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NON-ARCHIMEDEAN AND MOTIVIC STATIONARY PHASE
FORMULAS

TEOFIL ADAMSKI

Abstract. In this article, for a non degenerate singular phase, we reconsider a stationary
phase formula of Heifetz [10] in the non-Archimedean local field setting and give a motivic
analogue using Cluckers—Loeser’s motivic integration.

1. INTRODUCTION

In real analysis, the stationary phase method gives an asymptotic development
of integrals of the type

p(z) exp(irf(x)) dx (1.1)

Rn
when the real parameter A goes to infinity and i2 = —1. These integrals are called
oscillatory integrals. This method goes back to Laplace and well-known formulas are
given in [11, Section 7.7], for instance when the function ¢ is compactly supported
and the function f is smooth or with nondegenerate critical points. In the latter
case, the asymptotic development of the integral (1.1) is given by considering the
function f on a neighborhood of the critical locus and its complement. The proof of
the stationary phase method can be deduced from the Riemann—Lebesgue lemma.

For instance, this method allows to compute a whole family of integrals, like
Fourier transforms (i.e. the case where f(x) = (z,£) for some vector &) or Bessel
integrals. Moreover, it can be used in microlocal analysis (and more generally for
partial differential equations) to study wave front sets (e.g. see [11, Theorem 8.1.9])
or to construct pullbacks of distributions (see [11, Theorem 8.2.4]). We can also
refer to Sawyer in [18] for some applications with random walks and to Huxley in [13]
for some asymptotic expansions of exponential sum in analytic number theory.

This kind of integrals has an analogue in the p-adic setting, using the Haar mea-
sure on the locally compact group Q, and a continuous group morphism from Q,
to C* to mimic the exponential function. In 1985, Heifetz established in [10] the
p-adic version of the mentioned stationary phase formulas in the real context. Also,
Igusa in [15, Section 10.2] or [14, Section 10] has developed another stationary phase
formula which computes p-adic local zeta functions (see [16] for a survey).

We start, in Section 2 (see Theorem 2.12), by reconsidering that p-adic version
of Heifetz when the phase f has nondegenerate critical points (see [10, Proposi-
tion 1.2]) and for a non-Archimedean local field (e.g. fields like Q, or F,((t)),
giving a more detailed proof and using the non-Archimedean version of the Morse
lemma by Cluckers—Herremans in [3] (see also [4, Proposition 2.5]).

In Section 3, we consider the case of the non-Archimedean field k((t)) for a char-
acteristic zero field k. In that setting, we need to use motivic integration introduced
by Kontsevich, developed successively by Denef-Loeser [7], Cluckers—Loeser [5, 6]
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and Hrushovski-Kazhdan [12]. In particular, using parameters integrals with expo-
nential of Cluckers—Loeser’s motivic integration and a motivic version of the non-
Archimedean Morse lemma, we set in Theorem 3.25 a motivic stationary phase
formula which is the analogue of Theorem 2.12. This formula could be used in the
study of motivic wave front sets of distribution [17] as in the real setting.

2. THE NON-ARCHIMEDEAN LOCAL FIELD CASE

2.1. Integration and Fourier transform.

2.1.1. Setting and integration. We consider a non-Archimedean local field K,
i.e. either:

e a finite field extension of the p-adic numbers field Q,, for some prime num-
ber p,

e or a field isomorphic to the field K ((¢)) of Laurent series with coefficients in
some finite field K.

We denote by ord: K — Z U {+o0} its valuation, Ok its valuation ring, mx the
maximal ideal of the ring Ok and kk = Ok /mk the residual field of the valued
field K with gk elements and characteristic px. The ideal myk is generated by an
element wk of Ok. We consider the absolute value |-| on K defined by the equality

2| == ™" € R (2.1)

for all elements x of K. The abelian group (K,+) is locally compact for the
valuation topology and we consider its Haar measure dz such that

dz = 1.
Ok

2.1.2. Fourier transform. Let ¥: K — C* be an additive character (namely a con-
tinuous group morphism) which is nontrivial on Ok and trivial on mk. Let n be
a nonnegative integer. For an integrable function ¢: K™ — C, its Fourier transform
is the function p: K" — C defined by the equality

© = | pla)ilia.e)da

for all elements £ of K™ where the symbol (-, -) denotes the canonical inner product
on the vector space K".

Let Q be an open set of K. An integrable function ¢: Q — C is a Schwartz—
Bruhat function on 2 if it is locally constant and its support

suppp = {zx € Q| ¢p(z) #0} C K"
is bounded. We denote by . (Q) the set of Schwartz—Bruhat functions on §2.

)

THEOREM 2.1. — The Fourier transform ¢ + @ induces a C-linear automor-
phism on the space . (K™). More precisely, for all Schwartz—Bruhat functions ¢
on K™ and for all elements x of K", we have the equality

o(z) = p(—x).

From Theorem 2.1 and Fubini’s theorem, we deduce in a straightforward way
a Fourier—Plancherel type formula.
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COROLLARY 2.2. — Let f and g be two Schwartz—Bruhat functions on K™. Then
(z)g(x)de = [ f(z)g(z)dz.
KTI, K7l

2.2. A Morse lemma. Until the end, we suppose that the residual characteristic
of the field K is not equal to 2, i.e. px # 2. In this case, Cluckers—Herremans in [3]
prove a Morse lemma in the p-adic setting. We extend to the field K some of their
definitions. Let n and m be two positive integers.

DEFINITION 2.3. — Let A be an open set of O and B be an open set of OF'.

e A function A — Ok is globally analytic if it is given by a formal power
series with coefficients in Ok, i.e. an element of Ok[z1,...,x,], which
converges on the open set A.

o A function A — O is globally analytic if its components are globally
analytic.

e A function A — B is a bianalytic function if it is a globally analytic bijection
whose inverse is globally analytic.

Let f: A — Ok be a globally analytic function and « be a positive integer.

e The gradient at some point z of A of the function f is the m-uplet grad f(z)
given by the equality

e )= (S @) S 0))

and its Hessian at some point  of A is the matrix Hess f(z) of dimension n
given by the equality

0’ f
(z .
8%‘18.%‘7 1<6,5<n
A critical point of the function f is a point x of A such that

grad f(z) = 0.

Hess f(x) = (

A critical point z of the function f is nondegenerate if

det(Hess f(x)) # 0.

A critical point modulo wi of the function f is a point x of A such that

grad f(z) =0 mod wi.

A critical point x of the function f is nondegenerate modulo wg if
det(Hess f(z)) #0 mod wk.

Remark 2.4. — Definition 2.3 is also valid for valued fields of the form K = K((t))
for a characteristic zero field K. In this case, we choose the natural valuation and
the uniformizer wg ;) = t. See Definitions 3.12 and 3.13 for a version which is
uniform in the field K.

