CONFLUENTES

MATHEMATICI
LYON

Nick GILL and Pierre GUILLOT
The binary actions of alternating groups

Volume 17 (2025), p. 73-89.
https://doi.org/10.5802/cml.101

© Les auteurs, 2025.
Certains droits réservés.
Les articles des Annales de la Faculté des Sciences de Toulouse sont mis a dispo-

sition sous la license Creative Commons Attribution-NonCommercial-NoDerivs
(CC-BY-NC-ND) 4.0 http://creativecommons.org/licenses/by-nc-nd /4.0/

http://www.centre-mersenne.org/
SENNE e-ISSN : 1793-7434

« 4 Publication membre du centre
' > Mersenne pour I'édition scientifique ouverte

CEN
MER

©0o

BY NC ND



http://www.centre-mersenne.org/
https://doi.org/10.5802/cml.101
http://creativecommons.org/licenses/by-nc-nd/4.0/

Confluentes Math.
17 (2025), p. 73-89

THE BINARY ACTIONS OF ALTERNATING GROUPS

NICK GILL AND PIERRE GUILLOT

Abstract. Given a conjugacy class C in a group G we define a new graph, I'(C), whose
vertices are elements of C; two vertices g, h € C are connected in I'(C) if [g, h] = 1 and either
gh~ Y or hg—1!isin C.

We prove a lemma that relates the binary actions of the group G to connectivity properties
of I'(C). This lemma allows us to give a complete classification of all binary actions when
G = A,, an alternating group on n letters with n > 5.

1. INTRODUCTION

Let G be a permutation group on a set 2. The relational complexity of G is
the minimum integer £ > 2 such that the orbits of G on Q", for any r > k, can
be deduced from the orbits of G’ on QF. (A more precise definition will be given in
Section 2.) Permutation groups whose relational complexity is equal to 2 are called
binary, and the concern of this paper is to contribute to the classification of the
finite binary permutation groups.

The motivation for attempting such a classification is rooted in striking results
of Cherlin [1] building on work of Lachlan (see, for instance, [10]) which show
that the notion of relational complexity can be used to stratify the world of finite
permutation groups in a precise sense.

To understand how a particular finite permutation group G fits into this strat-
ification, one needs to know the relational complexity of G, together with another
parameter, the minimal number of relations of G. Now Cherlin asserts that the
stratification has the following property: given integers k and ¢, the (isomorphism
classes of) permutation groups of relational complexity < k and minimal number
of relations < ¢ fall into finitely many infinite families, with finitely many sporadic
exceptions; moreover, any permutation group, though considered sporadic in this
classification for a given choice of (k,£), will belong to one of the families for the
classification corresponding to some choices (k/,¢') with k' > k and ¢ > /.

We stress that there is not, at present, a single pair (k,¢) for which the classi-
fication has been made explicit, although Lachlan’s classification of homogeneous
digraphs all but deals with the pair (2,1) [9]. Aside from this, though, our under-
standing of how this stratification works in practice is rather limited.

Over the last few years, a number of papers have been dedicated to the study
of binary primitive permutation groups (i.e. primitive permutation groups with
relational complexity equal to 2) and a full classification of these objects is now
known [2, 3, 6, 7, 8, 12].

Extending this work to cover imprimitive binary permutation groups seems very
difficult. A more reasonable starting point might be to understand the binary
actions of important families of (abstract) groups. To this end, we propose to
investigate, in a series of papers, the possibility of classifying all binary actions
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74 Nick Gill & Pierre Guillot

of groups G that are almost simple. In this paper we introduce a crucial new tool
for this, and use it to deal with the alternating groups.

Our results all rely on the study of a graph which, so far as we are aware, is
defined here for the first time: given a conjugacy class C in a group G we define a
graph, I'(C), whose vertices are elements of C; two vertices g, h € C are connected
in I'(C) if g and h commute and either gh~! or hg~! is in C.

The connection to binary actions is achieved via the following result which is
stated again, using slightly different language, as Corollary 2.13.

