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BASICS ON POSITIVELY MULTIPLICATIVE GRAPHS AND
ALGEBRAS

JÉRÉMIE GUILHOT†, CÉDRIC LECOUVEY, AND PIERRE TARRAGO

Abstract. An oriented graph is said positively multiplicative when its adjacency matrix
A embeds in a matrix algebra admitting a basis b with nonnegative structure constants in
which the matrix of the multiplication by A coincides with A. The goal of this paper is to
present basic properties of this notion and explain, through various simple examples, how
it relates to highly non trivial problems like the combinatorial description of fusion rules,
the description of the minimal boundary of graded graphs or the study of random walks on
alcove tilings.

1. Introduction

The aim of this paper is to study positively multiplicative algebras and pos-
itively multiplicative graphs, two notions which provide a unified background to
many problems at the interaction between algebra, combinatorics and probability.
Given a finite set Z of indeterminates and a field K equal to R or C, a positively mul-
tiplicative algebra is a unital K[Z±1]-algebra A admitting a basis B such that 1 ∈ B
and the structure constants of A with respect to B lie in R+[Z±1], the subset of
K[Z±1] of Laurent polynomials with nonnegative real coefficients. The set Z can
be empty and then it is just required that the structure constants are nonnegative.
This class of algebras contains the fusion algebras [6], the group algebras or the
character algebras associated to finite groups, the character algebras of simple Lie
algebras, but also homology or cohomology rings defined from algebraic varieties re-
lated in particular to Schubert calculus or to the geometry of affine Grassmannians,
see [15, 16].

Due to the positivity of the structure constants ofA with respect to B, the matrix
of the multiplication by any positive linear combination s of elements in B expressed
in the basis B can be considered as an adjacency matrix of an oriented weighted
directed graph with set of vertices in bijection with the set B. Conversely, starting
from a finite oriented graph Γ with weights in R+[Z±1], it is a natural question to
look for an underlying positively multiplicative algebra structure. We will say that
Γ is positively multiplicative at a vertex vi0 when its adjacency matrix AΓ can be
embedded in a matrix algebra which is positively multiplicative with respect to a
basis B such that (1) the ith

0 element of B is equal to the identity and (2) the matrix
of the multiplication by AΓ expressed in the basis B is the matrix AΓ itself. One
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can notice here that we have two types of constraints for a graph to be positively
multiplicative which are of very different nature:

(1) The first one relates to linear algebra: does there exist a matrix algebra A
with a basis B containing 1 and such that the matrix of the multiplication
by A is A? If so, we will say that Γ is multiplicative.

(2) The second one is of geometric nature: does there exist an algebra as in (1)
whose cone C(B) of nonnegative linear combinations of elements in B is
stable by multiplication?

We shall see that the answer to Question (1) is most of the time positive when
the graph Γ is of maximal dimension, that is when the algebra K[Z±1][AΓ] has
dimension the number of vertices in Γ. In this case, the algebra A and its basis
B are unique when they exist and can be computed by elementary linear algebra
techniques. In contrast, it is highly non trivial to find general conditions sufficient
to guarantee a positive answer to Question (2). Moreover, even when a graph Γ
is positively multiplicative, it is often very difficult to get a combinatorial descrip-
tion of the structure constants of the basis B, for example by counting paths in Γ.
Depending on the situation, this problem may be equivalent to the description of
tensor product multiplicities in representation theory, the determination of combi-
natorial fusion rules or that of computing the structure constants in the homology
rings of affine Grassmannians. For tensor product multiplicities of Kac–Moody
algebras, an elegant description exists in terms of the Littelmann path model [20]
or the combinatorics of crystal graphs [13]. For the symmetric groups, these mul-
tiplicities (Kronecker coefficients) are much less understood. The determination of
combinatorial descriptions for the fusions rule in conformal field theory [1] or the
structure constants in the homology rings of affine Grassmannians [15] is still an
unsolved problem.

The goal of the paper is to propose a unified approach in the study of positively
multiplicative graphs independent of the algebraic or geometric context where they
naturally appear. The results, presented in an expository style, gather basic facts on
these notions that we will need in future works and for which we did not find explicit
references in the literature. Such results will be used in particular in [10, 11] to study
respectively random walks on alcoves tilings and convergences of random particle
systems on a discrete circle. Although they use quite elementary tools, we believe
that they deserved to be written down. We will explain in particular, when the
graph is of maximal dimension, how to decide whether a graph is multiplicative and
then provide simple procedures to compute the associated basis. When a graph Γ is
positively multiplicative, we will also give a general construction (called expansion)
yielding an infinite graded graph Γe defined from Γ for which it is easy to get a
complete description of the extremal positive harmonic functions. These functions
are essential tools in the study of random walks on graphs or alcoves tilings (see
for example [14, 19]).

In each of the following sections, we have chosen to present numerous examples
of the different notions we introduce. We hope they will be sufficiently helpful for
the reader. The paper itself is organised as follows. Section 2 is devoted to the
notion of positively multiplicative algebras and its connection with fusion algebras.
In Section 3, we define and study multiplicative graphs Γ. When Γ is of maximal
dimension, we give a simple procedure to check whether or not it is multiplicative
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at a given vertex and then to compute its associated basis B. The positively multi-
plicative graphs are presented in Section 4. In Section 5, we introduce the column
and row Kirillov–Reshetikhin crystals of affine type A. These are two important ex-
amples of positively multiplicative graphs whose definition is elementary but with
structure constants of high combinatorial complexity. In Section 6, we detail the
expansion procedure and explain how to get a description of the minimal boundary
(i.e. of the extremal positive harmonic functions) on each extended graph coming
from a positively multiplicative graph. Their generalisations and their study will
be our main objective in [11]. In Section 7, we study commutative positively mul-
tiplicative (possibly infinite dimensional) algebras over C and show that the subset
of elements of the distinguished basis B that are generalised permutations has the
structure of an abelian group. In the case of a positively multiplicative algebra over
C coming from a positively multiplicative graph, this subset is precisely the set of
vertex v of Γ for which Γ is positively multiplicative at v.

2. Positively multiplicative algebras

We start by introducing some notation that we will use all along the paper:
• K is either R or C,
• Z = {z1, . . . , zN} with N ∈ N is a set (possibly empty) of formal indeter-

minates,
• K[Z±1] is the Laurent polynomial ring in Z over K,
• R+[Z±1] is the set of Laurent polynomials with nonnegative real coefficients,
• K(Z±1) is the ring of fractions of K[Z±1].

In this section, A denotes a unital associative algebra over K[Z±1].

Definition 2.1. — The algebra A is said to be positively multiplicative (PM
for short) when it admits a K[Z±1]-basis B = {bi, i ∈ I} indexed by a countable set
I satisfying the following two conditions:

(1) 1 ∈ B,
(2) for any i, j ∈ I, we have bibj =

∑
k∈I ck

i,jbk with ck
i,j ∈ R+[Z±1].

When such a basis B exists, we say that it is a positively multiplicative basis for
A (PM-basis for short) and that A is positively multiplicative with respect to B.
The algebra A is said to be strongly positively multiplicative when it is positively
multiplicative and for any (j, k) ∈ I2 there exists at least one index i in I such that
ck

i,j ̸= 0.

Examples 2.2.
(1) The algebra Kn is PM with respect to the basis B = {bi | i = 1, . . . , n} with

b1 = (1, . . . , 1) and bi = ei−1 for i = 2, . . . , n where (e1, . . . , en) denotes
the canonical basis of Kn. It is easy to construct other PM-basis for Kn,
for instance one could change b2 to (0, 1, . . . , 1) in the basis B. In general
a PM basis is not unique.

(2) Any finite-dimensional C-algebra A generated by one element is PM. In-
deed, if we set A = C[a] and denote by µa the minimal polynomial of a, we
can factorise µa

µa(X) =
k∏

i=1
(X − αi)mi
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where α1, . . . , αk are the k distinct complex roots of µa. Then, using the
Chinese remainder theorem, we get

A ∼=
k∏

i=1
C[X]/(X − αi)mi .

The algebra on the right hand side is PM because each algebra C[X]/(X −
αi)mi is with respect to the basis {1, X − αi, . . . , (X − αi)mi−1}.

(3) Regarded as a two-dimensional R-algebra, the field C of complex numbers
is not positively multiplicative. Indeed if such a basis (1, z) existed, we
could assume that z2 = a + bz with (a, b) ∈ R2

⩾0 and get that z is a non
real root of the polynomial X2− bX − a. Since its discriminant is positive,
this yields a contradiction.

(4) Let A be a finite-dimensional commutative subalgebra of Matn(C) (the
algebra of n× n complex matrices) stable by the adjoint operation. Then,
each matrix A in A is diagonalisable because AA∗ = A∗A. Moreover, since
A is commutative, there is a common basis of diagonalisation. Therefore,
the algebra A is isomorphic to Cn which is PM.

(5) Consider a polynomial P (X) = Xn − an−1Xn−1 − · · · − a0 such that
(an−1, . . . , a0) ∈ Rn

+ and A its companion matrix. Then K[A] is a n-
dimensional PM subalgebra of Matn(K) with respect to the basis {Ak |
k = 0, . . . , n− 1}.

(6) For any finite group G, the group algebra C[G] is a PM algebra with respect
to the basis {g | g ∈ G}.

(7) For any finite group G, its complex character ring R[G] is a commutative
PM algebra with respect to the basis of irreducible characters. Observe
that R[G] is also isomorphic to Cn just by considering the basis of indicator
functions associated to the conjugacy classes of G.

(8) Homology and cohomology rings associated to algebraic varieties are other
important examples of PM algebras.

Examples (6)–(7) above are particular cases of fusion algebras (see [6, Section 5.1]
for a detailed introduction to fusion algebras). A fusion algebra is an algebra over
C (here we take Z = ∅) with a positively multiplicative basis B = {bi, i ∈ I} and an
involutive anti-automorphism ∗ (that induces an involution i 7→ i∗ on I by setting
b∗

i = bi∗) that satisfy ck
i,j = cj

i∗,k for all i, j, k ∈ I.

Proposition 2.3. — Every fusion algebra is strongly positively multiplicative.

Proof. — Let A be a fusion algebra with basis B = {bi, i ∈ I}. Since ∗ is
an anti-automorphism, we have ck

i,j = ck∗

j∗,i∗ = ci∗

j,k∗ using the property of fusion
algebras. Assume there exists (j, k) ∈ I2 such that ck

i,j = 0 for all i ∈ I. By the
previous argument, we have ci∗

j,k∗ = 0 for all i ∈ I and thus ci
j,k∗ = 0 for all i ∈ I

since the map i 7→ i∗ is a bijection on I. We get the equality bjbk∗ = 0. This
implies that bj∗bjbk∗bk = 0. Now observe that ci0

j∗,j = cj
j,i0

= 1 and similarly
ci0

k∗,k = 1, where bi0 = 1 ∈ B. Since the structure constants of the fusion algebra A
are nonnegative, the coefficient of 1 in the product bj∗bjbk∗bk is positive. Hence
bj∗bjbk∗bk ̸= 0 and we get the desired contradiction. □
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Proposition 2.4. — LetA be a finite-dimensional, commutative and positively
multiplicative algebra. Then A is integral over K[Z±1].

Proof. — Let B = {bi, i ∈ I} be a PM-basis for A. Since A is generated over
K[Z±1] by the elements of B, it suffices to show that the elements bi are integral over
K[Z±1]. For any such bi, the matrix M of the multiplication by bi in A in the basis
B has coefficients in K[Z±1] (in fact in R+[Z±1]). Thus the characteristic polynomial
of M has coefficients in K[Z±1]. This implies that its minimal polynomial, which
is also the minimal polynomial of bi also has coefficients in K[Z±1]. Hence bi is
integral over K[Z±1]. □

Remark 2.5. — Given a PM-algebra A with Z ̸=∅, any morphism θ : K[Z±1]→ K
defines a specialisation of A that we shall denote Aθ. When θ(z) ∈ R>0 for any
z ∈ Z, the algebra Aθ remains positively multiplicative. Further if A is strongly
positively multiplicative, so is Aθ.

3. Multiplicative graph

Let Γ = (V, E, ω) be a finite oriented weighted graph where V is the finite set
of vertices, E is the set of edges E and ω is the edge weight function taking values
in some algebra. We will assume that Γ does not have multiple edges, so that the
set of edges can be viewed as a subset of V × V : a pair (v, v′) ∈ V × V represents
an edge starting at v and ending at v′. Finally, it will be convenient to extend the
edge weight function ω to the full set V × V simply by setting ω(v, v′) = 0 if there
is no edge from v to v′. Note that with this setting, the sum of the weights of all
edges starting at a given vertex v is equal to

∑
v′∈V ω(v, v′).

Unless explicitely specified otherwise, all the graphs considered in this paper are
finite oriented weighted graph with edge weight function taking values in K[Z±1].
We denote by Graphn(K[Z±1]) the set of all such graphs that contains n vertices.
In most examples and applications the indeterminates in Z±1 will be eventually
specialised to positive reals.

In this section, Γ denotes a graph in Graphn(K[Z±1]) whose set of vertices is
{v1, . . . , vn} and edge weight function ω. We denote by AΓ = (ai,j)1⩽i,j⩽n the
adjacency matrix of Γ (which lies in Matn(K[Z±1])), that is the coefficient ai,j is
equal to ω(vj , vi). The adjacency algebra AΓ of Γ is the algebra K(Z±1)[AΓ] of
polynomials in AΓ with coefficients in K(Z±1). Note that the adjacency matrix and
the adjacency algebra of Γ are defined up to an ordering of the vertices of Γ and
thus up to a conjugation of AΓ by a permutation matrix.