Similarly to the p-adic Morse lemma [3, Lemma 3.3] (see also [4, Proposition 2.5])
with p # 2, we have the following result.
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THEOREM 2.5. — Let a be a positive integer. Let f: (wigOg)" — Ok be a
globally analytic function such that the origin is a critical point modulo wy; which
is nondegenerate modulo wk. Then there is a unique critical point ¢ in (w§ Ok )™
of the function f. Moreover, there is a bianalytic function

T=(T,....,T,): (oxOk)" — (wxOk)"
with T'(0) = 0 and elements ay, ..., a, of Oy such that

f(z)=flc) + ZaiTi(f)z

for all elements x of (wg Ok )".

Proof. — One easily adapts the proof of [3, Lemma 3.3] by replacing the poly-
disc (pZ,)™ by (wg Ok)"™ and the set pZ, by Ok and by using Lemma 2.7 instead
of Lemma 2.6 which are corollaries of the non-Archimedean local inverse function
theorem (see [15, Section 2.2] for more details). O

LEMMA 2.6 (Cluckers—Herremans [3, Lemma 3.2]). — Let g: O — O3 be a
globally analytic function such that

det(Jacg(0)) #0 mod wx and ¢(0) =0 mod wk

where the notation Jac g(0) refers to the jacobian matrix at the origin of the func-
tion g. Then the restriction g: (wk Ok )" — (wk Ok )™ is a bianalytic function.

From this lemma, we deduce immediately the following result.
LEMMA 2.7. — Let 8 be a nonnegative integer. Let
g: (wﬁﬁK)n — (wlﬁ{ﬁK>n
be a globally analytic function such that
det(Jacg(0)) 20 mod wxg and g(0)=0 mod wh'".
Then the restriction g: (wﬁ“ﬁK)" — (wlﬂ{HﬁK)” is a bianalytic function.

Proof. — The function
Ox — Ok,
g:

T — w;{lgg (wf(x)

satisfies the condition of Lemma 2.6. Applying this lemma, it induces a bianalytic
function g: (wk Ok )™ — (wk Ok )". This concludes Lemma 2.7. O

We note that a critical point is a critical point modulo wg for all positive inte-
gers . Then by translation, the following result is a consequence of Theorem 2.5.

COROLLARY 2.8. — Let € be an open set of 0. Let f: Q@ — Ok be a globally
analytic function with a critical point xq of 2 which is nondegenerate modulo wg .
Let o be a nonnegative integer such that B := xo+ wgk Ok C §). Then the point x
is the only critical point of the function f on the polydisc B. Moreover, there exist
a bianalytic function

T=(Ty,....,T,): (wgOk)" — (W Ox)"
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with T'(0) = 0 and elements ay, ..., a, of Oy such that

n

f(@) = f(zo) + Y aiTi(x — xo)?

i=1

for all elements x of B.
2.3. The non-Archimedean stationary phase formula. Following notation
of Section 2.1.2, we prove the following lemmas which will be used in the proof of
Theorem 2.12.

LEMMA 2.9. — Let A be an element of K. Then the function
Ox — C,

u — P(Au?)

is locally constant.

Proof. — If A = 0, then the result is immediate. We suppose that A #£ 0. We set

1—ordA 1—ordA
B:maX{O, o , o }

WK 2ZUK

We verify that, for all elements x of Ok, the function under consideration in the
lemma is constant on the ball z + wﬁ Ok . For that, we use the fact that ¢ =1

on wk UK. O
LEMMA 2.10. — Let a be an integer. Let a and b be two elements of K*
such that

ordb—orda > a and 2ordb—orda > 1.
Then

/ ¢ (az® 4 bz) do = / ¥ (az?) da.
w0,

o
Kk 4%

Proof. — We have

) b1? b2
/w("ﬁ w(ax +b$)dx=/w§ﬁK¢ a{z—&—%} ~a dx

b b1°
=1 %)/zvﬁﬁKw(a[x—Fém])dx.

As pk # 2, we can write ord(b/2a) = ordb — ord a > « and we get the bijection

(e} (e}
wg Ox — Wk Ok,

x+— x+b/2a

and, with this change of variables, we obtain

/w;2 w(ax2+baj) de =1 (_4a) /w;’(ﬁKz/)(ay?) dy.

Moreover, as ord(—b?/4a) = 2ordb — orda > 1, we get ¥(—b*/4a) = 1 and so
Lemma 2.10. 0

2%
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DEFINITION 2.11. — Let Q be an open set of 0. Let ¢ be a Schwartz—Bruhat
function on 2 and f: Q — Ok be a globally analytic function. For any element A
of K, we consider the integral

I () = /Q p@)p(\f () da

We reconsider now [10, Proposition 1.2] for a non-Archimedean local field. We
add assumptions which seem to have been omitted in the statement of Heifetz
and we give a detailed proof whose strategy will be used for the motivic case (see
Theorem 3.25).

THEOREM 2.12. — We use settings of Definition 2.11 and make the following
assumptions:

(i) the function f admits a unique critical point xq in Q;
(ii) the latter belongs to the set supp ¢ and it is nondegenerate modulo wk;
(iii) there exists a function R: Q@ x K™ — K such that

[z +y) = f(z) + (grad f(z),y) + (R(z,y)y, y)
for all elements x of Q) and y of K™ such that x +y € €);
(iv) there exists a real number M > 0 such that

|R(z,y)| < M
for all elements x of Q and y of K™ such that x +y € Q.

Then there exist two integers N and « with a > 1, and some elements aq, ..., a,
of Oy such that, for all elements A of K with ord A < N, we have

o) = w0 ao)olan) ]T | b (an?) du

Moreover, the quantities a and a; are independent from the function .

Proof. — We take a nonnegative integer o such that B := z¢ + wg Ok C Q). By
Corollary 2.8, by assumptions (i) and (ii), there exist a bianalytic function

T=(Ty,....,T,): (wgOk)" — (W Ox)"

with 7°(0) = 0 and elements a1, ..., a, of O such that, for all elements = of B, we
have

f(z) = f(zo —l—Zal (x — x0)%. (2.2)

By additivity of integral, we cut the mtegral It (X\) in two parts according to the
decomposition Q = (Q\ B) U B.

On the open set Q\ B, the function f has no critical point since it has only one
critical point and the latter belongs to B. Thus, the function z — |grad f(z)| does
not vanish on supp p|o\p = supp ¢ \ B. But this support is a closed subset of the
compact set O and is so compact. Therefore, there exists a positive real number §
such that

V. esuppplop, |grad f(z)| = 0. (2.3)
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By relation (2.3) and by assumptions (iii) and (iv), we use [10, Proposition 1.1] (or
equivalently [2, Proposition 2.5.3]): there exists an integer N; such that

YAeK*, ord\< N, = e(x)v(Af(x))dx = 0.
Q\B
Now let us work on the open set B. Let A be an element of K. With decompo-
sition (2.2), the integral B can be written as

n

/B (@M (@) dz = P\ f(z0)) / o) [] ¥ (MaiTi(x — 20)?) .

