be an adjacency algebra A on I and consider an
element ¢ € I.

e The element ¢ is nondegenerate if ev; is coercive (and thus injective) as a
linear map from A to V.
e The element ¢ is maximal if ev; is surjective from A, to V.

In the latter definition, coercivity can be replaced by injectivity when [ is fi-
nite. Observe also that when ¢ is maximal, by (7.1) the vector e; is cyclic for the
algebra A, that is we have Ae; = V.

We first state a result proving that we mostly have to establish nondegeneracy
at one maximal element to get nondegeneracy at any maximal element.

LEMMA 7.7. — Suppose that iy € I is nondegenerate and maximal. Then, any
© € I which is maximal is also nondegenerate. If I is finite and iy € I is maximal
for A, then iq is also nondegenerate and dim A = |I|.

Proof. — Suppose that ig € I is maximal and nondegenerate for A, and set

I
We have o > 0 by coercivity of ev;,. Let i € I be another element which is also
maximal. Let T € A4 be such that ||T||;,; = 1. Since e; and e;, are maximal,
there exist U € A, such that Ue; = e;, and U’ € A, such that U'e;, = e;. Hence,
UU’e;, = €;,, and by nondegeneracy of e;, we have UU’ = Id = U'U (recall that
A is commutative). In particular, |TU||11 > ||UH1_%HT||11 Hence,

levi(T) 1 = lleviy(TU") |1 = a|TU |11 = @|lU[171 1T 11,

so that infre 4 1), =1 [levi(T) |1 = aHU||fi > 0, and ev; is also coercive. Hence, i
is also nondegenerate for A.
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Suppose that [ is finite of cardinal n, so that V is finite dimensional. Then, A
is a subalgebra of M,,(C). By maximality at iy, the map ev;, is surjective from A
to V, which yields dim(A) > dim V' = n. Suppose that T' € A is such that Te;, = 0.
By surjectivity of ev;,, for all v € V there exists T}, € A such that T,e;, = v. Then,
by commutativity of A,

Tv=TT,e;, =T,Te;, =0.

Hence, Tv = 0 for all v € V, and so T = 0, which implies that ev;, is injective and
dim(A) =2 n. Thus dim.A = n and ev;, is a linear isomorphism, in particular it is
coercive. 0

Remark 7.8. — In general, a commutative subalgebra of M, (C) can have a di-
mension much bigger than n: by a theorem of Schur, such an algebra can have
dimension at most |n?/4]| + 1, the bound being sharp. Hence, by the latter lemma,
a finite-dimensional adjacency algebra for which there exists a maximal element is
much closer to the case of a commutative subalgebra of M,,(C) stable by the adjoint
involution (see Example 2.2(4)). Beware however that an adjacency algebra is not
necessarily diagonalisable (i.e isomorphic to C"), even if there exists a maximal
element. This is for example the case for the algebra of upper triangular Toeplitz
matrices

A1 A2 o A
A = 0 Al ) )\17 O] )"I’L eC )
A2
A1
for which e,, is maximal.
PROPOSITION 7.9. — Suppose that A is an adjacency algebra for which iq is

nondegenerate and maximal. Then, there exists a unique basis B = {b; | i € I} C
A, of A such that A, = C(B) and b;e;, = e; for all i € I. In particular, we have
bi, =1 and A is positively multiplicative.

Proof. — Suppose that iy is nondegenerate and maximal for 4, and denote by
b; the element of A, such that b;e;, = e;. Remark that {b; | ¢ € I'} is a free family,
since it acts freely on e;, by nondegeneracy. Let T' € A,. Then, Te;, = >, ; Mi€i,
with A\; > 0 because T is an adjacency operator, and

DA =lITeilly < Il llesoll, = 1T
iel

iel

|1,1 < +00.

By nondegeneracy of iy, the map ev;, is coercive, implying that
[Tei |1

——— =a > 0.
TeA,T#0 HTHLl

Hence, for i € I we have ||b;e;,||1 = a|/bi]|1,1. On the other hand by construction,
[bieioll1 = |leilli = 1 for i € I. Hence, for all i € I we have [|b;l;,1 < .