In this section, we introduce the notion of multiplicative graph which lies at the
heart of the paper. We then study this notion in the case where the graph is of
maximal dimension, that is when the adjacency algebra is of dimension the number
of vertices of Γ, where we give an explicit criterion to decide whether or not the
graph is multiplicative.

3.1. Multiplicative graph, roots and matrix realisation. Given any finite
dimensional associative algebra A, a basis B of A and x ∈ A, we denote by mx the
endomorphism of A defined by a 7→ xa and by MatB(mx) the matrix of mx in the
basis B. We write B[i] for the ith element of the basis B.
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Definition 3.1.
(1) We say that (A, B) is a matrix realisation of Γ if A is a subalgebra of

Matn(K(Z±1)) of dimension n containing AΓ and B is a basis of A such
that AΓ = MatB(mAΓ).

(2) We say that Γ is multiplicative at vi0 if there exists a matrix realisation
(A, B) of Γ with B[i0] = In.

(3) We say that Γ is multiplicative if there exists a vertex vi0 such that Γ is
multiplicative at vi0 .

(4) The setRΓ of roots of Γ is the set of vertices vi0 such that Γ is multiplicative
at vi0 .

We will see in Example 3.15 that it is possible to have a graph Γ that admits a
matrix realisation but which is not multiplicative. Note that if (A, B) is a matrix
realisation of Γ then (A, Bx) is also a matrix realisation of Γ for all invertible
elements x ∈ A×. In particular, a graph that admits a matrix realisation (A, B)
such that there exists b ∈ B ∩ A× is multiplicative. Indeed the pair (A, Bb−1) is a
matrix realisation of Γ and Bb−1 contains the identity.

Example 3.2. — Let P = Xn − an−1Xn−1 − · · · − a0 ∈ K[X] and let A be the
companion matrix of P . Let Γ be the weighted graph with n vertices {v1, . . . , vn}
and adjacency matrix AΓ equal to A (here Z = ∅). For example, if P = X4−2X3−
X2 − 3X − 4, the graph Γ and the matrix AΓ are given by

v1 v2 v3 v4

1

3

4

2

AΓ =


0 0 0 4
1 0 0 3
0 1 0 1
0 0 1 2

.

The minimal polynomial of AΓ is P so that K[A] is of dimension n and the pair
(K[A], B) where B = {In, AΓ, . . . , An−1

Γ } is a matrix realisation of Γ. The graph Γ
is multiplicative at v1.

Proposition 3.3. — The graph Γ is multiplicative at vi0 if and only if there
exists a n-dimensional associative algebra A over K(Z±1), an element x ∈ A and a
basis B = (b1, . . . , bn) of A such that bi0 = 1 and MatB(mx) = AΓ.

Proof. — Assume that there exists such an algebra A. The map

MB : A −→ Matn(K(Z±1))
y 7−→ MatB(my)

is an injective morphism of algebras. Then MB(A) is a subalgebra of Matn(K(Z±1)).
We claim that (MB(A), B) where B = {MB(bi) | i = 1, . . . , n} is a matrix realisation
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of Γ. First, MB(x) = AΓ by construction, so that AΓ ⊂ MB(A). Then, we have
xbj = mx(bj) =

∑n
i=1 ai,jbi so that mxbj

=
∑

ai,jmbi
. Hence,

MB(x) MB(bj) = AΓ MB(bj) = MatB(mx) MatB(mbj
)

= MatB(mxmbj )
= MatB(mxbj )

=
n∑

i=1
ai,j MatB(mbi)

=
n∑

i=1
ai,j MB(bi).

Since bi0 = 1, we have MatB(mbi0
) = In and we get that Γ is multiplicative at vi0 .

The converse is obvious by definition of a multiplicative graph. □

Example 3.4. — Let Γ be the Cayley graph of the symmetric group Sn associated
to the transpositions τi = (1, i) with i = 2, . . . , n. That is, the set of vertices of
Γ is {σ | σ ∈ Sn} and there is an edge (with weight 1) between σ and σ′ if
and only if σ′ = τiσ for some i. We show that Γ is multiplicative at e where e
denotes the identity of Sn. Let A = K[Sn] be the group algebra of the symmetric
group Sn with basis B = {eσ | σ ∈ Sn} and let x =

∑
2⩽i⩽n e(1,i). Then we

have AΓ = MatB(mx) hence showing that Γ is multiplicative at e. In fact, Γ is
multiplicative at any vertex ρ by considering the basis Beρ−1 .

Given i, j, k ∈ {1, . . . , n}, let mj
k→i ∈ K[Z±1] be the sum of the weights of all

paths of length j that start at vk and finish at vi. For i0 ∈ {1, . . . , n}, we denote
by Mi0 the matrix with coefficients (mj

i0→i)1⩽i,j⩽n.
Assume that Γ is multiplicative graph at vi0 and let (A, B) be a matrix realisation

of Γ where B = {b1, . . . , bn} and bi0 = In. By induction, for any integer j ⩾ 0 and
k ∈ {1, . . . , n} we have

Aj
Γbk =

n∑
i=1

mj
k→ibi. (3.1)

We denote by ck
i,j where i, j, k ∈ {1, . . . , n} the structure constants of A with

respect to B, that is

bibj =
n∑

k=1
ck

i,jbk.

Lemma 3.5. — Assume that Γ is strongly connected. Then, for all 1 ⩽ j, k ⩽ n,
there exists at least one i ∈ {1, . . . , n} such that ck

i,j ̸= 0.

Proof. — Assume that we have 1 ⩽ j0, k0 ⩽ n such that ck0
i,j0

= 0 for any
i ∈ {1, . . . , n}. This means that the right ideal Abj0 generated by bj0 in A is
contained in

⊕
k ̸=k0

K(Z±1)bk. Thus for any nonnegative integer ℓ, we have Aℓbj0 ∈⊕
k ̸=k0

K(Z±1)bk. By (3.1), this implies that there cannot exist a path in Γ from
vj0 to vk0 which contradicts our assumption that Γ is strongly connected. □



38 J. Guilhot, C.Lecouvey & P. Tarrago

3.2. Multiplicative graphs of maximal dimension. Recall that the adjacency
algebra AΓ of Γ is defined to be K(Z±1)[AΓ] where AΓ ∈ Matn(K[Z±1]) is the
adjacency matrix of Γ.

Definition 3.6. — We say that Γ is of maximal dimension if dimAΓ = n.

Let Γ be a graph of maximal dimension and assume that there exists a matrix
realisation (A, B) of Γ. Then since A contains AΓ and is of dimension n, we must
have A = AΓ. In particular, A is commutative. Note also that, in this case, the
centralizer of AΓ is AΓ.

Examples 3.7.
(1) The graph in Example 3.4 is not of maximal dimension. Indeed, if it was,

the algebra K[Sn] would be isomorphic to a commutative algebra.
(2) The graphs Γ constructed from a polynomial P as in Example 3.2 are of

maximal dimension since the minimal polynomial of AΓ is P and the degree
of P is the number of vertices in Γ.

(3) Let A be the complex character algebra of a finite group G with positively
multiplicative basis the set B = {χ1, . . . , χn} of irreducible characters. Let

φ = a1χ1 + · · ·+ anχn with (a1, . . . , an) ∈ Rn.

Let Γ be the graph with n vertices such that AΓ = MatB(mφ). In other
words, the vertices of Γ are in bijection with the set of irreducible char-
acters and the weights encode the tensor product multiplicities. The ba-
sis B′ = {1C1 , . . . , 1Cn

} of characteristic functions associated to the con-
jugacy classes of G is another positively multiplicative basis of A. Using
B′, we see that A is isomorphic to the algebra Cn. It follows that Γ is of
maximal dimension if and only if φ takes distinct values on each conjugacy
class. Indeed the element x = (x1, . . . , xn) of Cn generates Cn if and only if
its minimal polynomial has degree n. Since this polynomial coincides with
that of the multiplication by x in Cn whose eigenvalues are the coordinates
xi, i = 1, . . . , n, this is equivalent to say that the xi’s are pairwise distinct.

We first show that if Γ is of maximal dimension then it admits a matrix realisa-
tion.

Proposition 3.8. — Assume that Γ is of maximal dimension. The set

B = {B | (AΓ, B) is a matrix realisation of Γ}

is non-empty and the invertible elements A×
Γ of AΓ acts transitively by left multi-

plication on this set.

Proof. — We prove that the set B is non empty. Since dimAΓ = n, the set
B′ = {Ai, i = 0, . . . , n − 1} is a basis of AΓ and MatB′(mAΓ) = CµAΓ

where µAΓ

is the minimal polynomial of AΓ and CµAΓ
is the companion matrix of µAΓ . The

matrices CAΓ and AΓ have entries in K(Z±1) and are conjugate in Matn(K(Z±1))
since dimK(Z±1)[AΓ] = n is the degree of µAΓ . Thus AΓ = PCµA

P −1 where P is
an invertible matrix P with entries in K(Z±1). If we define B to be the basis of
AΓ such that the change of basis matrix from B′ to B is equal to P , we then have
MatB(mAΓ) = AΓ as required.
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We prove that A×
Γ acts by multiplication on B. Let B = {b1, . . . , bn} and B′ =

{b′
1, . . . , b′

n} be two bases in B. Let Q = (qi,j)1⩽i,j⩽n be the change of basis matrix
from B′ to B, that is b′

j =
∑

i qi,jbj . We have MatB′(mAΓ) = Q−1 MatB(mAΓ)Q
so that AΓ = Q−1AΓQ and AΓ commutes with Q. But Γ is of maximal dimension
so the centralizer of AΓ is equal to AΓ, therefore Q ∈ AΓ. Let U ∈ K(Z±1)[X] be
such that Q = U(AΓ). Since MatB(mAΓ) = AΓ, we get that MatB(mQ) = Q. But
by definition, we have

b′
j =

n∑
i=1

qi,jbj = Qbj .

This shows that B can be obtained from B′ by multiplying by the invertible ele-
ment Q.

Finally, it is clear that if B ∈ B then xB ∈ B for all invertible elements x ∈ A×
Γ .

Therefore, we have a transitive action of the abelian group A×
Γ on B. □

We keep the notation of the proposition and we fix i ∈ {1, . . . , n}. The matrices
in {B[i] | B ∈ B} are either all invertible or all not invertible. When they are all
invertible, there exists a unique basis B such that (AΓ, B) is a matrix realisation
of Γ and B[i] = In. The graph Γ is then multiplicative at vi. When they are
not invertible, the graph Γ is not multiplicative at vi. In other word the previous
proposition implies the following result.

Corollary 3.9. — Assume that Γ is of maximal dimension. If Γ is multi-
plicative at vi0 then there exists a unique matrix representation (A, B) such that
B[i0] = In.

Remark 3.10. — In the proof of the previous proposition, we have used the fact
that MatB(mAΓ) = AΓ implies that MatB(mU(AΓ)) = U(AΓ) for each polynomial
U ∈ K(Z±1)[X]. In general, any n-dimensional algebra embeds in the algebra of
its linear endomorphisms just by considering the multiplication by each element
(which is a linear map). This embedding is not surjective (the algebras have di-
mensions n and n2). We thus warn the reader that in general, the action of a linear
endomorphism of A does not coincide with the multiplication by its matrix in the
basis B (which does not necessarily commute with A). This is in particular the
case when we consider generalised permutation matrices associated to the basis B.

The situation simplifies even further when the minimal polynomial µAΓ of the
adjacency matrix of Γ is irreducible and the graph Γ is strongly connected.

Proposition 3.11. — Assume that Γ is a strongly connected graph and that
µAΓ is irreducible over K(Z±1). Then Γ is of maximal dimension and is multiplica-
tive at any vertex.

Proof. — Consider the Frobenius reduction of the matrix AΓ in the field K(Z±1).
Denote its invariant factors by µ1 = µAΓ , µ2, . . . , µr with µi+1 | µi for any i =
1, . . . , r − 1. Since µ1 is irreducible we must have µ1 = µ2 = · · · = µr. The matrix
AΓ is conjugate in K(Z±1) to a matrix B with r identical blocks equal to CµAΓ

the
companion matrix of µAΓ . Let us write B = PAP −1. The matrix P has entries
in K(Z±1) so it can be written under the form P = 1

d P ′ where P ′ has coefficients
in K[Z±1] and d ∈ K[Z±1]. As a consequence, there exists a specialisation fθ such
that fθ(z) > 0 for any z ∈ Z and fθ(d) ̸= 0. The matrix Aθ (the specialisation
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of AΓ via θ) remains irreducible because Γ is strongly connected, thus its Perron–
Frobenius eigenvalue λ corresponds to an eigenspace of dimension 1. This implies
that r = 1. Indeed, Aθ is conjugate in C to the matrix Bθ (the specialisation of B
via θ) with r identical blocks, each of them having the eigenvalue λ because it is a
root of θ(µAΓ). Since r = 1, the minimal polynomial µAΓ has degree n and we can
apply Proposition 3.8 to get a basis B such that (AΓ, B) is a matrix representation
of Γ. Further since K(Z±1)[AΓ] ≃ K(Z±1)[X]/⟨µAΓ⟩ we know that K(Z±1)[AΓ] is a
field. All the elements of B are non-zero (otherwise B is not a basis), hence they are
invertible in K(Z±1)[AΓ] and this implies that Γ is multiplicative at any vertex. □

Recall that the coefficient mi,j = mj
i0→i is the sum of the weights of all paths

in Γ of length j from the vertex vi0 to the vertex vi and that Mi0 = (mj
i0→i)1⩽i,j⩽n.