B i=1

The change of variables y = T'(x — () gives

/B P (M (@) dz = (A f(20) | 0)ar(y) dy

K‘IL
where we consider the functions 6, g): K™ — C defined by the equality

0(y) = {gp (xo + T_l(y)) |det JacT‘l(y)’ ify € (wtOk)",
"o else

and
AW) = Yz o ) W ][ ¥ (Cain?)

for all elements y = (y1,...,yn) of K".
The function 6 is a Schwartz—Bruhat function because it has a compact support
by definition and it is locally constant thanks to the following two points:
e since the function ¢ is locally constant and the map T is an open map, the
function y — p(xg + T 1(y)) is locally constant;
e the function y + |det JacT~1(y)| is continuous and with discrete values
(by formula (2.1), its range is included in the discrete set {gk }rez since
the map T~ is a diffeomorphism and so its jacobian is nonzero), so it is
locally constant.
By Lemma 2.9, the function gy is also a Schwartz—Bruhat function. Then using
the inversion theorem (Theorem 2.1) and Corollary 2.2, we write

b dy= | B—no@)dy= [ A-6ga(e)de.

Kn Kn Kn

By Theorem 2.1, the function 9 is a Schwartz—Bruhat function and we consider an
integer 8 such that suppé C (wf( Ox)™.
Let £ = (&1,...,&,) be an element of (wf{ﬁK)". By Fubini’s theorem, we write

IO = [ Aoy @) [0 (a) ay

K
n
1=

/ ¥ (&yi + Aagy?) dy;.
i=17 "k Ok

Let i be an index in {1,...,n}. We assume that A # 0 and
ord A < Ny ; :=min{f —orda; — ,28 —orda; — 1}. (2.4)
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Since ord &; > 3, we have
ordé; —ord\a; > a and 2ord&; —ord Aa; > 1.

Thus, using Lemma 2.10, we get

/ P (fzu + )\aiUQ) du = / P ()\aiu2) du.
W ﬁK o ,ﬁK
To conclude, using Fubini’s theorem, we write

n

/B (@M (@) d = YA f (20)) / i-o1] ¥ (Aagu?) du de

supp 0 i—17 7% Ok

= zb(Af(xo))/ 0(—€) dE x H/ ¥ (Aau?) du.

n

Setting 7y = |det Jac T~1(0)|, Theorem 2.1 gives

~
o~ =

0(—=¢) d€ =6(0) = 6(0) = v (o)

Kn
and then
n

[ @@y =wrsee@ [T [ o)

=1 KK

To finish, we just have to take N := min{Ny, N3 1,..., N2, } and the proposition
is proven. Finally, by the chain rule formula, since the function T is bianalytic, we
have v = 0. O

We deduce from Theorem 2.12 the case of finitely many nondegenerate critical
points.

COROLLARY 2.13. — We use settings of Definition 2.11 and make the following
assumptions:
(i) the function f admits finitely many critical points xq, . ..,xy in §;

(ii) the latter belong to the set supp ¢ and they are nondegenerate modulo wk;
(iii) there exists a function R: @ x K™ — K such that

fx+y) = f(x) + (grad f(z),y) + (R(z,y)y,y)

for all elements x of Q) and y of K™ such that z + vy € Q;
(iv) there exists a real number M > 0 such that

|R(z,y)| < M
for all elements x of Q and y of K™ such that x +y € €.

Then there exist two integers N and o with o > 1, and some elements a;,; of ﬁfé
with 0 < j < £ and 1 < ¢ < n such that, for all elements A\ of K with ord A < N,
we have

L n
o) = SO o) T [ o ey ) o
j=0 i=1Y %"k

Moreover, the quantities a and a;; are independent from the function .
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Proof. — We consider some disjoint balls around critical points and we use the
additivity of integral: on balls, we use Theorem 2.12 and, outside, we apply the
stationary phase formula in the smooth case (see [10, Proposition 1.1]). D

Remark 2.14. — The hypothesis px # 2 gets involved twice: one time in the
proof of Theorem 2.5 (it allows to symmetrize the problem and find some globally
analytic square root function) and one another in the proof of Lemma 2.10. Without
this hypothesis, these points seem to be compromised.

3. THE MOTIVIC CASE

3.1. A quick reminder about motivic integration. In the two following para-
graphs, we give a brief overview of the Cluckers—Loeser motivic’s integration [5],
its version with exponential [6] and the Cluckers-Halupczok’s notion of evaluation
of constructible motivic functions [1]. We refer to these articles for more details.

3.1.1. Cluckers—Loeser’s motivic integration. Let k be a characteristic zero field.
We consider a Denef-Pas language Zpp, i.e. a language with three sorts: the
valued field sort (equipped with the ring language), the residual field sort (equipped
with an extension of the ring language by constant symbols) and the value group
sort (equipped with an extension of the Presburger language by constant symbols)
endowed with a symbol for the valuation ord and one for the angular map ac. We
consider the extension #pp(k) of this language by adding constant symbols for
each element of the sets k((t)) and k, respectively in the valued field sort and in the
residue field sort.

Example 3.1. — Let K be a field. Endowed with the t-adic valuation
ord: K((t) — Z U {+o00}
and with the natural angular component
ac: K(t) — K,

the field K ((t)) is a valued field whose valuation ring is the ring K[t] of formal
powers series and whose residual field is the field K. The triplet (K ((¢)), K,Z) is
a Zpp-structure.

Let Fieldy be the category of fields which contain the field k. Let n, £ and r be
three nonnegative integers. For a field K of Fieldy, we set

hin, 0,7)(K) = K(t)" x K x Z".

A definable subassignment X, also called definable set, of h[n, ¢, 7] is a collection
of subsets X (K) of hln, ¢, 7](K) for each field K of Field, such that there exists
an Zpp (k)-formula ¢(z, &, o) such that, for all fields K of Fieldy, we have

X(K) = {(z,&a) € hin, ,7](K) | (K(t), K,Z) = ¢(z,& a)}.
A point of a definable subassignment X is the data of a field K of Field; and an
element of X (K). We denote by |X| the set of points of X. For two definable
subassignments X and Y, we write X C Y if X(K) C Y(K) for all fields K
of Fieldy,.
Let Def;, be the category of definable subassignments over the field k. Let us re-
call some notations of [5, 6]. We denote by {x} the final object of the category Defy.
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For an object X of Def}, we denote by

e X|n,£,r] the product X x h[n, £, 7] for some nonnegative integers n, £ and r;

e Def x the category of objects of Defy over X, i.e. of morphisms ¥ — X
of Def}, for some object Y of Defy;

e RDef x the category of objects Y — X of Defx where Y C X0, ¢,0] for
some nonnegative integer ¢;

e RDef " the category of objects [Y — X, ¢&,g] for some object Y — X
of RDefx and some morphisms £: Y — h[0,1,0] and g: Y — h[1,0,0]
of Def},. These objects will be denoted by [Y — Xle(§)E(g);

o Ko(RDef ™) the Grothendieck ring of RDef (™ (see [6, Section 3.1]);

o ¢(X)®P (respectively C(X)®*P) the set of exponential constructible motivic
functions (respectively Functions) on X;

e L the element [X[0,1,0] — X,0,0] of the ring Ko(RDef {*);

e for an object A of Defj, and an object f: X — A of Def, whose all fibers
have the same dimension, we denote by #)(X)®*P or by &;(X)®P (re-
spectively IoC(X — A)®*P) the set of integrable exponential constructible
motivic functions (respectively Functions) on X with parameter in A as
defined in [6, Section 7] and [5, Theorem 10.1.1]. If the definable subassign-
ment A is the final object {*} and the definable morphism f is the final
morphism, these sets will be simply denoted by .#(X)®P and IC(X)®*P.

