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DISTRIBUTION OF PRIME GEODESIC TRACES

ANTONIUS DEITMAR

Abstract. This note complements a recent paper of Chatzakos, Harcos and Kaneko [3]. We
use a Dirichlet style Prime Geodesic Theorem to improve on the error term estimate in loc.
cit. at the cost of lowering the resolution. The proof relies on the Selberg trace formula.

Introduction

The lengths of prime geodesics on the manifold PSL2(Z)\H, where H is the
hyperbolic plane, are of interest to number theorists, as they are regulators of
quadratic orders, occurring with class numbers as multiplicities. They also play the
role of prime numbers in the geometric analogue of the Prime Number Theorem,
the Prime Geodesic Theorem. The respective version of the Chebishev function is

ψ(x) =
∑

[γ]⊂PSL2(Z)
ℓ(γ)⩽log x

ℓ(γ0),

where the sum runs over all hyperbolic conjugacy classes [γ], the number ℓ(γ) is
the length of the geodesic which gets closed by γ and γ0 is the underlying primitive
element. It is known [7] that ψ(x) = x + Oε

(
x25/36+ε

)
holds for x → ∞. For a

hyperbolic γ, the trace tr(γ) = eℓ(γ)/2 +e−ℓ(γ)/2 is a non-zero integer, which is only
defined up to sign. In this paper, we are concerned with the distribution of the
absolute values of the traces modulo a given prime number p ⩾ 3. So for a given
a ∈ Fp = Z/pZ, we define

ψa(x) =
∑

[γ]⊂PSL2(Z)
| tr(γ)|≡a mod p

ℓ(γ)⩽log x

ℓ(γ0),

In the light of Dirichlet’s Prime Number Theorem, one might expect an equidistri-
bution of the residue classes, however, in [3] it is shown that

ψa(x) =


x

p−1 +Oε

(
x

3
4 + 1

12 +ε
)

if
(

a2−4
p

)
= 1,

x
p+1 +Oε

(
x

3
4 + 1

12 +ε
)

if
(

a2−4
p

)
= −1,

px
p2−1 +Oε,p

(
x

3
4 + 1

12 +ε
)

if
(

a2−4
p

)
= 0.

To prove this, the authors consider binary quadratic forms and their connection to
Dirichlet L-functions given by the class number formula.

In this paper, we follow a different path by using results of Selberg and Hejhal on
the trace formula to get a better error term estimate at the cost of having to combine
the contributions of a and −a. An asymptotic result by Hejhal [5] directly yields
an equidistribution law, which one might call Dirichlet Prime Geodesic Theorem
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and which, if Γ is replaced with a cocompact arithmetic group, also is contained
in Peter Sarnak’s PhD thesis. Based on the Dirichlet theorem, the distribution
of traces is easily determined by an exercise in linear algebra, determining the
conjugacy classes in the group SL2(Fp). In this way, we bring the above error term
down to O

(
x

3
4 log x

)
, at least for ψa + ψ−a in place of ψa.

1. Statement of the main assertion

The trace formula relates to the group PSL2(Z), whereas for the congruence
condition the group SL2(Z) is more appropriate. Since every hyperbolic class in
PSL2(Z) breaks into two classes in SL2(Z), one of positive and one of negative
trace, we can rewrite the definition of ψa in the form

ψa(x) =
∑

[γ]⊂SL2(Z)
0<tr(γ)≡a mod p

ℓ(γ)⩽log x

ℓ(γ0),

Definition 1.1. — For a prime number p, an element a ∈ Z/pZ and x > 0 let

ψ±
a (x) = 1

2
∑

[γ]⊂SL2(Z)
ℓ(γ)⩽log x

tr(γ)≡a (p)

ℓ(γ0),

where the sum runs over hyperbolic conjugacy classes [γ] in SL2(Z). In the sum
defining ψa we only consider the conjugacy classes [γ] with tr(γ) > 0. As all classes
occur in the sum ψ±

a , we get

ψ±
a = ψa + ψ−a

2 .

Theorem 1.2. — If p ⩾ 3, one has, as x → ∞,

ψ±
a (x) =


x

p−1 +O
(
x

3
4 (log x) 1

2
)

if
(

a2−4
p

)
= 1,

x
p+1 +O

(
x

3
4 (log x) 1

2
)

if
(

a2−4
p

)
= −1,

px
p2−1 +O

(
x

3
4 (log x) 1

2
)

if
(

a2−4
p

)
= 0.

For the prime p = 2 we have

ψ±
a (x) = ψa(x) =


1
3x+O

(
x

3
4 (log x) 1

2

)
if a = 1,

2
3x+O

(
x

3
4 (log x) 1

2

)
if a = 0.

The proof will be given in the following sections.