The matrix Mi0 gives a simple combinatorial criterion to decide whether or not
the matrix B[i0] is invertible in a matrix realisation (A, B) of Γ (recall that this does
not depend on the matrix realisation). Further, when bi0 is invertible, the matrix
Mi0 allows one to compute the corresponding unique normalised basis B such that
B[i0] = In (see Corollary 3.9).

Theorem 3.12. — The graph Γ is of maximal dimension and is multiplicative at
vi0 if and only if the matrix Mi0 is invertible. Moreover, in this case, the columns
of M−1

i0
give the vectors of the normalised basis B = {b1, . . . , bi0 = 1, . . . , bn}

expressed in the basis {1, AΓ, . . . , An−1
Γ }. In particular, the entries of the matrices

in the basis B belong to 1
det Mi0

K[Z±1].

Proof. — Assume that Γ is of maximal dimension and is multiplicative at vi0 .
Then there exists a basis B = {b1, . . . , bn} of AΓ such that (AΓ, B) is a matrix
realisation of Γ and bi0 = In. Using (3.1) we get

Aj
Γbi0 = Aj

Γ =
n∑

i=1
mj

i0→ibi.

Since dimAΓ = n, this equation shows that the matrix Mi0 is the change of basis
matrix from the basis {In, AΓ, . . . , An−1

Γ } to the basis B. Therefore, it is invertible
and the columns of M−1

i0
express the vectors Bi0 in the basis {In, AΓ, . . . , An−1

Γ }.
Assume now that Mi0 is invertible. Let (x0, . . . , xn−1) ∈ K(Z±1)n such that∑n−1
j=0 xjAj

Γ = 0. The jth column Cj of Mi0 coincides with the ith
0 column of Aj

Γ
thus we have

∑n−1
j=0 xjCj = 0 and since Mi0 is invertible, we must have xi = 0

for all i. It follows that dimAΓ = n and Γ is of maximal dimension. By Proposi-
tion 3.8, there exists a basis B such that (AΓ, B) is a matrix realisation of Γ. The
family {Aj

Γbi0 | j = 0, . . . , n − 1} is also a basis of AΓ (the change of basis matrix
from {Aj

Γbi0 | j = 0, . . . , n − 1} to B is the invertible matrix Mi0). But this can
only be true if bi0 is invertible. Therefore Γ is multiplicative at vi0 . □

Remark 3.13. — Theorem 3.12 provides a simple procedure to:
(1) decide whether or not a graph Γ of maximal dimension is multiplicative at

a given vertex and,
(2) compute the unique corresponding matrix realisation.

For instance, we can compute explicitely all the structure constants of the homology
ring of affine Grassmannians for the affine Weyl groups of type G2 [9].
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The corollary below follows easily from Theorem 3.12 and Proposition 3.11.

Corollary 3.14. — Assume that Γ is strongly connected and that µAΓ is
irreducible. Then the matrix Mi0 is invertible for all i0.

Example 3.15. — Consider the graph Γ with adjacency matrix AΓ given as fol-
lows:

v1

v2v3

z2z1
AΓ =

0 z1 z2
1 0 1
1 1 0

.

The graph Γ is strongly connected and since we have

µA(X) = (X + 1)
(
X2 −X − z1 − z2

)
,

Γ is of maximal dimension. We compute

M1 =

1 0 z1 + z2
0 1 1
0 1 1

, M2 =

0 z1 z2
1 0 z1 + 1
0 1 z1

, M3 =

0 z2 z1
0 1 z2
1 0 z2 + 1


and

det M1 = 0, det(M2) = z2 − z2
1 , det(M3) = z2

2 − z1.

It follows that Γ is multiplicative at v2 (respectively at v3) if and only if z2 ̸= z2
1

(respectively z1 ̸= z2
2). It is not multiplicative at v1. Observe that when z1 =

z2 = 1, Γ is not multiplicative but, according to Proposition 3.8, it admits a matrix
realisation.

Example 3.16. — Consider the graph Γ with adjacency matrix AΓ given as fol-
lows:

v1

v2

v3 v4

v5

v6

z1 z3

z2

z2z3 z1

AΓ =


0 0 z1 z3 z2 0
1 0 0 0 0 z2
0 1 0 0 0 z3
0 1 0 0 0 z1
0 0 1 1 0 0
0 0 0 0 1 0

.

We get µA(T ) = T 6 − 2(z1 + z3)T 3 − 4z2T 2 + (z1 − z3)2 which is irreducible.
The matrices M1 and M−1

1 are respectively

M1 =


1 0 0 z1 + z3 2z2 0
0 1 0 0 z1 + z3 4z2
0 0 1 0 0 z1 + 3z3
0 0 1 0 0 3z1 + z3
0 0 0 2 0 0
0 0 0 0 2 0


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and

M−1
1 =



1 0 0 0 − z1+z3
2 −z2

0 1 2z2
z1−z3

2z2
z3−z1

0 − z1+z3
2

0 0 3z1+z3
2z1−2z3

z1+3z3
2z3−2z1

0 0
0 0 0 0 1

2 0
0 0 0 0 0 1

2
0 0 −1

2z1−2z3
−1

2z3−2z1
0 0

.

The graph Γ is multiplicative at v1. One can check that all the entries in
{b1 = In, . . . , b6} belong to Z[z1, z2, z3]. For example, we have

b3 = 1
z1 − z3

(
2z2AΓ + 1

2(3z1 + z3)A2
Γ −

1
2A5

Γ

)
=


0 z1 z2 0 0 z1z3
0 0 z1 0 z2 0
1 0 0 0 0 0
0 0 0 0 z1 z2
0 1 0 0 0 z1
0 0 0 1 0 0

.

Each element inAΓ can be regarded as a linear map of K(Z±1)n = ⊕n−1
i=0 K(Z±1)ei

where (e1, . . . , en) is the canonical basis of K(Z±1)n. In this context, saying that
Mi0 is invertible is equivalent to saying that the vector ei0 is cyclic1 for AΓ. Indeed,
for any 1 ⩽ k ⩽ n, the vector Ak

Γei0 is given by the ith
0 column of Ak

Γ which coincides
with the kth column of Mi0 . Thus Mi0 is invertible if and only if ei0 is cyclic.

Theorem 3.17. — Assume that Γ is strongly connected, multiplicative at vi0

and of maximal dimension. Let B = {b1, . . . , bn} be the unique basis of AΓ such
that bi0 = In and let ck

i,j be the structure constants AΓ with respect to B. We have
(1) bi(ei0) = ei for any i = 1, . . . , n, that is the ith

0 column of bi is equal to ei.
(2) The jth column of the matrix bi is equal to (ck

i,j)k=1,...,n.
(3) For any 1 ⩽ i, j ⩽ n, the jth column of bi is equal to the ith column of bj .
(4) The entries of the matrices in the basis B and the coefficients ck

i,j all belong
to 1

det Mi0
K[Z±1].

Proof. — We prove (1). Define the matrix C by the equations Cei = bi(ei0)
for all i ∈ {1, . . . , n}. To prove that C belongs to AΓ, it suffices to show that
C commutes with AΓ (Γ is of maximal dimension therefore the centralizer of AΓ
is AΓ). Let j ∈ {1, . . . , n}. On the one hand, we have

CAΓej = C

(
n∑

i=1
ai,jei

)
=

n−1∑
i=0

ai,jCei =
n−1∑
i=0

ai,jbiei0 .

On the other hand

AΓCej = (AΓbj)ei0 =
(

n−1∑
i=0

ai,jbi

)
ei0 =

n−1∑
i=0

ai,jbiei0

where we use the fact that MatB(mAΓ) = AΓ in the second equality. The matrix C
is invertible because the set {biei0 | 1 ⩽ i ⩽ n} is a basis of K(Z±1)n. Indeed, let
(x1, . . . , xn) ∈ K(Z±1)n be such that

∑
1⩽i⩽n xibiei0 = 0. Then

∑
1⩽i⩽n xibi = 0

1Recall that a vector v in Kn is cyclic for A when {Amv | 0 ⩽ m < n} is a basis of Kn.
Equivalently, the linear map K[A] → Kn sending any B on Bv is injective.
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because ei0 is a cyclic vector for AΓ but this implies that xi = 0 for all i. This
shows that (AΓ, B′) where B′ = C−1B = (b′

1, . . . , b′
n) is a matrix realisation of Γ.

Moreover we have

b′
iei0 = C−1biei0 = C−1Cei = ei for all i ∈ {1, . . . , n}.

It follows that b′
ib′

i0
(ei0) = b′

i(ei0) = ei for all i ∈ {1, . . . , n} and that b′
ib′

i0
= b′

i

since ei0 is cyclic for AΓ. Since B′ is a basis of AΓ, this implies that b′
i0

= In. By
Corollary 3.9, we get B = B′ and C = In as desired.

We prove (2). We have

bibjei0 =
n∑

k=1
ck

i,jbkei0 ⇐⇒ biej =
n−1∑
k=0

ck
i,jek

hence the result.
Assertion (3) follows from the fact that bibj = bjbi in the commutative algebra

AΓ.
We prove (4). Since Γ is multiplicative at vi0 and is of maximal dimension,

Theorem 3.12 implies that the matrix Mi0 is invertible and that the columns of
Mi0 belong to 1

det Mi0
K[Z±1]. Assertion (2) implies that the coefficients ck

i,j also
belong to 1

det Mi0
K[Z±1]. □

4. Positively multiplicative graph

In this section, Γ is a graph in Graphn(R+[Z±1]) with set of vertices {v1, . . . , vn}.

4.1. Definitions and examples.

Definition 4.1.
(1) We say that Γ is positively multiplicative at vi0 if there exists a matrix

realisation (A, B) of Γ such that A is a PM algebra with respect to B and
B[i0] = In. We then say Γ is PM at vi0 with respect to the matrix realisation
(A, B).

(2) We say that Γ is PM if there exists vi0 such that Γ is PM at vi0 .
(3) The set R+

Γ of positive roots of Γ is the set of vertex vi0 such that Γ is PM
at vi0 .

Remark 4.2. — Assume that Γ is PM with respect to the matrix realisation
(A, B). Then the algebra A can be defined over the ring K[Z±1] and we have

A =
⊕

K[Z±1]bi where B = {b1, . . . , bn}.

Therefore, we can specialise the indeterminates in Z to any positive real numbers.

Given a graph Γ, it is not easy in general to decide whether or not it is (posi-
tively) multiplicative. In the case where Γ is of maximal dimension, one can use
Theorem 3.12 to decide whether or not the graph is multiplicative and, when it is,
to compute the unique corresponding matrix realisation (A, B). Then, according
to Theorem 3.17, the graph Γ will be positively multiplicative if and only if all the
coefficients appearing in the matrices in basis B are in R+[Z±1].
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It is however fairly easy to contruct PM graph from PM algebras. Indeed, let A
be a finite dimensional PM algebra with PM basis B = {1 = b1, b2, . . . , bn} and let

s =
n∑

i=1
βibi where β = (β1, . . . , βn) ∈ Rn

+. (4.1)

Let Γ be the graph with set of vertices {v1, . . . , vn} defined by the equation AΓ =
MatB(ms) (recall here that ms is the left multiplication by s). In general the graph
Γ is not strongly connected or even connected. To insure the strong connectivity,
we need additional hypotheses on the algebra A. For example, if A is strongly
positive and β ∈ (R∗

+)n, the graph Γ is strongly connected and coincides in fact
with a complete weighted graph.

We now give a series of example of positively multiplicative graphs.
Example 4.3. — In this example, we show that the set of roots RΓ and the set

of positive roots R+
Γ can be different. Consider the graph Γ with adjacency matrix

AΓ given as follows where q > 0:
v1

v2 v3

q

AΓ =

 0 0 1
1 0 q
0 1 0


We compute

M1 =

1 0 0
0 1 0
0 0 1

, M2 =

0 0 1
1 0 q
0 1 0

 and M3 =

0 1 0
0 q 1
1 0 q

.

All these matrices are invertible, hence showing that RΓ = {v1, v2, v3} by Theo-
rem 3.12. Further, for i = 1, 2, 3, there exists a unique matrix realisation (AΓ, Bi)
such that Bi[i] = I3. Again by Theorem 3.12, we get

B1 =
{

I3, AΓ, A2
Γ
}

,

B2 =
{
−qI3 + A2

Γ, I3, AΓ
}

,

B3 =
{

q2 + AΓ − qA2
Γ,−q + A2

Γ, I3
}

.

Both matrices −qI3 + A2
Γ and −q + A2

Γ have negative coefficients, hence by Theo-
rem 3.17, the graph Γ is not PM at v2 and v3. It is PM at v1, hence showing that
R+

Γ = {v1}.
Example 4.4. — In Example 3.16, one can check that the matrices of the elements

in the given basis have coefficients in R+[z1, z2, z3]. Thus the graph is positively
multiplicative at v1.