For a morphism f: X — Y of Defy, the pullback and pushforward morphisms
are respectively denoted by

F LAY — G(X)P and  fi: IC(X)™P — IC(Y)"P

where the second morphism is given by the functor of motivic integration con-
structed in [5, Theorem 10.1.1] and [6, Theorem 4.1.1]. The latter morphism f; will
be also denoted by pif.

Moreover, let A be a definable subassignment. For a morphism f: X — Y
a morphism of Def y, the pushforward relatively to A will be denoted by

f!A: IAC(X — A)CXP — ICA(Y — A)CXP

which is given by the function of relative motivic integration (see [5, Theorem 14.1.1]
and [6, Theorem 4.3.1]). Let f: X — A be an object of Def. Its pushforward is
the morphism of abelian groups

Fin: TAC(X — A)™P —5 IO (A — A)™P =2 G(A)SP

which will by denoted by py. Finally, for a function ¢ of #;(X)®P, we denote
by p¢(¢) the function pf([¢]) where the notation [p] stands for the class of the
function ¢ in Iy (X — A)**P. In this way, we obtain a morphism of abelian groups

pg: I(X)P — G (AP
also denoted by pp or fi.

Remark 3.2. — Let X and Y be two definable subassignments of Def}, such
that X C Y. We consider the canonical injection morphism ¢: X — Y. Then the
ring morphism 4, is the extension by zero on Presburger functions on X to Y and
the base change from Ko(RDef ") to Ko(RDefy"") induced by the composition.
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3.1.2. Cluckers—Halupczok’s evaluation. We recall the notion of evaluation of ex-
ponential constructible motivic functions as defined in [1]. We use the same no-
tation, especially the class . is here the collection of #pp(k)-structures of the
form (K ((t)), K, Z) for some field K of Fieldy.

For a point x = (z¢, Ko) of some definable subassignment X, i.e. an .”-definable
set, we define the extension .Z(x) of the language . = %pp(k) by adding con-
stants symbols for the entries of the tuple z¢ and we define . (x) the class of .Z(z)-
structures (K ((t)), K, Z, zok) for a field K of Field;, which are elementary equiva-
lent to the Z(z)-structure (Ko ((t)), Ko, Z, xo).

For a function f of € (X)®*P defined on a definable subassignment X and a point
x of X, we consider the induced .’(x)-definable set X o (,) and the induced . (x)-
definable function fo(,) of € (X 5 ()P and we set

f@) =" (fo@) € €({a})™P

where the .7 (x)-function ¢: {x} — X »(,) is the canonical inclusion.

THEOREM 3.3 (Cluckers-Halupczok [1, Theorem 1]). — Let X be an .-defina-
ble set. Let f and g be two functions of €(X)®*P. Then the following items are
equivalent:

(1) f =g
(2) f(z) = g(z) for all points x of X.

Remark 3.4. — This notion of evaluation can be slightly modified to suit different
contexts (for example, see [8, Section 2.6]) and it leads to similar results such as
Theorem 3.3.

The following result is a direct consequence of the construction of evaluation,
but for the convenience of the reader, to show how things work, we give details.

LEMMA 3.5. — Let X and Y be two definable subassignments of Def, such
that X C Y. We consider the canonical injection i: X — Y. Let ¢ be a function
of Z;(X)®P and i1 be the pushforward function which lies in €(Y)**P. Let y be

a point of Y. Then
. ply) ifye|X]|,
ho(y) = (y) | X
0 else.

Proof. — We can assume that the function ¢ is of the form
©=[pz: Z — X,£,9] @ call’ € €(X)>P

for some definable subassignment Z of X[0,n,0] with an integer n > 0, some
definable morphisms &: Z — h[0,1,0], g: Z — h[1,0,0] and «,3: X — h[0,0,1]
and some element ¢ of Z[L,L™!,(1/(1 —L7"));>1]. By Remark 3.2, we have

Wwp=1liopz: Z —Y,& g ®ci (aLB)
where the ring morphism 4,: £ (X) — £(Y) is the extension by zero. By definition,
we have
(09) ) = [Zrt) — Y, E7(0): 97 © iz (@)L @)

which gives

ip(y) = [Zo(y) Oy, (9} — {0} €5 0P gr(y) © P @iz ()1 () L7 ) 0i,
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where the .(y)-morphism p: Zg(,) ®y,,,, {y} = Zs(y) is the canonical projec-
tion and where the .#(y)-morphism i,: {y} — Y, is the canonical inclusion.
Moreover, we have

e(v) = [Zow) Oxp, {0} — {0} €y 0P 97 0] @ ¢ (ag@yLP7®) oy

where the .(y)-morphism p': Z () ®x,,, (¥} = Zs(y) is the canonical pro-
jection. If y ¢ |X|, then iy (cr@)L?>®) oi, = 0 by Remark 3.2 and thus
i1p(y) = 0. We assume now that y € | X|. On the one hand, we have

cig (AL W) oy =c- (ayEL?7®) iy,
On the other hand, we have a canonical .#(y)-isomorphism

Zy(y) Xy W = Zr(y) @y, {4}
which implies the equality

[Zo) @y, 9} — U} €5 0P, 97 (y) © D)
= [ZY(y) ®Xy(y) {y} — {y}’£<5”(y) Op/7g=7(y) opl]
and conclude that i1o(y) = ¢(y). O

3.2. Definable constants and open definable subassignments.

3.2.1. Definable constants. In the following definition, we extend in a definable way
and uniformly in the field, the choice of an element in a set.

DEFINITION 3.6. — A definable constant of a definable subassignment X is
a definable morphism {*} — X of Def},.

Let X be a definable subassignment of Def}, such that X (K) # 0 for all fields K
of Fieldy. Let ¢ be a definable constant of X. For any field K in Fieldy, we also
denote by ¢k the unique image of the map cx : {*}(K) — X (K). We denote by {c}
the definable subassignment ({¢x })keField, -

Remark 3.7. — An element ¢ of the set X (k) defines a definable constant ¢ of X
by setting cx = ¢¢ for any field K of Field,. But all definable constants are not
made in that way. Indeed, we give an example taking the field £k = Q and the
definable constant ¢ of {0,1} C h[0,0,1] defined by the equivalence

c=1 <=3y eh[l,0,0], y*> = —1.
Then cq =0 # cc = 1.
3.2.2. Open definable subassignments. Let A be a definable subassignment of Def.