Hence, T := Y, ; \ib; satisfies [|T7[|11 < 2>, A < 400 and thus is a well-
defined element of Ay which satisfies T"e;, = Te;,. By nondegeneracy, 7' = T,
and thus T € C(b;, i € I). Therefore, Ay = C(b;, i € I). For i, € I, we have
b;b;; € A4 and by the previous result b;b; = Zi/,el )\1;/, i for some nonnegative

coefficients \7,. Therefore the basis {b;}icr is positively multiplicative. We deduce

@i’
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that A is positively multiplicative. Finally, remark that the basis {b; };cs is uniquely
defined due to the injectivity of ev;,. O

The proposition above yields an infinite dimensional version of Corollary 3.9.

Example 7.10. — Given a discrete commutative group G, define

MG =4 f:G—C|> |f(g) <+o0 ¢,

geG

and consider the group algebra C[G] = P, Cg with multiplication given by
the group structure. Consider the left-regular representation p of G on the basis
{04, 9 € G} of £*(G) such that

p(9)dg = Ogg-
Let AY be the closure of p(C[G]) in B(¢}(G)) with respect to the || - [|1,; norm.
The algebra A% is then an adjacency algebra G, and the adjacency cone is AS =
@geG Rsop(g). Indeed, each operator p(g) acts by permutation and thus is an
adjacency operator. Moreover, since p(g)p(9’) = p(gg’) for g,¢' € G, we indeed
have span(Af) = Ag. Remark that every element J, with g € G is maximal and
nondegenerate for Ag.

We will see below that the example above is actually the only example of adja-
cency algebra on a countable set I for which every element of I is nondegenerate
and maximal, up to a normalization. We will first prove a more general result in
Theorem 7.11.

Since I is countable, any permutation o of I extend linearly to an operator of
B(V) (also denoted by o) with the formula

a(e:) = eq(s)
and we have ||o]|1,1 = 1.

So, let A be an adjacency algebra on I, and denote by I,,, C I the set of elements
which are maximal and nondegenerate. We will assume that I,,, is not empty (thus
contains all the maximal elements by Lemma 7.7). Also denote by G the group of
linear automorphisms 7' : V' — V' such that T'(e;) = Aiey(;y with A; € Ry and o
any permutation of I. Recall that G 4 is the subgroup G N A.

THEOREM 7.11. — Under the previous hypotheses, the following assertions
hold.
(1) Each iy € I, defines a multiplicative basis B(") = {bl(?h) | i € I} for the
algebra A.
(2) For any ig € I, the set B0) = {bgio) | i € I} is contained in the group
Ga.

(3) The group G 4 acts on I, transitively.

(4) The set I,, has the structure of a commutative group. Moreover, there
exits a representation p of I, on V such that {p(i) | i € I,} C A4 and
p(i)e; € Rsoe;; for 4,5 € I, where (i,5) — i - j denotes the product
structure on I,,.

Example 7.12. — We refer to Section 5.5 for the example of the fusion rule for
the affine group su(2). The set I, and its associated group structure can be easily
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made explicit. Indeed, the fusion rules shows that bob; = 1 and b;b; = b;_; for any
j=0,...,l. Also when ¢ =1,...,l — 1 the action of b; does not yield a generalised
permutation of the basis B. Thus I,,, = {0,1} and the group structure is given by

[-1=0, 1-0=0-1=1, 0-0=0.

The theorem above says in particular that, up to a nondegeneracy condition,
the set of maximal elements I,,, has the structure of an abelian group and, up to
a scaling, the action of the group algebra C[I,,,] on ¢1(I,,) (as introduced in Exam-
ple 7.10) extends to a representation on all £!(I) whose image forms an adjacency
subalgebra of A. Beware that the group structure on I,,, is not uniquely defined
and depend on the choice of an element in I,,,.