Example 4.5. — We give an example of a positively multiplicative graph which
is not of maximal dimension. Recall that the characters of the symmetric group Sn

are parametrised by the partitions λ of n. Let χλ be the character associatedto λ.
It was proved by Gamba and Radicati [8] (see also [12, Section 7.13] for a simpler
proof) that

χλ × χ(n−1,1) = (lλ − 1)χλ +
∑
µ ̸=λ

χµ
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where the sum runs over the partitions µ obtained by moving a box in the Young
diagram of λ and lλ is the number of distinct parts in λ. The algebra A of characters
for Sn is PM for the basis B = {χλ | n ⊢ λ}. This implies that the graph Γ whose
adjacency matrix is that of the multiplication by χ(n−1,1) in the basis B, called the
Hamermesh graph, is PM. The graph Γ is not of maximal dimension in general.
For example, for n = 4, we get the following graph and adjacency matrix

A =


0 1 0 0 0
1 1 1 1 0
0 1 0 1 0
0 1 1 1 1
0 0 0 1 0



whose minimal polynomial has degree 4.

In general, if we define a graph Γ as in the example above starting from the
algebra A of complex characters of a finite group G and its basis B of irreducible
characters, it is known that the graph Γ will be strongly connected if and only if
the character s in (4.1) is the character of a faithful representation.

4.2. Relabelling of vertices and weight changes on PM graphs. Assume
that Γ is positively multiplicative graph at vi0 with respect to the matrix realisation
(A, B). It is natural to consider a larger class of graphs constructed from Γ by
authorizing the two following variations (we will see that they preserve the property
of being positively multiplicative):

(1) for a permutation σ ∈ Sn, switch the labels of the vertices in Γ: the label
i becomes σ(i). This gives a new adjacency matrix Aσ = T −1

σ ATσ where
Tσ is the permutation matrix associated to σ, that is the (i, j)-coefficient
of Tσ is δi,σ(j).

(2) for λ1, . . . , λn positive monomials in R+[Z±1] and for any vertex vj in Γ,
change each edge vj

ai,j−−→ vi into vj
(λj/λi)ai,j−−−−−−−→ vi. This gives a new adja-

cency matrix AD = D−1AD where D = diag(λ1, . . . , λn).

We will denote by Gn the group of generalised permutation matrices of size n. These
are matrices in which each row and each column contains exactly one nonzero entry
equal to a monomial in R+[Z±1]. Any generalised permutation matrix of Gn can
be written under the form P = DTσ. There is a natural action of Gn on the
set Graphn(K[Z±1]): we define the graph ΓP by the equation AΓP = P −1AΓP .
We are going to see that this action of Gn (by conjugation on the adjacency matrices)
restricts to the set of positively multiplicative graphs.
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First, we have for all j = 1, . . . , n

Abj =
n∑

i=1
ai,jbi ⇐⇒ Abσ(j) =

n∑
i=1

aσ(i),σ(j)bσ(i) ⇐⇒ Aσb′
σ(j) =

n∑
i=1

aσ
i,jb′

σ(i)

where b′
i = T −1

σ biTσ for i = 1, . . . , n and Aσ = (aσ
i,j). Thus, by setting bσ

i = b′
σ(i)

we obtain that the graph Γσ with adjacency matrix Aσ is positively multiplicative
at vσ−1(i0) with respect to (A, Bσ) where Bσ = {bσ

i | i = 1, . . . , n}.
Similarly, we get AD = (ai,j × λj

λi
) and the equivalences

Abj =
n∑

i=1
ai,jbi ⇐⇒ A(λjbj)

=
n∑

i=1

λj

λi
ai,j(λibi)⇐⇒ AD

(
λjb

′′

j

)
=

n∑
i=1

λi

λj
ai,j

(
λib

′′

i

)
where b′′

i = D−1biD for any i = 0, . . . , n. Hence the graph ΓD with adjacency
matrix AD is positively multiplicative at vi0 with respect to (A, BD) where BD =
{bD

i | i = 1, . . . , n} and bD
i = λiD

−1biD.

Proposition 4.6. — With the previous notation, for any P = DTσ ∈ Gn, the
graph Γ is positively multiplicative at vi0 with respect to (A, B) if and only if ΓP is
positively multiplicative at vσ(i0) with respect to (A, BP ) where BP = {bP

1 , . . . , bP
n }

and bP
i = λσ(i)P

−1bσ(i)P for all i = 1, . . . , n.

Remark 4.7. — When P commutes with each element of the algebra AΓ (thus
in particular with the adjacency matrix AΓ), we get bP

i = λσ(i)bσ(i) and thus BP

is just the image of B by the generalised permutation matrix P .

5. Column and row Kirillov–Reshetikhin crystals of affine type A

The goal of this section is to present two particular families of positively multi-
plicative graphs that are closely connected with the representation theory of affine
quantum groups (see [4]). In contrast to their combinatorial definition which is
very simple, their associated multiplicative algebras have sophisticated structure
constants for which no simple combinatorial description is known. They will pro-
vide us interesting illustrations of the notions and results presented in the previous
sections of the paper.

5.1. Partitions, column and row tableaux. A partition of length k is a se-
quence of integers λ = (λ1 ⩾ · · · ⩾ λk ⩾ 0). It is conveniently identified with its
Young diagram as illustrated below

λ = (5, 3, 3, 2)←→ .

By a column tableau of length k in the alphabet {1, 2, . . . , n}, we mean a filling of
the Young diagram of shape (1, 1, . . . , 1) (with k ones) by strictly increasing integers
in {1, 2, . . . , n} from top to bottom. We denote by Colk(n) the set of such tableaux.
By a row tableau of length k in the alphabet {1, 2, . . . , n}, we mean a filling of the
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Young diagram of shape (k) by increasing integers in {1, 2, . . . , n} from left to right.
We denote by Rowk(n) the set of such tableaux.

Example 5.1. — The following two tableaux are column and row tableau, re-
spectively

1
2
3

and 1 2 2 4 5 .

5.2. The Kirillov–Reshetikhin (KR) column crystals. Given integers n ⩾ 2
and 1 ⩽ k ⩽ n, the KR crystal Bc

k,n is the oriented graph with vertices the set of
vertices Colk(n) and edges as follows:

• there is an edge between C and C ′ if there exists i ∈ {1, . . . , n} such that
i ∈ C, i + 1 /∈ C ′ and C ′ is the column tableau obtained by replacing i by
i + 1 in C;

• there is an edge between C and C ′ if n ∈ C, 1 /∈ C ′ and C ′ is the column
tableau obtained by replacing n by 1 in C and by reordering the entries.

There is a simple bijection between Colk(n) and the set of partitions contained in the
rectangle (n−k)k. It associates to each column tableau C = {ck > ck−1 > · · · > c1)
the partition λ = (ck − k, ck−1 − k + 1, . . . , c1 − 1}.

Examples 5.2.
(1) Assume n = 5 and k = 2. The set of tableaux in Col2(5) is

1
2

1
3

2
3

1
4

2
4

1
5

3
4

2
5

3
5

4
5

.

They correspond to the partitions (included in the box (3, 3)):

∅ .

The graph Bc
2,5 and the corresponding adjacency matrix ABc

2,5
with

the ordering of Col2(5) above are:
1
2

1
3

2
3

1
4

2
4

1
5

3
4

2
5

3
5

4
5



0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 1 0



The minimal polynomial of Bc
2,5 is X10 − 11X5 − 1 so it is of maximal

dimension.
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(2) When n = 6 and k = 2, one can check that the minimal polynomial of Bc
2,6

is X13 − 26X7 − 27X so that the graph Ba
2,6 is not of maximal dimension.

5.3. The KR row crystals. Given integers n ⩾ 2 and 1 ⩽ ℓ ⩽ n, the KR crystal
Br

ℓ,n is the oriented graph with vertices the set of vertices Rowℓ(n) and edges as
follows:

• there is an edge between L and L′ if there exists i ∈ {1, . . . , n} such that
i ∈ L and L′ is the row tableau obtained by replacing i by i + 1 in L;
• there is an edge between L and L′ if n ∈ L and L′ is the column tableau

obtained by replacing n by 1 in L and by reordering the entries.
There is a simple bijection between Rowk(n) and the set of partitions contained
in the rectangle (ℓ, . . . , ℓ) (n − 1 terms). It associates to each row tableau L =
{ck ⩾ ck−1 ⩾ · · · ⩾ c1) the partition λ containing a column of length cm − 1 for all
1 ⩽ m ⩽ k. In other words, the image of λ is (ck − 1, . . . , c1 − 1).

Example 5.3. — The graph Bs
3,3 is as follows. On the left we have indexed the

vertices with the set Rowk(n) and on the right by the corresponding partitions using
the bijection described above.

1 1 1

1 1 21 1 3

1 2 21 2 31 3 3

2 2 22 2 32 3 33 3 3

∅

5.4. Quotients of the algebra of symmetric polynomials. Let Λk = Sym[x1,
. . . , xk] = Q[e1, . . . , ek] be the algebra of symmetric polynomials in the k variables
x1, . . . , xk. Here,

em =
∑

1⩽i1<···<im⩽k

xi1 . . . xim for any 1 ⩽ m ⩽ k.

Write Pk for the set of partitions with at most k parts. It is well-known that Λk

admits the two distinguished bases

{eλ′ | λ ∈ Pk} and {sλ | λ ∈ Pk}

where for any partition λ = (λ1, . . . , λk) we have eλ′ = eλ′
1
, . . . , eλ′

k
and sλ is the

Schur polynomial associated to λ. Here λ′ is the conjugate partition of λ whose
parts are the heights of the columns in its Young diagram. For any positive integer
ℓ, consider Ik,ℓ the ideal of Λk defined by

Ik,ℓ = ⟨sλ | λ has ℓ + 1 columns of height less than k⟩.

Write Pℓ
k for the set of partitions in Pk with at most ℓ columns of height less

than k. Recall that for any nonnegative integer m, the mth homogeneous symmetric
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polynomial is defined by

hm =
∑

1⩽i1⩽···⩽im⩽k

xi1 . . . xim
.

Lemma 5.4 (See [16, Section 4]). — We have Ik,ℓ = ⟨hℓ+1, . . . , hℓ+k−1⟩.

We define the ideals

Iq
k,ℓ =

〈
hℓ+1, . . . , hℓ+k−1, hℓ+k − (−1)k−1q

〉
⊂ Q[q]⊗ Λk

and

Jk,ℓ = ⟨hℓ+1, . . . , hℓ+k−1, ek − 1⟩

and set

Qk,ℓ := Λk/Ik,ℓ, Aq
k,ℓ := Q[q]⊗ Λk/Iq

k,ℓ and Sk,ℓ := Λk/Jk,ℓ.

Clearly the algebras Qk,ℓ and Aq
k,ℓ are isomorphic by sending hℓ+k mod Ik,ℓ on

(−1)k−1q. They were considered in [2, 16] from where we can extract some of their
important properties.

Theorem 5.5 (see [16]). — Set n = ℓ + k.
(1) The set Ba

k,ℓ = {bλ := sλ modAq
k,ℓ | λ ⊂ ℓk} is a basis of Aq

k,ℓ so that
dimAq

k,ℓ =
(

n
k

)
.

(2) After specialising q = 1, we have in A1
k,ℓ := Aq

k,ℓ/⟨q = 1⟩ for any λ ⊂ ℓk

b(1) · bλ =
∑

ν⊂ℓk

bν

where ν is obtained by adding one box to λ or by deleting the first row and
the first column when λ1 = ℓ and λ has k rows (i.e. by removing the unique
possible hook of length ℓ + k− 1 if any). In particular, in the algebra A1

k,ℓ,
the matrix of the multiplication by b(1) in the basis bλ is the adjacency
matrix of the KR-crystal Bk,n.

(3) The structure constants of A1
k,ℓ with respect to Ba

k,ℓ are nonnegative inte-
gers.

Corollary 5.6. — The graph Ba
k,n with n = ℓ + k is positively multiplicative.

Proof. — The previous theorem together with Proposition 3.3 (taking A = A1
k,ℓ,

B = Ba
k,ℓ and x = b(1)) shows that the graph Bk,n is multiplicative. Since the

structure constants of A1
k,ℓ with respect to Ba

k,ℓ are nonnegative integers, the result
follows. □

Now, let us turn to the algebra Sk,ℓ := Λk/Jk,ℓ = Qk,ℓ/⟨ek = 1⟩.

Theorem 5.7 (See [1, 2]). — In the algebra Sk,ℓ the following statements hold.
(1) The set Bs

k,ℓ = {bλ mod Jk,ℓ | λ ⊂ ℓk−1} is a basis of Sk,ℓ so that

dimSk,ℓ =
(

ℓ + k − 1
ℓ

)
.
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(2) In Sk,ℓ, we have for any λ ⊂ ℓk−1

b(1) · bλ =
∑

ν⊂ℓk−1

bν

where ν is obtained by adding one box to λ, next by deleting a column of
height k if such a column appears. In particular, in the algebra Sk,ℓ, the
matrix of the multiplication by b1 in the basis Bs

k,ℓ is the adjacency matrix
of the KR-crystal labelled by the rows of length l on {1, . . . , k}.

(3) The structure constants associated of Sk,ℓ with respect to Bs
k,ℓ are nonneg-

ative integers.

Corollary 5.8. — The graph Bs
l,k is positively multiplicative.