DEFINITION 3.8. — Let ¢: A — h[1,0,0] and a: A — h[0,0, 1] be two definable
morphisms of Def,. The ball of valuative radius a and centre c is the definable
subassignment By (¢, &) of A[1,0,0] defined, for any field K of Fieldy, by

Ba(c, )k = {(\,z) € A(K) x K(t)) | ord(z — cx(\)) = ax(N)}.

Endowed with the canonical projection By (¢, ) — A, it is an object of Def 4.
When the definable subassignment A is the final object {x}, this ball will be
simply denoted by B(c, o). We denote by & the ball B(0,0) = (K[t]) kcField, -
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DEFINITION 3.9. — A definable subassignment 2 of A[n,0,0] is A-open if, for
all points (A, K) of A, the fiber
QE)x = {z e K(®)" | (\z) e UAK)} Cc K(t)"

is open in K((¢)™.
When the definable subassignment A is the final object {*}, we say that the
definable subassignment 2 is open.

Remark 3.10. — Let K a field of Fieldy. In Definition 3.9, we do not specify
the topology on the space K((t))™ because, since the field K((¢))™ is complete for
the t-adic topology, all norms on the finite-dimensional vector space K ((t))"™ over
the field K((t)) are equivalent. We will use the norm

(z1,...,3,) € K(t)™ — max(exp(—ord 1), ..., exp(—ordz,))
on the vector space K ((¢))™.

PROPOSITION 3.11. — Let Q be a A-open definable subassignment of A[n, 0, 0]
with
for all fields K in Field,, Q(K) # 0

and z: A — h[n,0,0] be a morphism of Def), whose components are x1,...,T,.
We assume that

for all points (A, K) of A, (X, zx(N)) € Q(K).
Then there exists a definable morphism «: A — h[0,0, 1] of Def}, such that
Ba(z1, @) xp -+ X Ba(zp, @) C Q.
Proof. — For each point (A, K) of A, we set

ax(A) = max {0,inf {8 € Z | zx(\) )+ tPE ()" K)\}}
which is finite since the set (K)y is open and we have xK( ) € Q(K)x. Thus,
we get a convenient definable morphism «: A — h[0,0,1]. O

3.3. Globally analytic functions and critical points. We define the definable
subassignment .#,(€) of Def}, as the object o™ of Def; where, for any field K
of Fieldy, we consider the set .4, (0)(K) as the set 4, (K[t]) of square matrices
of dimension n with coefficients in K[[t]. Using Remark 2.4, we give the following
definition.

DEFINITION 3.12. — Let A be an open definable subassignment of 6™ and B
be an open definable subassignment of &™.

e A definable morphism A — & is globally analytic if, for any field K
of Fieldy, the function fx: A(K) — K]Jt] is globally analytic.

e A definable morphism A — &™ is globally analytic if its components are
globally analytic.

e A definable morphism A — B is a bianalytic definable morphism if it is
a globally analytic definable isomorphism whose inverse is globally analytic.

As we can define partial derivatives of a function with a first order logical formula,
we can also give the following definition.
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DEFINITION 3.13. — Let f: A — & be a globally analytic definable morphism
and « be a definable constant of [0, 0, 1] such that ax > 1 for all fields K of Fieldy.

e The gradient at some definable constant z of A of the morphism f is the
definable constant grad f(z) of 6™ given by the equality

V K € Fieldy, [grad f(2)]kx = grad fx (k)

and its Hessian at some definable constant x of A is the definable con-
stant Hess f(z) of .4, (C) given by the equality

V K € Fieldy, [Hess f(z)]x = Hess fx(zk).
A critical point of the morphism f is a definable constant x of A such that
V K € Fieldy, [grad f(z)]x =0.
A critical point z of the morphism f is nondegenerate if
V K € Fieldy, det([Hess f(2)]x) # 0.

A critical point modulo t* of the morphism f is a definable constant x of A
such that

V K € Fieldy, [grad f(z)]x =0 mod t*¥.
A critical point x of the morphism f is nondegenerate modulo t if
V K € Fieldy, det([Hess f(x)]x) %0 mod t.
3.4. A motivic Morse lemma. Let K be a field of Field.

PROPOSITION 3.14. — Let Q be an open set of K[t]". Let f: Q — K][t] be
a globally analytic function with a critical point xo in € which is nondegenerate
modulo t. Let « be a positive integer such that B := xo+t*K((t)™ C Q. Then the
point xq is the only critical point of the function f on the polydisc B. Moreover,
there exist a bianalytic function

T=(Th,...,T,): (t°K[t])" — (t°K[t])"

with T'(0) = 0 and elements a1, ..., a, of K[t]” such that, for all elements z of B,
we have

f(@) = f(zo) + ZaiTi(‘T — x0)%.
i=1
Proof. — The result follows from an analogue of Theorem 2.5 (and Corollary 2.8)
with the field K = K((¢)). The proof is the same since the characteristic of the
field K is not equal to 2. O
We can now state a motivic Morse lemma which is the definable version of
Proposition 3.14.

PROPOSITION 3.15. — Let a be a definable constant of h|0,0, 1] such that
for all fields K of Field,, ax > 1.

Let f: B(0,a)™ — & be a globally analytic definable morphism such that the origin
is a critical point modulo t* which is nondegenerate modulo t. Then the morphism
f admits a unique critical point ¢ in B(0, «)™ and there exist a bianalytic definable
morphism

T=(T,...,Tn): B(0,a)" — B(0, )"
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with T(0) = 0 and some definable constants ai,...,a, of €* such that, for all
points (z, K) of B(0,@)", we have

n
fr(z) = fr(cx) + Z aixTik (z)?.

i=1
Proof. — Applying Proposition 3.14, for each K in Fieldy, we get a critical
point cg, a bianalytic map Tk and constants a;x. By definability of the gradient
and the constructions in the proof of Proposition 3.14, we get a collection ¢ which
is a definable constant, a collection T which is a bianalytic definable morphism and
collections a; which are definable constants. O

COROLLARY 3.16. — Let £ be an open definable subassignment of 0" and
let f: Q — O be a globally analytic definable morphism with some critical point
xo = (21,...,2,) in Q which is nondegenerate modulo t. Let o > 1 be a definable
constant of h[0,0,1] such that B = B(zj,a) X -+ x B(z,,a) C Q. Then the
definable constant xg is the only critical point of the morphism f on the polydisc B.
Moreover, there exist a bianalytic definable morphism

T=(T,...,Tn): B(0,a)" — B(0,a)"

with T'(0) = 0 and some definable constants ai,...,a, of 0* such that, for all
points (z, K) of B(0,@)", we have

Jr(z) = fr(zor) + ZamTiK(x — xor)%
i—1

Proof. — The existence of the definable constant « follows from Proposition 3.11.
Then translating, the result follows from Proposition 3.15. O

3.5. Schwartz—Bruhat functions on an open definable subassignment. We
first recall the notion of Schwartz—Bruhat functions from [6, Section 7.5]. Let A be
a definable subassignment.