LEMMA 1.1. — Let G be a transitive permutation group on a set §2. Let C be
a conjugacy class of elements of prime order p of maximal fixity. Let H be the
stabilizer of a point in Q) and let ¢ € HNC. Then H contains all vertices in the
connected component of T'(C) that contains g.

Note that an element of order p of maximal fixity is simply an element of G of
order p that fixes at least as many points of {2 as any other element of G of order p.

It turns out, for instance, that when G = A,, and p = 2, the graph I'(C) is often
connected. (Proposition 3.4 gives a precise statement.) This heavily restricts the
possible transitive binary actions of G = A,, for which a point-stabilizer has even
order.

This fact, together with a further analysis for p odd, is the basis of our main
result. Note that, in the following statement, we speak of a binary action, rather
than a binary permutation group; this is defined in the obvious way, and allows a
simpler formulation here.

THEOREM 1.2. — Let G be the alternating group A,, with n > 6. Assume that
there is a binary action of G on the set 2. Then each orbit of G on ) is either
trivial or regular.

In a subsequent paper [4], we shall give similar results for simple groups having
a single conjugacy class of involutions, among other groups. This will include As,
for which the above theorem fails to hold.

A third paper with M. Liebeck [5], will fully describe the graph I'(C) when C is
a conjugacy class of involutions in a simple group of Lie type of characteristic 2. It
is our hope that I'(C) will become an object of investigation in its own right.

One naturally wonders to what extent the results for A,, extend to S,. It turns
out that the situation is a little different for the symmetric group, as it is possible
to exhibit several families of transitive binary actions on 2, the set of cosets of a
subgroup H < S,,. For example:

(1) H={1} or H = Ay;

(2) H = (g) where g is an odd permutation of order 2;

(3) H=S,,_q where 1 < d < n—1, and the action of S,, on Q is permutation
isomorphic to the natural action on the set of d tuples of elements from
{1,...,n}.

(Note that we say “permutation isomorphic” rather than “permutation equivalent”
in item (3) to account for the case n = 6.) In an unpublished preprint, the first
author has proved that, for n > 6, these are all the non-trivial transitive binary
actions of .S,,.
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2. BACKGROUND ON RELATIONAL COMPLEXITY

2.1. Complexity & some basic criteria. All groups mentioned in this paper
are finite, and all group actions are on finite sets. We consider a group G acting
on a finite set Q (on the right) and we begin by defining the relational complexity,
RC(G,Q), of the action, which is an integer greater than 1.

There are at least two equivalent definitions of RC(G, ). The first definition
involves homogeneous relational structures on €2, and while it is useful in particular
for motivation, we shall work exclusively with a different definition in terms of the
action of G on tuples. More information on the first definition, as well as a wealth
of results on relational complexity, can be found in [7].

So let I,J € Q" be n-tuples of elements of €, for some n > 1, written
I=(hL,...,1,)and J = (J1,...,Jn). For r < n, we say that I and J are r-related,
and we write I 7~ J, when for each choice of indices 1 < k1 < ko < --- < k, < 1,
there exists g € G such that I ,i = Ji, for all i. (An alternative terminology is to
say that I and J are r-subtuple complete with respect to G.)

Now the relational complexity of the action of G on §, written RC(G, Q0), is the
smallest integer k£ > 2 such that whenever n > k and I, J € Q" are k-related, then
I and J are n-related (or in other words there exists ¢ € G with 19 = J). One
can show that such an integer always exists and indeed, it is always less than |Q]
(or it is 2 if |Q] =1 or 2), see [7]. Which brings us to a quick comment about the
condition k > 2: there is no universally accepted definition for actions of complexity
1 or 0, as several obvious putative definitions do not agree. In any case, only trivial
cases would be deemed to have complexity < 2, and at present the convention is to
ignore these, so the minimum complexity that we allow is 2. When RC(G, Q) = 2,
we say that the action is binary.

Example 2.1. — The action of the symmetric group Sy on {1,2,...,d} is obvi-
ously binary (a simple, general remark is that one only needs to consider tuples of
distinct elements, so in this example we only look at n-tuples with n < d). On the
other hand, the complexity of the action of Az on the same set is d — 1. To see this,
following Cherlin, consider the tuples (1,2,...,d —2,d—1) and (1,2,...,d — 2,d):
these are not (d — 1)-related, but they are k-related for any k < d — 1.