Proof. — The previous theorem together with Proposition 3.3 (taking A = Sk,ℓ,
B = Bs

k,ℓ and x = b(1)) shows that the graph Bs
l,k is multiplicative. Since the

structure constants of Sk,ℓ with respect to Ba
k,ℓ are nonnegative integers, the result

follows. □

5.5. An example: the graph Br
ℓ,2. We consider KR crystal Bs

ℓ,2 with one row
and ℓ columns filled with integers in {1, 2}. The first examples of these graphs for
ℓ = 1, 2 and 3 are:

1 2

1 1 1 2 2 2

1 1 1 1 1 2 1 2 2 2 2 2

The adjacency matrix of Bs
ℓ,2 is the (ℓ + 1)× (ℓ + 1)-matrix

ABs
ℓ,2

=



0 1 0 0 . . . 0
1 0 1 0 . . . 0
0 1 0 1 . . . 0

0 0
. . . . . . . . . 0

0 0 . . . 1 0 1
0 0 . . . 0 1 0


.

The algebra S2,ℓ is Sym[x1, x2]/(e2 = 1, hl+1 = 0). Since e2 = x1x2, we just have
x2 = x−1

1 and by setting x = x1, we see that the algebra S2,ℓ is equal to the algebra
L[x±1] of Laurent polynomials P in the indeterminate x such that P (x−1) = P (x).
Now in L[x±1], we have

ha =
∑

1⩽i⩽j⩽ℓ
i+j=a

xix−j = x−a
a∑

i=0
x2i = xa+1 − x−a−1

x− x−1 .

Therefore S2,ℓ is isomorphic to the algebra L[x±1]/⟨xℓ+2 − x−(ℓ+2)⟩. A simple
computation shows that

hi × hj =
j∑

k=0
hi+j−2k for all i ⩾ j ∈ N.
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Let x and bi be the image of x and hi respectively in the quotient L[x±1]/⟨xℓ+2 −
x−(ℓ+2)⟩ and define B = {b0 = 1, . . . , bℓ}. We have xℓ+2 = x−ℓ−2. Therefore, for
any 0 ⩽ a ⩽ ℓ− 1, we get

bℓ+1+a = xℓ+a+2 − x−ℓ−a−2

x− x−1 = x−ℓ−2+a − xℓ+2−a

x− x−1 = −bℓ+1−a.

This gives assuming that i ⩾ j:

bibj = bi−j + bi−j+2 + · · ·+ bi+j when i + j ⩽ ℓ

and

bibj =
j∑

k=0
bi+j−2k = bi−j + · · ·+ bℓ + 0− bℓ − · · · − bi+j−ℓ−1

= bi−j + · · ·+ b2(ℓ+1)−i−j−1 when i + j > ℓ.

This can be summarised by the rules

bibj =
b|i−j| + · · ·+ bi+j if i + j ⩽ ℓ,

b|i−j| + · · ·+ b2(ℓ+1)−i−j−1 if i + j > ℓ.

One may recognise the fusion rules for the fusion algebra ŝu2 (see [5]) at level ℓ. This
construction is related to Conformal Field Theory. The Perron–Frobenius eigen-
value of the adjacency matrix of Bc

ℓ,2 is λ = 2 cos π
l+2 with normalised associated

eigenvector
1

sin π
ℓ+2

(
sin aπ

ℓ + 2

)
1⩽a⩽ℓ+1

.

6. Infinite PM graphs and harmonic functions

The goal of this section is to present a general combinatorial construction (called
expansion) yielding infinite graphs from finite ones. To simplify the exposition, we
will also assume that all the algebras considered in this section are commutative.

Let Γ be a possibly infinite oriented graph with set of vertices V . We say that
Γ is graded if there exists a partition {Vi | i ∈ N} of V such that for any i ⩾ 1, the
edges in Γ which start at Vi finish at Vi+1. In addition, when V0 is a singleton, the
graph Γ is said rooted and graded.

Recall that Z = {z1, . . . , zN} with N ∈ N is a set (possibly empty) of formal
indeterminates. For β = (β1, . . . , βN ) ∈ ZN , we define zβ = zβ1

1 zβ2
2 . . . zβN

N . Then
the set {zβ | β ∈ ZN} form a K-basis of K[Z±1]. Given a ∈ K[Z±1], we denote by
a[β] the cofficient of zβ in the expansion of a in this basis. In other words, we have

a =
∑

β∈ZN

a[β]zβ .

We write 0 = (0, . . . , 0) ∈ ZN .



52 J. Guilhot, C.Lecouvey & P. Tarrago

6.1. Expansion of a graph. In this section, Γ ∈ Graphn(R+[Z±1]) denotes a finite
strongly connected graph with set of vertices V = {v1, . . . , vn}, edge weight function
ω and adjacency matrix AΓ = (ai,j) in Matn(R+[Z±1]). Recall that ω takes values
in R+[Z±1].

A path π of length ℓ on Γ is a sequence of ℓ+1 vertices of Γ with two consecutive
vertices being connected by an oriented edge. The weight wt(π) of the path π is the
product of the weights of the edges encountered. Therefore wt(π) is a monomial of
the form czβ with β ∈ ZN and c ∈ R+.

Definition 6.1. — The expansion Γe of Γ at vi0 is the rooted graded graph
with vertices

Ve ⊂
{

vk
i,zβ

∣∣∣ i ∈ {1, . . . , n}, β ∈ ZN , ℓ ∈ N
}

where vk
i,β = (vi, zβ , ℓ)

and edge weight function ωe : Ve × Ve → R+ both constructed by induction as
follows:

• v0
i0,0 is the unique vertex of V 0

e ,
• if vk

i,β ∈ V ℓ
e with ℓ ⩾ 0 and ω(vi, vj)[δ] ∈ R∗

+ for some δ ∈ ZN then
vℓ+1

j,β+δ ∈ V ℓ+1
e and ωe(vk

i,β , vk+1
j,β+δ) = ω(vi, vj)[δ].

Remark 6.2.
(1) By construction of Γe, for all i ∈ {1, . . . , n}, β ∈ ZN and ℓ ∈ N, we have

vℓ
i,β ∈ Ve if and only if there is a path π in Γ of length ℓ from vi0 to vi such

that wt(π)[β] ̸= 0. Moreover, given vℓ
i,β ∈ V ℓ

e , we have vℓ+1
j,δ ∈ V ℓ+1

e if and
only if we have ω(vi, vj)[δ − β] ̸= 0 (in particular there is an edge from vi

to vj).
(2) There is a strong connection between the edge weight functions ωe and ω.

More precisely, for any vertex vℓ
i,β ∈ V ℓ

e we have∑
vℓ+1

j,δ
∈V ℓ+1

e

ωe

(
vℓ

i,β , vℓ+1
j,δ

)
zδ−β =

∑
vℓ+1

j,δ
∈V ℓ+1

e

ω(vi, vj)[δ − β]zδ−β

=
∑

j∈{1,...,n}

∑
δ∈ZN

ω(vi, vj)[δ − β]zδ−β using (1)

=
∑

j∈{1,...,n}

ω(vi, vj).

Example 6.3. — Let Γ be the graph given by

v1 v2
1

z
.

The expansion Γe of Γ at v1 is

v0
1,0 v1

2,0 v2
1,1 v3

2,1 v4
1,2 . . . .1 1 1 1 1

Assume that Γ be a positively multiplicative with respect to the matrix reali-
sation (A, B) where B = {b1 = 1, b2, . . . , bn}. By definition A is an algebra over
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K(Z±1) whose structure constants ck
i,j with respect to B belong to R+[Z±1]. In

other words, we have

ck
i,j =

∑
β∈ZN

ck
i,j [β]zβ where β = (β1, . . . , βN ) ∈ ZN and ck

i,j [β] ∈ R+.

The algebra A can also be viewed as an infinite dimensional K-algebra AK with
basis {

zβbi

∣∣ i = 1, . . . , n and β ∈ ZN
}

.

In order to extend the notion of positively multiplicative graphs to the expansion
Γe of Γ, we will in fact need the larger algebra A′

e = AK ⊗
K
K[q] where q is a new

indeterminate distinct from z1, . . . , zN . The powers of q will record the lengths of
the paths starting from the vertex vi0 of Γ choosen to construct the expansion.
The set

B′
e =

{
qℓzβbi

∣∣ i = 1, . . . , n, β ∈ ZN , ℓ ∈ N
}

is a K-basis of A′
e. Finally we define Ae to be the subspace of A′

e with basis
Be = {qℓzβbi | vℓ

i,β ∈ Ve}.
Given vℓ

i,β where i ∈ {1, . . . , n}, β ∈ ZN and ℓ ∈ N, we set bℓ
i,β = qℓzβbi ∈ B′

e.
Note that 1 = b0

1,0.

Proposition 6.4. — Let Γe be the expansion of Γ at v1.
(1) For any vertex vℓ

j,β ∈ Ve, we have in Ae

qAΓ × bℓ
j,β =

∑
vℓ+1

i,δ
∈Vℓ+1

ωe

(
vℓ

j,β , vℓ+1
i,δ

)
bℓ+1

i,δ

In particular, qAΓ ∈ B′
e.

(2) Be is the subset of B′
e containing the elements qℓzβbi with ℓ ⩾ 0 which

appear with a non-zero coefficient in the expansions of the powers (qAΓ)ℓ,
ℓ ⩾ 0 on the basis B′

e.
(3) The element b0

1,0 = 1 belongs to Be and the product of two elements in the
basis Be expands on Be with nonnegative real coefficients. In particular Ae
is a subalgebra of A′

e with PM basis Be.

Proof. — We prove (1). Let vℓ
j,β ∈ Ve. We have

qAΓ × bℓ
j,β = qℓ+1zβAΓbj

= qℓ+1zβ
n∑

i=1
ω(vj , vi)bi

= qℓ+1zβ
n∑

i=1

∑
δ∈ZN

ω(vj , vi)[δ]zδbi

=
n∑

i=1

∑
δ∈ZN

ω(vj , vi)[δ]qℓ+1zβ+δbi

=
n∑

i=1

∑
δ′∈ZN

ω(vj , vi)[δ′ − β]bℓ+1
i,δ′ .
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But ω(vj , vi)[δ′ − β] ̸= 0 exactly when there is an edge from vℓ
j,β to vℓ+1

i,δ′ of weight
ω(vj , vi)[δ′ − β]. Hence the result.

We prove (2). Since b0
1,1 = 1 ∈ Ve, we get by induction using (1):

(qAΓ)k =
∑

π,ℓ(π)=k

π starts at v0
1,1

and ends at vk
i,β

wt(π)bk
i,β

We have bk
i,β ∈ Be (or equivalently vk

i,β ∈ Ve) if and only if there exists a path from
v0

1,1 to vk
i,β in Γe. The result follows.

We prove (3). Given bℓ
i,β and bs

j,γ in the basis B′
e, we have

bk
i,β × bs

j,γ = qℓzβbi × qszγbj =
n∑

k=1
ck

i,jqℓ+szβ+γbk =
n∑

k=1

∑
δ∈ZN

ck
i,j [δ]bℓ+s

k,δ+β+γ

which shows that bℓ
i,β×bs

j,γ expands positively on B′
e. Now if bℓ

i,β and bs
j,γ lie in Be,

then bℓ
i,β appears in (qAΓ)ℓ and bs

j,γ appears in (qAΓ)s. Since AΓ ∈ Matn(R+[Z±1]),
it follows that all the elements that appear in the product bℓ

i,β×bs
j,γ actually appears

in (qAΓ)ℓ+s and hence belong to Be. □

Remark 6.5. — In fact, the interesting finite graphs Γ have often additional
properties which simplify the definition and the study of their expansion. This is
the case when:

(1) The weights of Γ are only nonnegative reals.
(2) The length of a path is completely determined by its weight and by its end

point in Γ. In this case, the indeterminate q in the previous construction
is redundant and can be omitted. This is the case for the graph considered
in the example below.

Example 6.6. — The graph Γ
v1

v2

z1 z2

with adjacency matrix AΓ =
( 0 z1+z2

1 0
)

is PM with respect to the matrix realisation
(A, B) where A = RI2 ⊕ RA and B = {I2, A}. We draw the graph Γe of the
expansion of Γ at v1 below on the left handside. The indeterminate q can be
omitted, since when vℓ

i,β ∈ Γe with β = (β1, β2) we must have ℓ = 2(β1 + β2) + 1 if
v = v2 and ℓ = 2(β1 + β2) if v = v1. We have

Ae = R[z1, z2]I2 ⊕ R[z1, z2]A.

Note that the graph Γe can also be labeled by 2-bounded partitions (that is partition
with parts less than or equal to 2) as illustrated on the right handside.
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v0
1,(0,0)

v1
2,(0,0)

v2
1,(1,0) v2

1,(0,1)

v3
2,(1,0) v3

2,(0,2)

v4
1,(2,0) v4

1,(1,1) v4
1,(0,2)

v5
2,(2,0) v5

2,(1,1) v5
2,(0,2)

v6
1,(3,0) v6

1,(2,1) v6
1,(1,2) v6

1,(0,3)

∅

Figure 6.1. The graph Γe and its labeling by 2-bounded partitions

6.2. Infinite PM graphs and harmonic functions. In this section, Γ denotes an
infinite rooted graded (oriented) graph with set of vertices V where V is countable,
edge weight function ω that takes values in R+ and such that v1 is the unique vertex
at level 0.

Definition 6.7. — The infinite graph Γ is positively multiplicative when there
exists an algebra A over K, PM with respect to a basis B = {bv | v ∈ V} where
bv1 = 1 and a distinguished element γ in A such that

γbv =
∑
v′∈V

ω(v, v′)bv′ for any v ∈ V.

In particular, we have2

γ =
∑
v∈V

ω(v1, v)bv.