DEFINITION 3.17. — A function ¢ of #(h[n,0,0])*P is a Schwartz—Bruhat
function on h[n, 0, 0] if the two following points are satisfied:

(1) there exists a definable morphism a~ (p): {*} — h[0,0,1] such that

¢ 1B, (0,0 =¥

for all definable morphisms «: {*} — h[0,0, 1] such that a < o™ (p);
(2) there exists a definable morphism a*(¢): {*} — h[0,0,1] such that

@x1p,(0,0)n =L "%
for all definable morphisms «: {*} — h[0,0, 1] such that o > a*(¢) where
the symbol * denotes the convolution product (see [6, Section 7.4]).

Remark 3.18. — In Definition 3.17, informally, point (1) ensures that the support
of the function ¢ is bounded and point (2) ensures that the function ¢ is locally
constant. This corresponds closely to the p-adic case described above.

Let € be an open definable subassignment of h[n, 0,0]. We consider the canonical
injection ¢: Q — h[n, 0, 0].
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DEFINITION 3.19. — A function ¢ of #(Q)**P is a Schwartz—Bruhat function
on  if the function i¢' is a Schwartz—Bruhat function on h[n, 0, 0].

In this case, we set o™ (¢) = a~ (i1p) and at(p) = at(ip). We denote
by . (Q)°*P the set of Schwartz—Bruhat functions on .

In the following proposition (see also [9]), we consider the evaluation point of
view of point (2) of Definition 3.17 on Schwartz—Bruhat functions.

PROPOSITION 3.20. — Let ¢ be a function of . (h[n,0,0])**P and « be a defin-
able constant of h[0,0,1]. We set

X ={(z,2) € h[2n,0,0] |ord(x — 2) > o}

and we consider the two projections p,,p,: X — h[n,0,0]. Then the following
items are equivalent:
(i) ¢ *1(o,a)r = L™;
(ii) pye = pie;
(iii) for all points (x,z, K) of X, we have ¢(x, K) (2. x) = ¢(2, K) # (2,2, K)-

In Proposition 3.20, we have identified the three classes . (z, 2z, K), (2, K)
(z,K) and .¥(z, K)(z, K).

Proof.

Let us prove the equivalence (ii) <= (iii). — By [1, Corollary 3.6.1], for all
points (z, z, K) of X, we can write

p:’@(xv Z, K) = QD(pm(ZL', 2, K))Y(m,z,K) = 30(1'7 K)y(m,z,K)
and
pz@(xwsz) = @(pz(xasz))y(m,z,K) = L)0(27}()5”(1’2,1()

Then the equivalence follows from Theorem 3.3.

Let us prove the implication (ii) = (i). — We assume that pf¢ = pip. For
each point (z,z, K) of X, we can write

1g,ay(z — 2, K) = 1x(z, 2, K).
By definition of the convolution product, we thus get
@ * 1p(0,0)n = H= (P2 1x)-
Then the hypothesis p%y = p}¢ implies
@ * 1p,ayn = Hz (P2 - 1x) -
Finally, the projection axiom (A3) of [6, Theorem 4.1.1] implies

0 * 1,0 = ¢ - uz(1x) = L™ "o

LA function of .#()°*P is also a function of .#;(2)°*P by [5, Theorem 10.1.1, Axiom A0 (b)],
so we can take the pushforward function.
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Let us prove the implication (i) = (iii). — Let (x,z,K) be a point of X.

As we have ord(r — z) > «, the (z,z2, K)-definable sets B(z, oy (, . x)) and
B(2, a9 (s,-,Kk)) are equal and, applying [1, Corollary 3.6.1], we can write

¢ * 1p(0,0)n (2, K) 7 (2,2, 1) = (/ o (hy-1x) |pzl(z)>
p

= ()

=(/ﬁ w@ﬂxwwﬁm>

0.0 P (@,2.K)

= (/ So(x)lB(z,a)(y) dy)
h[n,0,0]

- <]/ gxx>1B@maxy>dy>
h[n,0,0]

= p* 1B(O,a)" (.13, K)?’(z,z,K)

S (z,z,K)

S (z,z,K)

S (z,2,K)

With assumption i, we deduce that L™"¢(2, K) 92,2, x) = L™ 0(2, K) #(2 2 k)
and so @('%K)y(w,z}K) = QO(JZ, K)Y(a:,z,K) by multlplylng by Lo

DEFINITION 3.21. — Let ¢ be a function of .#(h[n,0,0])**P. The function ¢ is
said to be locally constant if there exists a definable constant a of h[0,0, 1] such
that the equivalent conditions of Proposition 3.20 are satisfied.

PRrROPOSITION 3.22. — The product of two Schwartz—Bruhat functions on an
open definable subassignment of h[n,0,0] is a Schwartz—Bruhat function.

Proof. — We denote i: Q@ — h[n,0,0] the inclusion morphism. We use the fact
that the map i is a ring morphism and we apply [17, Proposition 2.27]. O

3.6. The formula. Following [17, Section 4], we set up notation for the oscillatory
integral we will work on.

DEFINITION 3.23. — Let Q be an open definable subassignment of &™. Let ¢
be a Schwartz—Bruhat function on Q and f: Q — & be a globally analytic defin-
able morphism. Let A be an unbounded definable subassignment of h[1,0,0]. We
consider the definable morphism

A x Q — h[1,0,0],

Ml o) e M),

Let m: A x Q — A and 7’: A x Q@ — Q be the canonical projections. Finally, we
consider the function

L1 = m (7 (9)E(M)) € G(A).

Remark 3.24. — Until the end, we will use the integral notation. In particular,
thanks to evaluation in Section 3.1.2, for all points A of A, we can write

100 = [ @B (a) da
in the ring € ({\})**P.
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THEOREM 3.25. — We use the setting and notation of Definition 3.23 and make
the following assumptions:

(i) for any field K of Fieldy, the function fx has a unique critical point xox
in Q(K), this critical point is nondegenerate modulo t and belongs to the
polydisc B(0, o™ (¢))"(K);

(ii) the family (20K ) KeField, defines a definable constant of ), denoted by xo;

(iii) there exists a definable morphism R: Q[n,0,0] — h[1,0,0] such that, for
all fields K of Fieldy, we have

fr(x+y) = fr(x) + (grad fx (2),y) + (Rx (2, 9)y, y)

for all elements x of Q(K) and y of K((t))™ with x +y € Q(K);
(iv) there exists a definable constant M of h[0,0, 1] such that, for all fields K
of Fieldy, we have

ord R (x,y) > Mk
for all elements © = (z1,...,x,) of Q(K) and y = (y1,...,yn) of K((t))"

with ordz; > o~ (p)k and ordy; > a™(¢)k for all indexes i in {1,...,n}.
Then there exist definable constants A and « of h[0,0, 1] with a > 1 and definable
constants as, . ..,a, of 0* such that, in the ring € (A)**P, we have
1r [ p@)BO (@) da
Q

n

= 1rE(\f o xo)iy, (v) H (/B(O )E (N m1) — Aaiyy) d?}i)

i=1
withT := {\ € A | ord A < A} and where the morphism i, : {xo} — € is the canon-
ical inclusion morphism of the definable subassignment {xo} (see Section 3.2.1).