Example 2.2. — There are two obvious examples of binary actions, for every
group G. First, there is the case when 2 contains a single element; we call this
the trivial binary action. The other canonical example is the regular binary action,
that is when €2 = G with its action on itself by multiplication. It is an easy exercise
to check that the latter is indeed binary; indeed one can go further and check that
all semiregular actions are binary.

We are about to state a basic criterion for binariness that will be of constant
use. Before we do this however, it is best to establish the next lemma, revealing
the symmetry of a certain situation.

LEMMA 2.3. — Let G be a group. Fori = 1,2,3, let H; be a subgroup of G,
and let h; € H;. Assume that hihohs = 1. Then the following conditions are
equivalent:

(1) there exist h, € Ho N Hy and h% € H3 N Hy such that hihhhl =1
(2) there exist hy € Hy N Hy and h% € H3 N Hy such that hihohly = 1;
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(3) there exist by € Hy N Hs and hY, € Hy N Hs such that hihbhs = 1.

Proof. — Assume (1), so that hohg = hbh}, which we rewrite as hjh;' =
(hy)"thy € Hy N Hz. We have (h4)~'(h4hs)hs = 1, with (h3)™' € Hy N Hj
and hghgl € Hy N Hs, so we have established (3). All the other implications are
similar. O

When we have elements with hihohs = 1 as above, and when the equivalent
conditions of the lemma fail to hold, we think of the triple (hq, ha, h3) as “minimal”
or “optimal”, in the sense that it cannot be “improved” to a triple with all three
elements taken from the same subgroup. As we shall see presently, the presence of
such an optimal triple, with the groups H; conjugates of a single subgroup H, is
an obstruction to the binariness of the action of G on (G : H).

LEMMA 2.4 (basic criteria). — Let G act on §2. The following conditions are
equivalent:

(1) There exist I,J € Q3 such that I 5 J but I 7 J.

(2) There are points «; € ) with stabilizers H;, and elements h; € H;, for i =
1,2, 3, satisfying:
(a) hlhghg = 1,
(b) there do NOT exist hl, € Hy N Hy, hYy € H3 N Hy with hihhhl = 1.

(See also Lemma 2.3 above.)

(3) There are points a; € Q with stabilizers H;, for i = 1,2,3, such that

Hy N Hy - Hy is not included in Hy N (Hy N Hy) - Hs.
In particular, when these conditions hold, the action of G on € is not binary.

Proof. — It is clear that (3) is a simple reformulation of (2). Now assume (2),
—1

and let us prove (1). Let ay = ah' = agz , using condition (2a). The triples

(a1, 9, a3) and (aq, @, ay) are 2-related. If they were 3-related, we would find g €
Hy N Hj taking ag to ay, so h1g~! € Hz, contrary to assumption (2b).
The converse is similar. O

2.2. Removing the transitivity assumption. Most results on relational com-
plexity in the literature deal with transitive group actions. Nontransitive actions
can be mysterious, but we can at least collect a few easy facts.

LEMMA 2.5. — Suppose G acts on X, and suppose that Y C X is stable under
the G-action. Then RC(G,Y) < RC(G, X).

Proof. — Let k = RC(G, X), and suppose that I,J are n-tuples of elements
of Y which are k-related; then of course they are n-tuples of elements of X which

are k-related, so they are n-related. Hence the complexity on Y is no greater
than k. 0

LEMMA 2.6. — Let X,Y be G-sets. Then

rC(G, X [[v) =re(a, X[V ]TY).
Here and elsewhere we write || for the disjoint union.

Proof. — We certainly have < by the previous lemma. Let £ = RC(G, X [[Y),
and let I, .J be two n-tuples of elements of & = X [[Y [[Y that are k-related. We
show they are n-related.
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For clarity, let Yy and Y; denote the two copies of Y here, so Q@ = X [[ Yo ][] V1.
The canonical bijection Yy — Y7 will be written y — /.