Definition 6.8. — A nonnegative (respectively positive) harmonic function on
Γ is a map f : V⇒ R+ such that f(v1) = 1 and for any vertex v ∈ V

f(v) ⩾ 0 (resp. f(v) > 0) and f(v) =
∑
v′∈V

ωe(v, v′)f(v′).

Observe that we have then
1 = f(v1) =

∑
v′∈V

ω(v1, v′)f(v′).

We denote by H(Γ) the set of nonnegative harmonic functions on Γ. This is a
convex cone and we write H∂(Γ) for its subset of extremal points.

Remark 6.9. — The concept of positive harmonic functions on Γ are strongly
connected to Markov chains. Indeed, if f is a positive harmonic function, we can
define a Markov H chain on Γ with transition matrix Π defined by:

Π(v, v′) = ω(v′, v)f(v′)
f(v) for all v, v′ ∈ V.

2Note that γ is given by the fact that we must have γ = γbv1 =
∑

v′∈V
ω(v1, v′)bv′ .
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It then becomes possible to study H (for example to get its drift, a law of large
numbers etc.) when f is sufficiently simple, in particular when f is extremal (see [14,
17, 19] for examples).

Recall the following theorem essentially due to Kerov and Vershik (see [14] and
also [18]).

Theorem 6.10. — Assume that K(Z±1) = R and that Γ is positively multiplica-
tive with associated algebra A and basis B = {bv | v ∈ V} with 1 = bv1 ∈ B. Then
the map f : V→ R+ belongs to H∂(Γ) if and only the linear form φ : A→ R defined
by φ(bv) = f(v) for any v ∈ V is a morphism of R-algebras satisfying φ(γ) = 1.

Example 6.11. — Let Γ = (V, E, ω) where V = {(a, b) ∈ N2 | a = 0 or b ⩽ 1},
E =

{(
(a, b), (a′, b′)

)
∈ V × V

∣∣ (a′, b′) = (a + 1, b) or (a′, b′) = (a, b + 1)
}

and ω is constant equal to 1 on E. This graph is positively multiplicative with
respect to the algebra

A = R[x1, x2]/⟨x1x2
2⟩ and the basis B =

{
x1

ax2
b
∣∣ (a, b) ∈ V

}
where x1 and x2 denotes the images of x1 and x2 in A. Let f be an extremal
harmonic function on Γ. Then according the theorem above, we have f(γ) =
f(1, 0) + f(0, 1) = 1 and the map φ from A to R+ defined by x1

ax2
b → f(a, b) is a

morphism of algebras. In particular x1x2
2 is sent to 0. But

φ(x1x2
2) = φ(x1)φ(x2)2 = f(1, 0)f(0, 1) = 0

hence f(1, 0) = 0 ou f(0, 1) = 0. Finally we have
H∂(Γ) = {f1, f2} where f1(1, 0) = 1, f1(0, 1) = 0

and f2(1, 0) = 0 and f2(0, 1) = 1.

Let us verify the theorem above “by hands‘”. Let f be an harmonic function
on Γ. We have f(1, 0) + f(0, 1) = 1 and f is positive so that f(1, 0) = p ∈ [0, 1] and
f(0, 1) = 1 − p ∈ [0, 1]. Next we set f(2, 0) = q ∈ [2p − 1, q]. Below, we draw the
graph Γ and we put the expected values of f in red close to each vertex.

(0, 0)1

(1, 0)p (0, 1) 1− p

(2, 0)q (1, 1)
p− q

(0, 2) 1− 2p + q

(3, 0)2q − p (2, 1)
p− q

(0, 3) 1− 2p + q

(4, 0)3q − p (3, 1)
p− q

(0, 4) 1− 2p + q

It is a straightforward exercise to show that f satisfies f(k, 0) = (k − 1)q −
(k − 2)p ⩾ 0 for all k ⩾ 2. Using the fact that f is positive, we get p ∈ [0, 1] and
q ∈

[
k−2
k−1 p, p

]
for all k ⩾ 2. It follows that q = p and f(1, 1) = 0. Finally, we get

f = pf1 + (1− p)f2 as expected.
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Example 6.12. — Let Yn be the Young lattice of partitions with at most n parts.
Recall that its vertices are the Young diagrams λ associated to the partitions with
at most n parts and we have an edge λ→ µ if the Young diagram of µ is obtained by
adding a box to the Young diagram of λ. Let A = Sym[x1, . . . , xn] be the R-algebra
of symmetric functions in the indeterminates x1, . . . , xn and B = {sλ | λ ∈ Yn}
where sλ is the Schur function associated to λ. Then Yn is positively multiplicative
with respect to A and the basis B. Its extremal positive harmonic functions are
the morphisms φ : A → R such that φ(sλ) ∈ R∗

+. One can show in this case
that these morphisms are parametrised by the vectors p = (p1, . . . , pn) ∈ Rm

+ with
p1 + · · · + pn = 1, the morphism φp corresponding to p being the specialisation
xi = pi, i = 1, . . . , n. The structure constants cν

λ,µ are the Littlewood–Richardson
coefficients and it is a classical result that cν

λ,µ > 0 only if ν can be reached from λ

by a path in Yn (i.e. λ ⊂ ν).

6.3. Positive harmonic functions on expanded graphs. In this section, Γ ∈
Graphn(R+[Z±1]) with set of vertices {v1, . . . , vn} is a strongly connected and pos-
itively multiplicative graph with respect to the matrix realisation (A, B) where
B = (b1, . . . , bn) and b1 = 1. Let Γe be the expansion of Γ at v1 with set of
vertices Ve. We denote by ωe the edge weight function on Γe.

Proposition 6.13. — The infinite graph Γe is positively multiplicative with
respect to the algebra Ae and the basis Be.

Proof. — First of all, the graph Γe is rooted and graded with v0
1,0 the unique

vertex at level 0. We have b0
1,0 = q0z0b1 = 1 and by Proposition 6.4(1), we see

that the element γ in Definition 6.7 is:

qAΓ = qAΓ × b0
1,0 =

∑
v1

i,δ
∈V 1

e

ωe
(
v0

1,0, v1
i,δ

)
b1

i,δ.

The result then follows from Proposition 6.4. □

Given t = (t1, . . . , tN ) ∈ R∗
+ and (β1, . . . , βN ) ∈ ZN we write tβ = tβ1

1 . . . tβN

N .
With this notation, the specialisation that sends zk to tk for all k ∈ {1, . . . , N}
sends zβ to tβ . We write At for the matrix obtained from AΓ by applying this
specialisation to all the coefficients of AΓ.

Theorem 6.14. — Assume that K[Z±1, q] ⊂ Ae and A = K(Z±1)[AΓ] (i.e. Γ
has maximal dimension). Then, the set H+

∂ (Γe) of extremal positive harmonic func-
tions is parametrised by a subset of R∗

+
N . More precisely, to any t = (t1, . . . , tN )

in R∗
+

N corresponds an extremal harmonic function φ on Γe such that

φ(vℓ
i,β) = tβλ−ℓπi for i = 1, . . . , n

where π = (π1, . . . , πn) is the left Perron–Frobenius vector of the matrix At with
eigenvalue

λ =
n∑

i=1
φ(ai,1)πi.

Moreover, all the elements in H+
∂ (Γe) are obtained in this way.
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Proof. — By Theorem 6.10, the elements of H+
∂ (Γe) are determined by the mor-

phisms of R-algebras φ : Ae → R which are positive on the basis Be and such that
φ(γ) = 1 where γ = qAΓ.

Consider such a morphism φ. First of all, since K[Z±1, q] ⊂ Ae, we have bi ∈ Ae

for all i = 1, . . . , N . Since (A, B) is a matrix realisation of Γ and b1 = 1, we have
AΓ =

∑n
i=1 ai,1bi so that AΓ ∈ Ae. We set φ(q) = λ−1 ∈ R>0, φ(zk) = tk ∈ R>0

and φ(bi) = πi ∈ R for each k = 1, . . . , N . We have φ(AΓ) = φ(q−1) = λ since
φ(γ) = 1. Note that λ =

∑n
i=1 φ(ai,1)πi.

We show that πi ∈ R∗
+ for all 1 ⩽ i ⩽ n. Let i ∈ {1, . . . , n}. Since Γ is strongly

connected, there exists a path from v1 to vi in Γ. Thus, there is a vertex of the form
vℓ

i,β in Γe for some β ∈ ZN and ℓ ∈ N. We have φ(bℓ
i,β) = φ(qℓzβbi) = λ−ℓtβπi so

that πi = φ(bℓ
i,β)

λ−ℓtβ ∈ R∗
+ since λ, tβ , φ(bℓ

i,β) all lie in R∗
+ (φ is positive on Be). We

note here that if vℓ′

i,β′ ∈ Ve then

φ
(

qℓ+ℓ′
zβ+β′

bi

)
= φ

(
bℓ

i,β

)
λ−ℓ′

tβ′
= φ

(
bℓ′

i,β′

)
λ−ℓtβ

and

φ
(

bℓ
i,β

)
λ−ℓtβ

=
φ
(

bℓ′

i,β′

)
λ−ℓ′tβ′ = πi.

The coefficient of At (the matrix A in which each zi is specialised at ti) in position
(i, j) is φ(ai,j) (recall that ai,j ∈ K[Z±1]). Let 1 ⩽ j ⩽ n. We have

qAΓbj = q

n∑
i=1

ai,jbi.

It follows that φ(qAΓ)πj = φ(q)
∑n

i=1 φ(ai,j)πi and
∑n

i=1 φ(ai,j)πi = λπj . Hence,
this shows that λ is a left eigenvalue of At associated to the left eigenvector
(π1, . . . , πn). The matrix At is still irreducible (because the ti’s are strictly pos-
itive), therefore π is equal to the unique left Perron–Frobenius vector of At and
φ(AΓ) = λ is the associated Perron–Frobenius eigenvalue. The corresponding pos-
itive extremal function f is defined on Γe by f(vℓ

i,β) = φ(bℓ
i,β) = λ−ℓtβπi.

Conversely, for any t = (t1, . . . , tN ) ∈ RN
>0, let (π1 = 1, π2, . . . , πn) be the

normalised Perron–Frobenius vector of At. We have a morphism φ : K[Z±1] → R
defined by φ(zk) = tk for any k = 1, . . . , N . By Lemma 2.4, we know that A =
K[Z±1][AΓ] is integral over K[Z±1], it follows by [3, Section V.2.1, Corollary 4]) that
we can extend φ to a morphism (that we will also denote φ) from A = K[Z±1][AΓ]
to R by setting φ(AΓ) = λ =

∑n
i=1 φ(ai,1)πi. Therefore since Ae is a subalgebra

of K[Z±1, q][AΓ], we get by restriction a morphism φ : Ae → R. Applying φ to the
relation

qAΓbj = q

n∑
i=1

ai,jbi

gives λφ(bj) =
∑

φ(ai,j)φ(bi). It follows that (φ(b1), . . . , φ(bn)) is the left eigen-
vector of At associated to λ. Further b1 = 1 so φ(b1) = 1. Since the normalised
Perron–Frobenius vector is unique, we must have φ(bi) = πi for all i = 1, . . . , n.
This proves that we can indeed define from any t = (t1, . . . , tm) ∈ R∗

+
N a morphism

φ : Ae → R positive on the basis Be and such that φ(γ) = 1. □



MULTIPLICATIVE GRAPHS AND ALGEBRAS 59

Remark 6.15. — The arguments used in the proof of the previous theorem show
that the morphisms obtained (and thus also the extremal harmonic functions)
are essentially determined by their restrictions to K[Z±1] thanks to the Perron–
Frobenius theorem. Nevertheless, in the previous construction, it can happen that
two elements in R∗

+
N give the same positive harmonic function so that we do not

get a complete parametrisation of the extremal harmonic functions.

7. The group of maximal indices

We shall assume in this section that Z = ∅ and K(Z±1) = C (thus we only
consider C-algebras). All the graphs in this section belong to Graphn(R+). We have
seen that in general, the property of a finite graph to be positively multiplicative
depends on a choice of the vertex considered as a root. Let Γ ∈ Graphn(R+) with
vertices {v1, . . . , vn} be a positively multiplicative graph at v1 with respect to the
matrix realisation (A, B) where B = (b1, . . . , bn). We further assume that A is
commutative. Consider the cone

C(B) =
n⊕

j=1
R+bj

in the algebra A. In this section, we will consider the set of indices i such that
C(B)(ei) = Rn

+ where (e1, . . . , en) is the canonical basis of Cn.
We will prove in particular that it admits the structure of a commutative group.
We start with PM algebras coming from PM graphs of maximal dimension and
next consider the general situation of possibly infinite dimensional PM algebras.

7.1. generalised permutations and PM graphs of maximal dimension. Let
Γ ∈ Graphn(R+) with vertices {v1, . . . , vn} be a PM graph at v1 with respect ot the
matrix realisation (A, B) where B = (b1, . . . , bn). We will assume in this section that
Γ is of maximal dimension so that A = C[AΓ]. Also, we can apply Theorem 3.17
to Γ to see that the vector e1 is cyclic and the map

φ : C[AΓ] −→
n⊕

i=1
Cei

P (AΓ) 7−→ P (AΓ) · e1

is an isomorphism of vector spaces. Moreover bi is the unique element in A such
that bi(e1) = ei for all i.