Remark 3.26. — As in the non-Archimedean local field case (see Corollary 2.13),
we get immediately a corollary when the morphism f has finitely many nondegen-
erate modulo ¢ critical points. Furthermore, Theorem 3.25 has also a version with
parameters, i.e. for Schwartz—Bruhat functions ¢ of .#p(Q2) with definable sub-
assignments P and 2 C P[n,0,0] (see [6, Section 7.5]).

Proof of Theorem 3.25. — In the proof, we will use evaluation as Section 3.1.2
and integral notation. We denote z¢g = (21, ...,2,). Let @ be a definable constant
of h[0,0, 1] which is positive such that

B :=B(z1,a) X -+ x B(xp,a) C Q.

By Corollary 3.16, thanks to assumptions (i) and (ii), there exist a bianalytic de-
finable morphism

T=(T1,...,Tn): B(0,a)” — B(0, )"
with 7(0) = 0 and definable constants aq,...,a, of &* such that
fr(r) = fr(vox) + ZaiKTiK(w — 2ok ) (3.1)
i=1
for all points (z, K) of B(0,a)™.



NON-ARCHIMEDEAN AND MOTIVIC STATIONARY PHASE FORMULAS 19

Let A a point of A. We work now over the residual field of the point A\. We split
the integral Iy ,()\) in two pieces: we write

Iy o(\) = /Q 1o\ 5(2)p(2) B f(2)) da + /Q 15(2)p(x)B(M (2)) da.

We work on the first integral. First, the function 1g\ gy is a Schwartz—Bruhat
function since it is a product of two Schwartz—Bruhat functions by Proposition 3.20.

Let us prove that there exists a definable constant N of h[0,0, 1] such that, for
all fields K of Field, we have

ordgrad fx(z) < N

for all elements z = (x1,...,2z,) of Q(K) with ordz; > o~ (¢)k for all indexes i
in {1,...,n}. By assumption (i), the definable morphism grad f does not vanish
on Q\ B(0,a™ (¢))™. Then we get a definable continuous morphism

ordgrad f: Q\ B(0,a™ (¢))" — h[0,0,1]

on the closed and bounded definable subassignment 2\ B(0, & (¢))™. Then apply-
ing [17, Proposition 3.3, we find a such definable constant N. Thus, by assump-
tions (iii) and (iv), by [17, Proposition 4.2]%, there exists a definable constant A;
of h[0,0,1] such that

1r, (V) /Q 1oy 5(2)p(2) B (2)) da = 0

with Ty :={A € A]ord\ < —A; — N}.
We work now on the second integral. By decomposition (3.1), we have

n

/Q 1p(x)p(x)ENf(z))de = E(Af o 330)/ o(x) HE (Aa; T (z — 1‘0)2) dz.

B i=1
We consider the definable morphism
B(0,a)" — B,

u:
y— 30+ T (y).

By [6, Theorem 4.2.1], with the change of variables u, we have
| 1@ B0 @) dr = BOsom) [ oasw)
n,0,0

where we consider the functions
0= ((] o u)*(gp)Lord Ja‘”flo") € €' (h[n,0,0])=P (3.2)

and

n

I (hn,0,0) > gx:y = (Y1, Yn) — 1B0,a)" (V) H E (Aaiy?)

i=1

2Proposition 4.2 of [17] is stated when the definable subassignment A is a cone
An ={z € h[1,0,0] |ordz =0 mod n, acz = 1}

for some nonnegative integer n > 1, but it remains valid for general unbounded definable sub-
assignments A of h[1,0,0].



20 Téofil Adamski

where the morphisms ¢: B(0,a)” — h[n,0,0] and j: B — 2 are the inclusion
morphisms. By Proposition 3.28, the function 6 is a Schwartz—Bruhat function
and, by Theorem 3.20 and [6, Axiom (R4)], the function g, is a Schwartz—Bruhat
function. By an analogue result of Corollary 2.2 and by [6, Theorem 7.5.1], we have

/ 0(y)ga (y) du = / L 9(—y)gr(y) dy = L” / B(—£)5x(€) de
R[n,0,0] h[n,0,0] h[n,0,0]

where the hat stands for the Fourier transform (see [6, Section 7.2]).
We study now the function g,. By Fubini’s theorem, i.e. the functoriality of the
pushforward operation (see [6, Theorem 4.1.1]), we have

1B(o,a7(é))n ()9 (§) = 1B(o,a7(é))n(f) / 150,07 (V) E((y, §)) H E ()\az‘yi2> dy

h[n,0,0] =1

=10 ()" &) 1:[1 /B(o " E (&'yi + )\aiyf) dy;.

As in inequalities (2.4) in the proof of Theorem 2.12, using Lemma 3.27, we can
find a definable constant A of h[0,0, 1] such that

150,0- () (&)1, (A) /B(O : E (&yi + Aaiy?) dy;

= 1B(o,a—(é))(fi)11“z(>\)/ E (Aa;y?) dy;
B(0,a)

with Ty == {A € A | ord X < Ay} for all indexes ¢ in {1,...,n}. Finally, by [6,
Theorem 4.1.1, Axiom (A3)], we find

1r,(V) /B P(@) B (2) da

=1r,()\) </h[n70’0] 0(=¢) d§> H (/}3(0@) E ()\aiyi) dyi) .

i=1
By analog arguments as in the proof of Proposition 3.28, we have
ord JacT~1(0) = 0.
Then by [5, Theorem 7.5.1] and [6, Section 4.3] with A = {*}, we can write

/ B(—¢)de = i5@) = if(L"6) = L"i%, ()
h[n,0,0]

where the morphism ig: {0} — h[n,0, 0] stands for the canonical injection. Thus,
we obtain

n

1r,() /B (@) E(A (@) de = 10, WE(AS o 20)i3, () [ ( / o B Oa?) dyi>

i=1
which concludes the proof with A := min{—A4; — N, A5}. O

Now, the proof of Theorem 3.25 is complete up to showing the following lemma
and proposition.
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LEMMA 3.27. — Let o be a definable constant of h[0,0,1]. Let a and b be two
definable constants of h[1,0,0]* such that, for all fields K of Field, we have

ordbg —ordag > ax and 2ordbg —ordax > 1.