Proof of Theorem 7.11. — As already observed, the existence of a maximal
nondegenerate element and Lemma 7.7 imply that I, is the set of maximal elements
for A. For i € I,,,i' € I, let b; ;y € Ay be such that b; ;re; = e;s. Then, if i’ € I,
there exists by ; € A4 such that by ;e;; = e;. This implies that by ;b; ve; = e,
and by nondegeneracy of e; and the fact that Id € A4, this in turn implies that
b ibi i = b; /by ; = 1d. Since b; ;» and by ; are adjacency operators, Lemma 7.5
yields that b, ;» and by ; belong to G4. Hence, for each i, € I, there exists a
infinite permutation matrix ¥; ;» and an infinite diagonal matrix D; ;» with positive
diagonal entries such that

bi,ir = X0 Dy (7.2)

Fix an element iy € I,,. We get the basis B(") by Proposition 7.9 such that
b;(ei,) = e; for any ¢ € I. When i belongs to I,,,, we have by the previous arguments
biy,i = 2iy,iDiy,i and we can set b; = b, i, Xy = X, and D; = D;, ;. We can write

bibir = Y Aibyu, (7.3)
irel
for all 4,7 € I,,, with \;» € Ry for any ¢ € I. Since b; and b;s belong to the group
G 4, we also have b;b;s in G 4. Therefore, by looking to the expression on the right
hand side of the equality, there should exist j € I such that b;b;; = pb; for some
> 0. Indeed b;by must send the vector e;, on a scalar multiple of a vector e;
with j € I because b; and b;; belong to G 4. This is only possible when all but one
of the coefficients A;» are equal to zero. Recall that bj(e;,) = e; and iy € L. It
follows that we also have j € I, since A4b; C Ay and we can set ¢ -4’ :=j € I,
and ;= A; > 0 to get
bibi/ = )\i,i/ bzzl

From the commutativity and the associativity of the product in A, we deduce
that the product (i,7") — 4 - ¢ is commutative and associative. There is also a
neutral element given by 49, since b;, = Id. Likewise, expending b; ;, on the basis
{b; | i € I'} and using a similar argument as before yields an element i' € I such
that

bii, = byt = Abr.
Hence, this implies

bi, =1d = Abysb; = ANy ;byr s,

and i’ -4 = 4y. Finally, I,,, has a commutative group structure given by the product
(i,¢") — i -4'. Let us denote by Gy, this group.
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Set H ={\b; | A > 0,i € I} C A. By the above reasoning, H is a subgroup of the
group of invertible elements of A with multiplication (Ab;) - (uby) = (ApA; i )bssr.
Moreover, Rsgb;, is a divisible subgroup of H, which means that for any n € N,
the endomorphism Ab;, — (Ab;,)™ is surjective. Hence, by [7, Theorem 21.2], there
exists a subgroup F' C H such that

H= (R>0bi0) x F.
For i € I, let b; € F, u; € Rsg be such that b; = (u;b;,)b; = p;b;. For i,i’ € I, on
the one hand, b;b; € F, and on the other hand

cE 1 it Aiit it Ai i Jhi-it =
b;b; = biby =~ b, = SRR (Mbi())bi»i“
Hoi flir Hoi flir Hifbir

[Lifti
Since H = (Rsgb;,) x F and b;by € F we must have % =1 and thus
BiBi/ = Bzz’

Hence, the map p : i +— b; yields a representation of G, on V such that p(i) € G4
for all ¢ € I,,,. Moreover, for i,j € I,,
_ _ _ 1 1L
biej = bibjeio = ujbibjeio = 7jbi.j€i0 = 7]ei~j (S R>06i.j,
Hi-j Hi-j
which implies that p yields a free and transitive permutation representation on the
set of half-lines {Rsqe;, 7 € I, }. O
As a corollary of Theorem 7.11, we can consider the case where all elements of 1
are maximal for A.

COROLLARY 7.13. — Suppose that A is an adjacency algebra for which each
t € I is maximal and nondegenerate. Then, there exists a commutative group
structure on I, and a positive diagonal operator A such that AAA™' = A;, where as
in Example 7.10 the algebra Aj is the norm-closure of the left-regular representation
of C[I] on ¢*(I) in the Banach algebra B(¢*(I)).

Proof. — By Proposition 7.11, I has a group structure and there is an action
p: I — B(V) such that p(i) € A for all i € I and p(i)e; € Ryge;.; for all 4,5 € I.
Let ip be the neutral element of I and set b; = p(i). By the arguments used in the
previous proof, for any ¢ € I there exists A; > 0 such that bje;, = Nies.iy = Aiey,
with the particular case A\;, = 1. Hence, defining the diagonal operator A by
Ae; = )\Zlei, we have AbiA’leio = ¢;. Hence, for i,j € I,

AbiA™ e; = Ap(i) A~ Ap(§) A esy = Ap(i)p()A " eiy = Ap(i- )N Vs, = €3y
Let A; be the algebra generated by Ab;A~!, i € I. By the latter results, we have
Ar = p(C[I]), where p is the left regular representation introduced in Example 7.10.