Definition 7.1. — We say that a i0 ∈ {1, . . . , n} is maximal if for any µ =
(µ1, . . . , µn) ∈ Rn

+ with µ1 + · · · + µn = 1 there exists ν = (ν1, . . . , νn) ∈ Rn
+ such

that
n∑

i=1
νibi(ei0) = µ.

Equivalently, i0 is maximal if C(B)(ei0) = Rn
+ but the definition above will be

easier to extend to the case of infinite dimensional algebras. It is easy to show that
1 is maximal. Indeed, since bi(e1) = ei for all i = 1, . . . , n, we have

n∑
i=1

µibi(e1) = µ for all µ = (µ1, . . . , µn) ∈ Rn.
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Recall from Section 4.2 that Gn is the group of generalised permutations of size n
and that we have defined the subgroup

GΓ = {U ∈ Gn | UAΓ = AΓU}

of Gn which is the group of generalised automorphisms of the graph Γ. The group GΓ
is contained in the centralizer of AΓ which is equal to C[AΓ] (since Γ is of maximal
dimension) and we have GΓ = Gn ∩ A. Consider U in GΓ and set U(ei) = λieσ(i)
with λi ∈ R∗

+ for i = 1, . . . , n and σ ∈ Sn. We get

biU(e1) = Ubi(e1) = U(ei) = λieσ(i).

Then
n∑

i=1

µσ(i)

λi
λ1bi(eσ(1)) =

n∑
i=1

µσ(i)

λi
biU(e1) = µ.

This shows that σ(1) is maximal and bσ(1) = 1
λ1

U ∈ GΓ because U belongs to A
and 1

λ1
U(e1) = eσ(1). Let us denote by Im ⊂ {1, . . . , n} the set of maximal indices

for Γ. The results that we obtain in this section (working with countable infinite
dimensional PM algebras) will imply the following statements:

• for all i0 ∈ Im, ei0 is a cyclic vector for AΓ. Thus there exists a matrix
realisation (AΓ, B(i0)) of Γ where B(i0) = {b(i0)

1 , . . . , b(i0)
n } and b(i0)

i0
= 1,

• for all i0 ∈ Im, the basis B(i0) is contained in the group GΓ,
• the group GΓ acts transitively on Im,
• the set Im itself has the structure of an abelian group.

7.2. generalised adjacency algebra and positivity. Consider a positively mul-
tiplicative commutative algebra A with respect to the countable basis B =
{bi | i ∈ I}. Let Ai = (ck

i,j)j,k∈I be the (possibly infinite) matrix of the multi-
plication bi expressed in the basis B (that is bibj =

∑
k ck

i,jbk). Then Ai can be
regarded as the adjacency matrix of an oriented weighted graph with set of vertices
{xi | i ∈ I} and edge weight function ω defined by ω(xj , xk) = ck

i,j for all j, k in
I (recall our convention that ω(x, x′) = 0 when there is no edge from x to x′).
When n = card(I) is finite, the family of adjacency matrices {Ai, i ∈ I} generates
a subalgebra of Mn(C) isomorphic to A.

We can formalise this phenomenon by the notion of generalised adjacency alge-
bra. Throughout this section, I is a countable set and V will denote the normed
vector space ℓ1(I) of complex sequences (vi) indexed by I with the ℓ1-norm ∥v∥1 =∑

i∈I |vi|. The vector space V is complete, and we identify I with the Schauder3

basis (ei)i∈I of V given by ei(j) = δij for i, j ∈ I. We write V+ for the cone
of V consisting of complex sequences taking non-negative real values, and V+,1 the
subset of V+ having ℓ1-norm equal to one. From a measure theory point of view,
V denotes the set of finite complex measures on the set I, while V+ (resp. V+,1)
denotes the set of positive (resp. probability) measures on V .

3A Schauder basis S of a Banach space V is a subset of V such that any element v ∈ V as a
unique writing as a convergent sum

∑
s∈S

ass with as ∈ C, s ∈ S. This is the natural extension
of the definition of the basis of a vector space in the Banach space setting.
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We denote by B(V ) the set of endomorphisms of V which are bounded with
respect to the ℓ1-norm, namely the set of linear maps T : V → V such that

∥T∥1,1 = sup
v∈V,∥v∥1=1

∥Tv∥1 < +∞.

The map T 7→ ∥T∥1,1 defines a norm on B(V ). If T ∈ B(V ), we write Tij for the
coefficient of Tej along ei for i, j ∈ I. Given T1 and T2 in B(V ), we have

∥T1T2∥1,1 ⩽ ∥T1∥1,1 ∥T2∥1,1

so that T1T2 also belongs to B(V ). This shows that B(V ) is stable by composition
of operators.

Given any normed space E and any subset S ⊂ E, write

C(S) =
{∑

s∈S

λss

∣∣∣∣∣λs ⩾ 0, s ∈ S

}
and C1(S) = C(S) ∩B(0, 1)

where the closure is taken with respect to the norm on E and B(0, 1) is the unit
ball.

Definition 7.2.
• An adjacency operator on I is an operator T ∈ B(V ) such that

Tij ⩾ 0
for all i, j ∈ I.

• An adjacency algebra on I is a closed commutative unital subalgebra of
B(V ) generated by adjacency operators on I.

For an adjacency algebra A (regarded as a normed space as previously), define
the adjacency cone of A as the cone

A+ = C({T ∈ A, T adjacency operator on I}).
By definition, A is then generated by A+. Since A+ · A+ ⊂ A+, this implies that

A = (A+). (7.1)

Example 7.3. — Let I = {1, . . . , n} and let V be n-dimensional C-vector space
with basis {e1, . . . , en}. Let AΓ is the adjacency matrix of an oriented graph Γ ∈
Graphn(R+). Then C[AΓ] is an adjacency algebra on I. We always have C(Ak,
k ⩾ 0) ⊂ C[A]+, but in general the inclusion is strict. Consider for example

A =
(

1 0
0 2

)
where A−A2/2 =

(
1/2 0
0 0

)
∈ C[A]+ \ C

(
Ak, k ⩾ 0

)
.

Definition 7.4. — Two adjacency algebras A,A′ on I are isomorphic if there
exists an invertible adjacency operator U : V → V such that U−1 is again an
adjacency operator and such that A′ = {UAU−1 | A ∈ A}.

It is then straightforward to prove that for two isomorphic adjacency algebras
A and A′ we have A′

+ = UA+U−1. As the following lemma shows, isomorphisms
between adjacency algebras are infinite-dimensional analogues of the generalised
permutations of the set I (i.e. permutations and diagonal rescaling of the basis
(ei)i∈I).
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Lemma 7.5. — If T is an invertible adjacency operator such that T −1 is also
an adjacency operator, then T is a permutation up to multiplication by a diagonal
operator with positive coefficients, meaning that there exists a permutation σ of I
and a family {λi}i∈I of positive reals such that

Tei = λieσ(i).

Proof. — Suppose by contradiction the existence of i0 ∈ I and i1, i2 ∈ I with
i1 ̸= i2 such that

Tei0 = λei1 + µei2 +
∑

i∈I\{i1,i2}

liei

with λ, µ > 0 and li ⩾ 0 for all i ∈ I \ {i1, i2}. Then, since T −1Tei0 = ei0 and T −1

has non-negative entries, the latter equality implies that both T −1ei1 and T −1ei2

belong to R⩾0ei0 . But this contradicts the fact that T −1 is invertible. □

For i ∈ I and an adjacency algebra A, denote by evi : A → V the evaluation
map A 7→ Aei. In the following definition, recall that A is a Banach space as a
closed subspace of B(V ) and that a linear map f : E → F between Banach spaces is
coercive if infx∈E,∥x∥E=1 ∥f(x)∥F > 0. Remark in particular that coercivity implies
injectivity for a linear map. Both notions coincide when I is finite because A is
then finite-dimensional and its unit ball is compact.

Definition 7.6. — Let A be an adjacency algebra A on I and consider an
element i ∈ I.

• The element i is nondegenerate if evi is coercive (and thus injective) as a
linear map from A to V .
• The element i is maximal if evi is surjective from A+ to V+.

In the latter definition, coercivity can be replaced by injectivity when I is fi-
nite. Observe also that when i is maximal, by (7.1) the vector ei is cyclic for the
algebra A, that is we have Aei = V .

We first state a result proving that we mostly have to establish nondegeneracy
at one maximal element to get nondegeneracy at any maximal element.

Lemma 7.7. — Suppose that i0 ∈ I is nondegenerate and maximal. Then, any
i ∈ I which is maximal is also nondegenerate. If I is finite and i0 ∈ I is maximal
for A, then i0 is also nondegenerate and dimA = |I|.

Proof. — Suppose that i0 ∈ I is maximal and nondegenerate for A, and set

α = inf
T ∈A,∥T ∥1,1=1

∥evi0(T )∥1.

We have α > 0 by coercivity of evi0 . Let i ∈ I be another element which is also
maximal. Let T ∈ A+ be such that ∥T∥1,1 = 1. Since ei and ei0 are maximal,
there exist U ∈ A+ such that Uei = ei0 and U ′ ∈ A+ such that U ′ei0 = ei. Hence,
UU ′ei0 = ei0 , and by nondegeneracy of ei0 we have UU ′ = Id = U ′U (recall that
A is commutative). In particular, ∥TU ′∥1,1 ⩾ ∥U∥−1

1,1∥T∥1,1. Hence,

∥evi(T )∥1 = ∥evi0(TU ′)∥1 ⩾ α∥TU ′∥1,1 ⩾ α∥U∥−1
1,1 ∥T∥1,1,

so that infT ∈A,∥T ∥1,1=1 ∥evi(T )∥1 ⩾ α∥U∥−1
1,1 > 0, and evi is also coercive. Hence, i

is also nondegenerate for A.
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Suppose that I is finite of cardinal n, so that V is finite dimensional. Then, A
is a subalgebra of Mn(C). By maximality at i0, the map evi0 is surjective from A
to V , which yields dim(A) ⩾ dim V = n. Suppose that T ∈ A is such that Tei0 = 0.
By surjectivity of evi0 , for all v ∈ V there exists Tv ∈ A such that Tvei0 = v. Then,
by commutativity of A,

Tv = TTvei0 = TvTei0 = 0.

Hence, Tv = 0 for all v ∈ V , and so T = 0, which implies that evi0 is injective and
dim(A) ⩾ n. Thus dimA = n and evi0 is a linear isomorphism, in particular it is
coercive. □

Remark 7.8. — In general, a commutative subalgebra of Mn(C) can have a di-
mension much bigger than n: by a theorem of Schur, such an algebra can have
dimension at most ⌊n2/4⌋+ 1, the bound being sharp. Hence, by the latter lemma,
a finite-dimensional adjacency algebra for which there exists a maximal element is
much closer to the case of a commutative subalgebra of Mn(C) stable by the adjoint
involution (see Example 2.2(4)). Beware however that an adjacency algebra is not
necessarily diagonalisable (i.e isomorphic to Cn), even if there exists a maximal
element. This is for example the case for the algebra of upper triangular Toeplitz
matrices

A =




λ1 λ2 . . . λn

0 λ1
. . .

...
...

. . . λ2
. . . λ1

, λ1, . . . , λn ∈ C

,

for which en is maximal.

Proposition 7.9. — Suppose that A is an adjacency algebra for which i0 is
nondegenerate and maximal. Then, there exists a unique basis B = {bi | i ∈ I} ⊂
A+ of A such that A+ = C(B) and biei0 = ei for all i ∈ I. In particular, we have
bi0 = 1 and A is positively multiplicative.

Proof. — Suppose that i0 is nondegenerate and maximal for A, and denote by
bi the element of A+ such that biei0 = ei. Remark that {bi | i ∈ I} is a free family,
since it acts freely on ei0 by nondegeneracy. Let T ∈ A+. Then, Tei0 =

∑
i∈I λiei,

with λi ⩾ 0 because T is an adjacency operator, and∑
i∈I

λi = ∥Tei0∥1 ⩽ ∥T∥1,1 ∥ei0∥1 = ∥T∥1,1 < +∞.

By nondegeneracy of i0, the map evi0 is coercive, implying that

inf
T ∈A,T ̸=0

∥Tei0∥1

∥T∥1,1
= α > 0.

Hence, for i ∈ I we have ∥biei0∥1 ⩾ α∥bi∥1,1. On the other hand by construction,
∥biei0∥1 = ∥ei∥1 = 1 for i ∈ I. Hence, for all i ∈ I we have ∥bi∥1,1 ⩽ 1

α .
Hence, T ′ :=

∑
i∈I λibi satisfies ∥T ′∥1,1 ⩽ 1

α

∑
i∈I λi < +∞ and thus is a well-

defined element of A+ which satisfies T ′ei0 = Tei0 . By nondegeneracy, T ′ = T ,
and thus T ∈ C(bi, i ∈ I). Therefore, A+ = C(bi, i ∈ I). For i, i′ ∈ I, we have
bibi′ ∈ A+ and by the previous result bibi′ =

∑
i′′∈I λi′′

ii′bi′′ for some nonnegative
coefficients λi′′

ii′ . Therefore the basis {bi}i∈I is positively multiplicative. We deduce
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thatA is positively multiplicative. Finally, remark that the basis {bi}i∈I is uniquely
defined due to the injectivity of evi0 . □

The proposition above yields an infinite dimensional version of Corollary 3.9.