Then

/ E (ax2 + bm) dx = / E (ax2) dx.
B(0,a) B(0,a)

Proof. — We use the same arguments as in the proof of Lemma 2.10. In partic-
ular, Axioms (R2) and (R3) of the exponential E (see [6, Section 3.1]), Axiom (A3)
of the motivic integral (see [6, Theorem 10.1.1]) and the change of variables theorem
(see [6, Theorem 4.2.1]) are used. O

PROPOSITION 3.28. — The function 6 defined by equation (3.2) in the proof of
Theorem 3.25 is a Schwartz—Bruhat function.

Proof. — We use all notations of the proof of Theorem 3.25. By definition of
the morphism ¢, the support of the function 6 is bounded. We have to show that
it is locally constant. By Proposition 3.22, it is enough to show this property for
the functions ¢ ((j o u)*(p)) and ¢ (Lerd Jacu™ ou),

Let us work on the function ¢((j o u)*(¢)). We set

X = {(z,2) € h[2n,0,0] | ord(z — 2) = o™ (p)} .
Let (x,z,K) be a point of X. With Proposition 3.20, it is enough to show the
equality
u((jow) () (@, K) 5@,k = u((jow) () (2, K) 5 (a,2,5)- (3.3)

Recall that we assumed a > o™ (p). If (z, K) ¢ |[B(0,)"|, then (z, K) ¢ |B(0,a)"|
and, by Lemma 3.5, the two members of the equality (3.3) are equal to zero and
we deduce that this equality is satisfied. We assume now (x,K) € |B(0,a)"|.
Then (z, K) € [B(0,«)™|. Thus, by Lemma 3.5 and [1, Corollary 3.6.1], we have

u((G 0 0)* (@)@ K) s me) = (G 0 1) (0)(@: K) o)
=¢(jou(@, K)).7 (2 K)
= (:co + lel(x), K)y(w’Z,K) .
But using the isomorphism T': B(0, @)™ — B(0, a)™, we can write
ord (wo + Ty (2) — [0 + Tt (2)])
=ord (T' (z) = Tg'(2)) = min {ord T (z), T ()} > a.

As a > at(p), if we denote by i: Q@ — h[n,0,0] the canonical inclusion morphism,
the function ;¢ is locally constant for the definable constant o and we finally have
the equality (3.3) implied by the equality

%) (xo + Tgl(x), K)y(m,z,K) = (sco + Tgl(z)7K)y(Lz7K) .

Let us work on the function ¢ (L°™ JaC“710“). By the chain rule formula for
definable morphisms [5, Proposition 8.4.1], we have

0 = ord Jac (u_l o u) =ordJacu + (ord Jac u_l) ou.
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But the functions ord Jacu and ord Jac u~?

and v~ ! are analytic. We deduce that

(ordJacu ') ou =0

are nonnegative since both morphism «

and so the function ¢ (Lo JaC“_1"“) = 1g(0,a)» is locally constant. O

3.7. A global version. We can improve Theorem 3.25 by considering critical
points as a variable. We will take the same notation as in Section 3.6. Let (2
be a definable subassignment of ™. Let ¢ be a Schwartz—Bruhat function on
and f: ) — O be a globally analytic definable morphism. Let A be an unbounded
definable subassignment of h[1,0,0]. We assume the following points:

(i) for any field K of Fieldy, the function fx admits finitely many critical
points, these critical points are nondegenerate modulo ¢ and they belong to
the polydisc B(0, a™ (¢))"(K);

(ii) there exists a definable morphism R: [n,0,0] — h[1,0,0] such that, for
all fields K of Fieldy, we have

fr(@+y) = fr(2) + (grad fk (z),y) + (Rx (2, 9)y,y)

for all elements = of Q(K) and y of K((¢))™ with z +y € Q(K);
(iii) there exists a definable constant M of h[0,0,1] such that, for all fields K

of Fieldy, we have

ord R (x,y) > Mk

for all elements x = (z1,...,2,) of Q(K) and y = (y1,...,yn) of K(t)"

with ordz; > a™(¢)k and ordy; > at(¢)k for all indexes ¢ in {1,...,n}.
Notation 3.29. — We consider the definable subassignment

Crit f :={z € Q| grad f(z) =0} C B(0,a (¢))".
By point i, for all fields K of Fieldy, the set (Crit f)(K), that is
Crit fx = {x € Q(K) | grad fx(z) = 0},

is finite. Consequently, we can find a definable constant « of h[0,0,1] such that,
for all points (xg,yo, K) of (Crit f)? with x¢ # yo, we have

(wor + 1" K(t)") N (yox + " K(t)") =0
and
Tog + K ()" C Q(K).
For example, we can take
QK = max (1 + max ord(z —y),inf {8 € Z|wox + tPE ()" C Q(K)}>
z,yeCrit fx
for each field K of Fieldy. We consider the definable morphism
A x Crit f x Q — h[1,0,0],

9: (20, ) — Af(z)

and the Presburger function given by the definable morphism
A x Crit f x @ — h[0,0,1],

()\, xo, l‘) — 1B(zo,oz) (.Z‘)
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Finally, let m: A x Crit f x Q@ — A x Crit f and 7’: A x Crit f x Q@ — Q be the
canonical projections.

DEFINITION 3.30. — We consider the function
If o0 = Tiaxcritf (W7 (9)E(g)) € €(A x Crit f)*P.

Let i: Crit f — Q be the canonical inclusion and p: A x Crit f — Crit f be the
canonical projection.

THEOREM 3.31. — With assumptions (i)—(iii) of Section 3.7 and Notation 3.29,
there exists a definable morphism A: Crit f — h[0,0,1] and ay, . .., a,: Crit f — 0>
such that the equality

I1g.0lr = E((A 20) — Af(20)) (P o i)*(p)

H#Axcritf (Laxcrit fxB0,0)E (A @0, ) — Aai(z0)2?)) 1p (3.4)
=1

holds in the ring € (A x Crit f)**P where
I'={(Azg) € A xCrit f | ord A < A(xo)}.

Proof. — We follow the same argument as in the proof of Theorem 3.25 working
relatively to the definable subassignment Crit f. On can check in a straightforward
way that the quantities A, 3, aq,...,a, depend definably of critical points. O

Remark 3.32. — Using evaluation as Section 3.1.2, we can interpret formula
(3.4). Indeed, for any point (A, zg) of A x Crit f with ord A < A(xg), we get

[ e@Bas@)d =E0 @)@ [ B (a(m)?) ds
B(zo,c) i=17B(0,8(=0))
in the ring € ({(\, zo)})**P.

The main advantage of formula (3.4) is that it does not involve morphisms of
the form 4 ~and, in some way, evaluations of constructible functions. To be more
precise, comparing with Theorem 3.25, we have replaced these evaluations by the
definable morphism poi: A x Crit f — Q.
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