By Proposition 7.9, A is the norm closure of »,_; Cb;. Hence, AAA~! is the norm
closure of Ay, and thus we have

AAAY = A;. O

Example 7.14. — One can use Corollary 7.13 to construct finite PM-graphs with
I = I,,. Consider for example the group algebra

A = (Ce(ovo) &) (Ce(lyo) &) (Ce(oyl) &) (Ce(lyl)
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of Z/27 x Z/27Z. Let T and T" be the matrices of the multiplication by e(; ) and
€(0,1) expressed in the previous basis and (a,b) € RZ,. Then

0 a 0 0 00 b 0 0 a b 0
B , a0 00 000 5b| [ao00 b
U=al+bT°=14 o 0 o|T|o 00 0l |6 0 0 a
00 a 0 0 b 00 0 b a 0

Now choose A = (A1, A2, A3, \s) € R and set V = DUD ™! where D is the diagonal
matrix defined by A. The matrix

)\1 )\1
po |t 0 0 b3z
B I V| 0 a2
)\1 >\4

is the adjacency matrix of a PM-graph such that I = I,,,.

We end this section by showing that the set of positive roots in finite PM-graphs
(See Definition 4.1) coincides with the set I,, of maximal indices in its associated
basis B.

PRrROPOSITION 7.15. — Assume k = C and let T" be a finite PM graph rooted at

v;, with basis B;, whose adjacency matrix has maximal dimension.

(1) The set of maximal indices label the positive roots of T, that is R{' = {v; |
i€l,}.

(2) Set By, = {bi € By, | i € I,,}. Then, we have B,,;, = B;, N Gr: the

maximal indices label the generalised permutations appearing in B;,,.

Proof. — Let us prove Assertion (1). The graph T" is multiplicative at v; for the
basis b; 'B;,. Moreover since I has maximal dimension, this multiplicative basis is
unique. Therefore v; belongs to Rff if and only if b, 1BZ-0 has nonnegative structure
constants. This is equivalent to say that b; 'B;, x b; 'B;, C b;'A} because A
coincides with C(B;,) by Proposition 7.9 because ig € I,.

For any ¢ € I,,, it follows from Theorem 7.11 that b; is a generalised permutation.
Thus b; ' € A, and also b; 'B;, C A.. Now we have

b; "By, x b; 'By, = b; ' (b; "By, x Bi,) C b Ay x Ay) C byt AL

because A is stable by product. This shows that {v; |i € I,,} C R{.

Conversely, assume that ¢ € I is such that v; € Rif Then b; is invertible and
b;' € b; 'B;, since 1 € B;,. Thus, by the previous arguments, we get b; ' x b; ' =
b, 'c with ¢ € A;. This proves that b;* € A,. Since the cone A, is stable by
multiplication, it follows that the map ¢ — b;c is a bijection from A4 on itself (with
inverse the multiplication by b;” ). This implies that

Ai(ei) = Aybi(ei,) = biAy (ei,) = Ay (ei,) = Vi
We get that ¢ is maximal. But it is also nondegenerate by Lemma 7.7 because I is
finite. Thus, we have R{" = {v;|i € I,,,} as desired.

To prove Assertion (2), observe first that we have B,, ;, C B;, N Gr by Asser-

tion (2) of Theorem 7.11. Now, if b; belongs to B;, NGr, its inverse is an adjacency
matrix in 4 and we have b; o= A, . By using the previous arguments, we get
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b;A+ = Ay and therefore Ayv; = Aybjv;, = Ayv,, = V4 which shows that
1 € I,. Thus, By, i, D B, N Gr as desired. O

Remark 7.16. — It also follows from the preceding results of this section that
(for k = C) a graph I" with n-vertices will be positively multiplicative as soon as its
adjacency algebra C[A] can be embedded in a n-dimensional C-algebra A generated
by matrices with nonnegative entries for which there exists an index 1 < i < n with

Arei = Bijcn Rooe;
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