Remark 1.3. — Using the result of [1], our method yields an improved error term
of O

(
x7/10(log x) 1

5 (log log x) 1
5 +ε

)
for arbitrary ε > 0, however, only for x outside a

set E of finite logarithmic measure, i.e.,
∫

E
1
t dt < ∞.
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2. The Dirichlet Theorem for PSL(2)

Let Λ denote a lattice in PSL2(R) and let Λ′ ⊂ Λ be a normal sublattice.
Definition 2.1. — The finite group Λ/Λ′ acts unitarily on the Hilbert space

L2(Λ′\H). Let χ be an irreducible representation of Λ/Λ′ and let L2(Λ\H)(χ)
denote the χ-isotype. We shall also consider χ as a representation of Λ whose
kernel contains Λ′. As the hyperbolic Laplacian ∆ is invariant, it induces a densely
defined operator ∆χ on L2(Λ\H)(χ).

Let λχ,1 ⩽ · · · ⩽ λχ,n(χ) be the Laplace eigenvalues in (0, 3/16) on L2(Λ\H)(χ).
Let sj = sχ,j >

3
4 be defined by λj = sj(1 − sj).

Lemma 2.2. — Let Λ be a congruence group in PSL2(Z) and suppose that
ker(χ) is a congruence group, then the interval

( 7
10 , 1

)
does not contain any sχ,j .

Proof. — The assertion of the lemma is equivalent to saying that the Laplace
operator ∆χ on L2(Λ\H)(χ) has no eigenvalue in

(
0, 21

100
)
. We say, it has no critical

eigenvalue. Let Λ′ be the kernel of χ. In [6] it is shown that the Laplacian on
L2(Λ′\H) has no critical eigenvalue. The finite group Λ/Λ′ acts on L2(Λ′\H) and
so the latter decomposes into isotypes

L2(Λ′\H) =
⊕

χ∈Λ̂/Λ′

L2(Λ\H)(χ).

Since the Laplacian has no critical eigenvalue in L2(Λ′\H), it has no critical eigen-
value on each L2(Λ\H, χ). □

Definition 2.3. — Let Λ ⊂ G be a lattice, Λ′ ⊂ Λ be a normal subgroup of
finite index and C is a conjugacy class in Λ/Λ′. Define

ψΛ,C(x) =
∑

ℓ(γ)⩽log x
[γ]≡C mod Λ′

ℓ(γ0).

Theorem 2.4 (Dirichlet Theorem). — Let Λ′,Λ be lattices in PSL2(R), where
Λ′ is normal in Λ. Let C denote a conjugacy class in the finite group Λ/Λ′. Then

ψΛ,C(x) = |C|
|Λ/Λ′|

x+
∑

χ

trχ(C)
∑

j=1,...,n(χ)
sχ,j<1

xsχ,j

sχ,j

 +O
(
x

3
4 (log x) 1

2
)
.

where the sum runs over all irreducible representations χ of the finite group Λ/Λ′.
If Λ and Λ′ are congruence subgroups of PSL2(Z), then

ψΛ,C(x) = |C|
|Λ/Λ′|

x+O
(
x

3
4 (log x) 1

2
)
.

Proof. — On the finite group Λ/Λ′ we install the counting measure divided by
|Λ/Λ′|. Then the functions trχ with χ ∈ Λ̂/Λ′ form an orthonormal basis of
L2((Λ/Λ′)/conjugation). For a given conjugacy class C we write trχ(C) for the
trace trχ(γ) for any member γ of C. We get

1C(γ) =
∑

χ

trχ(γ) ⟨1C , χ⟩ =
∑

χ

trχ(γ) |C|
|Λ/Λ′|

trχ(C).
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This implies ψΛ,C(x) = |C|
|Λ/Λ′|

∑
χ trχ(C) ψΛ,χ(x) with

ψΛ,χ(x) =
∑

ℓ(γ)⩽log x

ℓ(γ0) trχ(γ),

where the sum runs over all hyperbolic conjugacy classes [γ] in Λ. In [5, Theorem 3.4
p. 474], we find ψΛ,χ(x) =

∑n(χ)
j=1

xsj

sj
+O

(
x

3
4 (log x) 1

2
)
, where we have resolved the

definition of the weight function W, which is introduced [5, p. 338]. The eigenvalue
λ = 0, which corresponds to s = 1 only occurs for χ = 1, where it has multiplicity 1.
Therefore we can split off the term of this eigenvalue and the claim follows. In the
case of congruence subgroups the additional claim is implied by Lemma 2.2. □

3. Lift to SL(2)

We need to clarify the relation between conjugacy classes in SL(2) and PSL(2).
We first stick to the general situation of arbitrary lattices and specialise to the
arithmetic case in the next section.

Definition 3.1. — Let Γ ⊂ SL2(R) denote the preimage of the lattice Λ ⊂
PSL2(R). Assume that there exists a normal subgroup Γ′ ⊂ Γ such that the
projection SL2 → PSL2 maps Γ′ isomorphically to Λ′. It then follows that −1 /∈ Γ′

and the projection π : Γ/Γ′ → Λ/Λ′ has kernel {±1}. For each conjugacy class D
of Γ/Γ′, let n(D) denote the number of classes in Γ/Γ′ which map to the conjugacy
class π(D) ⊂ Γ/Γ′. This means that n(D) = 1 if D = −D and it is 2 otherwise.
We define

ψΓ,D(x) =
∑

[λ]≡D mod Γ′

ℓ(λ)⩽log x

ℓ(λ0),

where the sum now runs over hyperbolic conjugacy classes [λ] in Γ and λ0 is a
generator (modulo ±1) of the centraliser Γλ of λ in Γ. Over every hyperbolic class
[γ] in Λ there lie two conjugacy classes [λ] in Γ, since tr(λ) ̸= 0. We infer

ψΓ,D = ψΓ,−D = 2
n(D)ψΛ,π(D).