Example 7.10. — Given a discrete commutative group G, define

ℓ1(G) =

f : G −→ C

∣∣∣∣∣∣
∑
g∈G

|f(g)| < +∞

,

and consider the group algebra C[G] =
⊕

g∈G Cg with multiplication given by
the group structure. Consider the left-regular representation ρ of G on the basis
{δg, g ∈ G} of ℓ1(G) such that

ρ(g)δg′ = δgg′ .

Let AG be the closure of ρ(C[G]) in B(ℓ1(G)) with respect to the ∥ · ∥1,1 norm.
The algebra AG is then an adjacency algebra G, and the adjacency cone is AG

+ =⊕
g∈G R>0ρ(g). Indeed, each operator ρ(g) acts by permutation and thus is an

adjacency operator. Moreover, since ρ(g)ρ(g′) = ρ(gg′) for g, g′ ∈ G, we indeed
have span(AG

+) = AG. Remark that every element δg with g ∈ G is maximal and
nondegenerate for AG.

We will see below that the example above is actually the only example of adja-
cency algebra on a countable set I for which every element of I is nondegenerate
and maximal, up to a normalization. We will first prove a more general result in
Theorem 7.11.

Since I is countable, any permutation σ of I extend linearly to an operator of
B(V ) (also denoted by σ) with the formula

σ(ei) = eσ(i)

and we have ∥σ∥1,1 = 1.
So, let A be an adjacency algebra on I, and denote by Im ⊂ I the set of elements

which are maximal and nondegenerate. We will assume that Im is not empty (thus
contains all the maximal elements by Lemma 7.7). Also denote by G the group of
linear automorphisms T : V → V such that T (ei) = λieσ(i) with λi ∈ R>0 and σ
any permutation of I. Recall that GA is the subgroup G ∩ A.

Theorem 7.11. — Under the previous hypotheses, the following assertions
hold.

(1) Each i0 ∈ Im defines a multiplicative basis B(i0) = {b(i0)
i | i ∈ I} for the

algebra A.
(2) For any i0 ∈ Im, the set B(i0) = {b(i0)

i | i ∈ I} is contained in the group
GA.

(3) The group GA acts on Im transitively.
(4) The set Im has the structure of a commutative group. Moreover, there

exits a representation ρ of Im on V such that {ρ(i) | i ∈ Im} ⊂ A+ and
ρ(i)ej ∈ R>0ei·j for i, j ∈ Im, where (i, j) 7→ i · j denotes the product
structure on Im.

Example 7.12. — We refer to Section 5.5 for the example of the fusion rule for
the affine group ŝu(2). The set Im and its associated group structure can be easily
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made explicit. Indeed, the fusion rules shows that b0bj = 1 and blbj = bl−j for any
j = 0, . . . , l. Also when i = 1, . . . , l− 1 the action of bi does not yield a generalised
permutation of the basis B. Thus Im = {0, l} and the group structure is given by

l · l = 0, l · 0 = 0 · l = l, 0 · 0 = 0.

The theorem above says in particular that, up to a nondegeneracy condition,
the set of maximal elements Im has the structure of an abelian group and, up to
a scaling, the action of the group algebra C[Im] on ℓ1(Im) (as introduced in Exam-
ple 7.10) extends to a representation on all ℓ1(I) whose image forms an adjacency
subalgebra of A. Beware that the group structure on Im is not uniquely defined
and depend on the choice of an element in Im.

Proof of Theorem 7.11. — As already observed, the existence of a maximal
nondegenerate element and Lemma 7.7 imply that Im is the set of maximal elements
for A. For i ∈ Im, i′ ∈ I, let bi,i′ ∈ A+ be such that bi,i′ei = ei′ . Then, if i′ ∈ Im,
there exists bi′,i ∈ A+ such that bi′,iei′ = ei. This implies that bi′,ibi,i′ei = ei,
and by nondegeneracy of ei and the fact that Id ∈ A+, this in turn implies that
bi′,ibi,i′ = bi,i′bi′,i = Id. Since bi,i′ and bi′,i are adjacency operators, Lemma 7.5
yields that bi,i′ and bi′,i belong to GA. Hence, for each i, i′ ∈ Im, there exists a
infinite permutation matrix Σi,i′ and an infinite diagonal matrix Di,i′ with positive
diagonal entries such that

bi,i′ = Σi,i′Di,i′ . (7.2)
Fix an element i0 ∈ Im. We get the basis B(i0) by Proposition 7.9 such that
bi(ei0) = ei for any i ∈ I. When i belongs to Im, we have by the previous arguments
bi0,i = Σi0,iDi0,i and we can set bi = bi0,i, Σi = Σi0,i and Di = Di0,i. We can write

bibi′ =
∑
i′′∈I

λi′′bi′′ , (7.3)

for all i, i′ ∈ Im with λi′′ ∈ R⩾0 for any i′′ ∈ I. Since bi and bi′ belong to the group
GA, we also have bibi′ in GA. Therefore, by looking to the expression on the right
hand side of the equality, there should exist j ∈ I such that bibi′ = µbj for some
µ > 0. Indeed bibi′ must send the vector ei0 on a scalar multiple of a vector ej

with j ∈ I because bi and bi′ belong to GA. This is only possible when all but one
of the coefficients λi′′ are equal to zero. Recall that bj(ei0) = ej and i0 ∈ Im. It
follows that we also have j ∈ Im since A+bj ⊂ A+ and we can set i · i′ := j ∈ Im

and λi,i′ = λj > 0 to get
bibi′ = λi,i′bi·i′ .

From the commutativity and the associativity of the product in A, we deduce
that the product (i, i′) 7→ i · i′ is commutative and associative. There is also a
neutral element given by i0, since bi0 = Id. Likewise, expending bi,i0 on the basis
{bi | i ∈ I} and using a similar argument as before yields an element i′ ∈ I such
that

bi,i0 = b−1
i = λbi′ .

Hence, this implies
bi0 = Id = λbi′bi = λλi′,ibi′·i,

and i′ · i = i0. Finally, Im has a commutative group structure given by the product
(i, i′) 7→ i · i′. Let us denote by GIm this group.
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Set H = {λbi | λ > 0, i ∈ I} ⊂ A. By the above reasoning, H is a subgroup of the
group of invertible elements of A with multiplication (λbi) · (µbi′) = (λµλi,i′)bi·i′ .
Moreover, R>0bi0 is a divisible subgroup of H, which means that for any n ∈ N,
the endomorphism λbi0 7→ (λbi0)n is surjective. Hence, by [7, Theorem 21.2], there
exists a subgroup F ⊂ H such that

H = (R>0bi0)× F.

For i ∈ I, let bi ∈ F, µi ∈ R>0 be such that bi = (µibi0)bi = µibi. For i, i′ ∈ I, on
the one hand, bibi′ ∈ F , and on the other hand

bibi′ = 1
µiµi′

bibi′ = λi,i′

µiµi′
bi·i′ = λi,i′µi·i′

µiµi′
bi·i′ =

(
λi,i′µi·i′

µiµi′
bi0

)
bi·i′ .

Since H = (R>0bi0)× F and bibi′ ∈ F we must have λi,i′ µi·i′

µiµi′
= 1 and thus

bibi′ = bi·i′ .

Hence, the map ρ : i 7→ bi yields a representation of GIm on V such that ρ(i) ∈ GA
for all i ∈ Im. Moreover, for i, j ∈ Im,

biej = bibjei0 = µjbibjei0 = µj

µi·j
bi·jei0 = µj

µi·j
ei·j ∈ R>0ei·j ,

which implies that ρ yields a free and transitive permutation representation on the
set of half-lines {R>0ei, i ∈ Im}. □

As a corollary of Theorem 7.11, we can consider the case where all elements of I
are maximal for A.

Corollary 7.13. — Suppose that A is an adjacency algebra for which each
i ∈ I is maximal and nondegenerate. Then, there exists a commutative group
structure on I, and a positive diagonal operator Λ such that ΛAΛ−1 = AI , where as
in Example 7.10 the algebraAI is the norm-closure of the left-regular representation
of C[I] on ℓ1(I) in the Banach algebra B(ℓ1(I)).

Proof. — By Proposition 7.11, I has a group structure and there is an action
ρ : I → B(V ) such that ρ(i) ∈ A for all i ∈ I and ρ(i)ej ∈ R>0ei·j for all i, j ∈ I.
Let i0 be the neutral element of I and set bi = ρ(i). By the arguments used in the
previous proof, for any i ∈ I there exists λi > 0 such that biei0 = λiei·i0 = λiei,
with the particular case λi0 = 1. Hence, defining the diagonal operator Λ by
Λei = λ−1

i ei, we have ΛbiΛ−1ei0 = ei. Hence, for i, j ∈ I,

ΛbiΛ−1ej = Λρ(i)Λ−1Λρ(j)Λ−1ei0 = Λρ(i)ρ(j)Λ−1ei0 = Λρ(i · j)Λ−1ei0 = ei·j .

Let AI be the algebra generated by ΛbiΛ−1, i ∈ I. By the latter results, we have
AI = ρ(C[I]), where ρ is the left regular representation introduced in Example 7.10.
By Proposition 7.9, A is the norm closure of

∑
i∈I Cbi. Hence, ΛAΛ−1 is the norm

closure of AI , and thus we have

ΛAΛ−1 = AI . □

Example 7.14. — One can use Corollary 7.13 to construct finite PM-graphs with
I = Im. Consider for example the group algebra

A = Ce(0,0) ⊕ Ce(1,0) ⊕ Ce(0,1) ⊕ Ce(1,1)
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of Z/2Z× Z/2Z. Let T and T ′ be the matrices of the multiplication by e(1,0) and
e(0,1) expressed in the previous basis and (a, b) ∈ R2

>0. Then

U = aT + bT ′ =


0 a 0 0
a 0 0 0
0 0 0 a
0 0 a 0

+


0 0 b 0
0 0 0 b
b 0 0 0
0 b 0 0

 =


0 a b 0
a 0 0 b
b 0 0 a
0 b a 0

.

Now choose λ = (λ1, λ2, λ3, λ4) ∈ R4
>0 and set V = DUD−1 where D is the diagonal

matrix defined by λ. The matrix

V =


0 a λ1

λ2
b λ1

λ3
0

a
λ1

λ2 0 0 b λ2
λ4

b
λ1

λ3 0 0 a λ3
λ4

0 b
λ2

λ4
a

λ3
λ4 0


is the adjacency matrix of a PM-graph such that I = Im.

We end this section by showing that the set of positive roots in finite PM-graphs
(See Definition 4.1) coincides with the set Im of maximal indices in its associated
basis B.

Proposition 7.15. — Assume k = C and let Γ be a finite PM graph rooted at
vi0 with basis Bi0 whose adjacency matrix has maximal dimension.

(1) The set of maximal indices label the positive roots of Γ, that is R+
Γ = {vi |

i ∈ Im}.
(2) Set Bm,i0 = {bi ∈ Bi0 | i ∈ Im}. Then, we have Bm,i0 = Bi0 ∩ GΓ: the

maximal indices label the generalised permutations appearing in Bi0 .

Proof. — Let us prove Assertion (1). The graph Γ is multiplicative at vi for the
basis b−1

i Bi0 . Moreover since Γ has maximal dimension, this multiplicative basis is
unique. Therefore vi belongs to R+

Γ if and only if b−1
i Bi0 has nonnegative structure

constants. This is equivalent to say that b−1
i Bi0 × b−1

i Bi0 ⊂ b−1
i A+ because A+

coincides with C(Bi0) by Proposition 7.9 because i0 ∈ Im.
For any i ∈ Im, it follows from Theorem 7.11 that bi is a generalised permutation.

Thus b−1
i ∈ A+ and also b−1

i Bi0 ⊂ A+. Now we have
b−1

i Bi0 × b−1
i Bi0 = b−1

i

(
b−1

i Bi0 × Bi0

)
⊂ b−1

i (A+ ×A+) ⊂ b−1
i A+

because A+ is stable by product. This shows that {vi | i ∈ Im} ⊂ R+
Γ .

Conversely, assume that i ∈ I is such that vi ∈ R+
Γ . Then bi is invertible and

b−1
i ∈ b−1

i Bi0 since 1 ∈ Bi0 . Thus, by the previous arguments, we get b−1
i × b−1

i =
b−1

i c with c ∈ A+. This proves that b−1
i ∈ A+. Since the cone A+ is stable by

multiplication, it follows that the map c→ bic is a bijection from A+ on itself (with
inverse the multiplication by b−1

i ). This implies that
A+(ei) = A+bi(ei0) = biA+(ei0) = A+(ei0) = V+.

We get that i is maximal. But it is also nondegenerate by Lemma 7.7 because Γ is
finite. Thus, we have R+

Γ = {vi | i ∈ Im} as desired.
To prove Assertion (2), observe first that we have Bm,i0 ⊂ Bi0 ∩ GΓ by Asser-

tion (2) of Theorem 7.11. Now, if bi belongs to Bi0 ∩GΓ, its inverse is an adjacency
matrix in A and we have b−1

i ∈ A+. By using the previous arguments, we get
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biA+ = A+ and therefore A+vi = A+bivi0 = A+vi0 = V+ which shows that
i ∈ Im. Thus, Bm,i0 ⊃ Bi0 ∩GΓ as desired. □

Remark 7.16. — It also follows from the preceding results of this section that
(for k = C) a graph Γ with n-vertices will be positively multiplicative as soon as its
adjacency algebra C[A] can be embedded in a n-dimensional C-algebra A generated
by matrices with nonnegative entries for which there exists an index 1 ⩽ i ⩽ n with
A+ei =

⊕
1⩽j⩽n R>0ej .
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