The cardinalities of the respective conjugacy classes are related by

|D| =
{

|π(D)| if n(D) = 2,
2|π(D)| if n(D) = 1,

}
= 2|π(D)|

n(D) .

Write V (D) = 2|π(D)|
n(D)|Λ/Λ′| , which also equals |D|

|Γ/Γ′|/2 = 2
|cent(A)| , where cent(A) is

the centraliser of A ∈ D in the group Γ/Γ′.

Corollary 3.2. — Let D denote a conjugacy class in the finite group Γ/Γ′.
Then

ψΓ,D(x) = 2|D|
|Γ/Γ′|

x+
∑
χ ̸=1

trχ
(
π(D)

) n(χ)∑
j=1

xsχ,j

sχ,j

 +O
(
x

3
4 (log x) 1

2
)
.

In particular, if Γ = SL2(Z) and Γ′ = ker
(
Γ → SL2(Fp)

)
for a prime p ⩾ 3, then

ψΓ,D(x) = 2|D|
|Γ/Γ′|

x+O
(
x

3
4 (log x) 1

2
)
.
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4. Congruence groups

In this section we fix a prime p and consider the case Γ = SL2(Z) and Γ′ =
ker

(
SL2(Z) → SL2(Fp)

)
. As the latter map is surjective, we get Γ/Γ′ = SL2(Fp)

and Λ/Λ′ = PSL(Fp). The following lemma is an exercise in linear algebra. For
the convenience of the reader, we include a proof.

Lemma 4.1. — Let p ⩾ 3. In the following table, we give a list of the conjugacy
classes in SL2(Fp). We write A for a representative of the class and a = tr(A). In
each row, we denote the number of classes of the respective form by d. In the table,
α is an arbitrary element of F×

p .

D = [A] d | cent(A)|
(

a2−4
p

)
( µ

1/µ

)
, ±1 ̸= µ ∈ F×

p
p−3

2 p− 1 1(
a 1

−1
)
a = µ+ 1

µ , µ /∈ Fp
p−1

2 p+ 1 −1( ±1
±1

)
2 p(p2 − 1) 0( ±1 α

±1
)

4 2p 0

If p = 2, the group SL2(Fp) has 6 elements. There are 3 conjugacy classes, two
with a = 0, making up 4 elements and one with a = 1 consisting of two elements.

The list of the conjugacy classes can also be found in [4, Section 5.2].

Proof. — If A has only one eigenvalue µ in the algebraic closure of Fp, then
µ2 = 1 and so µ = ±1 and we get the last two lines of the table. In particular,
for the last line recall that conjugation changes α to αβ2 for some β ∈ F×

p and the
subgroup of squares has index two in F×

p .
If A has two different eigenvalues µ, 1/µ, then µ+ 1/µ = a results in a quadratic

equation whose solutions lie in Fp if and only if a2 − 4 is a square in F×
p . Line one

deals with the case µ ∈ F×
p , which can take any value in F×

p except for ±1 and we
can exchange µ and 1/µ, leading to the value of d. The centraliser is the torus of
diagonal matrices.

Finally, if the eigenvalues are not in Fp, they lie in the unique quadratic extension
Fp2 and the trace a determines the eigenvalues up to µ 7→ 1/µ. Let A be the matrix
as in line two. The centraliser A of A in the matrix algebra M2(Fp) has dimension 2
and is a skew field, since a is a non-square. Hence the unit group A× has (p2 − 1)
elements. The determinant det : A× → F×

p is given by a non-degenerate quadratic
form, hence is surjective [2], and so its kernel A1 has (p2 − 1)/(p − 1) = p + 1
elements. Finally, to determine d in this case, note that, as the determinant A× →
F×

p is surjective, any B ∈ SL2(Fp), which is conjugate to A in GL2(Fp2 , also is
conjugate to A in SL2(Fp). Therefore the number a determines the conjugacy
class, as µ ̸= 1/µ. The trace a = µ+ 1/µ ∈ Fp is fixed under the Frobenius and as
the trace determines the eigenvalues, the Frobenius must interchange µ and 1/µ,
hence µp+1 = 1. In the cyclic group F×

p2 , there are p+1 possibilities for µ and again
we can switch µ and 1/µ, so d = (p− 1)/2. □



30 Antonius Deitmar

Note that
ψ±

a = 1
2

∑
D⊂Γ/Γ′

tr(D)=±a

ψΓ,D.

With this, Theorem 1.2 follows from Corollary 3.2 and Lemma 4.1.
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