Re-arranging the indices if necessary, we may assume that I is of the form I =
(1, s, Yy oy yp) for 2, € X[ Y0, and y; € Y;. Since I and J are 1-related,
we can write J = (z1,..., 25, W, ..., w;) with z; € X [[Yo and w} € 7.

Consider tuples In = (z1,...,Zs,Y1,---,y) and Jo = (21,..., 25, Wi,..., W),
whose entries are in X [] Yp. Inspection reveals that they are k-related (the bijection
y — y' is G-equivariant). So they must be n-related. It follows that I and J are
n-related. O

So, when studying the complexity of a non-transitive action, we only need one
copy of each “type” of orbit. The lemma shows that repetitions do not affect the
complexity.

LEMMA 2.7. — Let G act on X [[Y. Suppose the action on X is either free
(semi-regular) or trivial. Then

RC(G, x11 Y) — RC(G,Y).

Proof. — We treat the first case, leaving trivial actions for the reader as an
exercise. From the previous lemma, or alternatively by an obvious induction, we
may as well assume that the action on X is regular, so it is in particular binary.

We only need to show <. Let I, I’ be n-tuples of elements of X [[Y, say I =
(x1,...,xs,y1,..-y) and I' = (2,..., 2%, y},...y;) in obvious notation. Assume
that I, I’ are k-related, where k > 2 is the complexity of Y. There is nothing to
prove if s = 0.

As the action on X is binary, we may as well assume that z; = x; for all .
Further, suppose g € G is such that (z1,y;)? = (z1,y}). As the action is free, we
must have g =1 and y, = y;, so I =1T'. O

We shall see later that the following corollary applies in particular to the alter-
nating groups.

COROLLARY 2.8. — Let G be a group whose only transitive, binary actions are
the regular one and the trivial one. Then any binary action of G is a disjoint union
of copies of the regular action, and copies of the trivial action.

2.3. Another criterion for binary actions. We start with a lemma adapted
from [6]. In the lemma G acts on Q with A C Q. We write G, for the setwise
stabilizer of A, G,) for the pointwise stabilizer of A and G = Gr/Gn) for the
permutation group induced by G on A.

LEMMA 2.9. — Suppose there is a subset A C Q with more than 2 elements,
and with the following properties: there is a permutation T of A with 7 ¢ G and
there are permutations 11,12, . ..,n, of A such that:

(1) gi =7 € G*,
(2) the support of T and that of n; are disjoint, for all i,
(3) every A € A is fixed by at least one n;.

Then the action of G on §2 is not binary.
Proof. — Let Aq,...,\; be the elements of A, and consider the tuples I =

(A1,.. s M) and J = (A],...,AT). The assumption that 7 ¢ G® means that there is
no element of G taking I to J, and so it is enough to show that these are 2-related.
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Without loss of generality, let us look at the first two entries in the tuples. There
are 4 cases. If AT = A\ and also A\] = ), the identity takes (A1, A2) to (AT, AD).
If AT = A1 but AJ # Ag, then A9 and AJ are in the support of 7, so they are not
in the support of n; for all j. Now choose #; fixing A;. Thus 7; takes (A], A]) to
itself, and the element g; = 71; € G® takes (A1, A2) to (A],AZ). There is another
symmetric case.

Finally, suppose A7 # A1 and A} # Ag. All four points mentioned are thus in
the support of 7, so not in the support of any 7;, or in other words they are fixed
by every n;. So g1 = 711, for example, does the job. O

In the coming example, and in the rest of the paper, we use the notion Fix(g) for
the set of fixed points of g € G in some action which is implicit from the context.

Example 2.10. — Again let G act on ). Suppose g and h are two elements of G
which commute, and let

A = Fix(g) U Fix(h) U Fix(gh™1).

(The union might not be disjoint.) Then A is stable under the actions of g and h,
because these two commute.

By construction g and h induce the same permutation 7 on Fix(gh~!); extend
it to be the identity outside of Fix(gh™!), so we can look at it as a permutation
of A. Next, let 71 be the permutation induced by g on Fix(h), again viewed as a
permutation of A, and symmetrically let 7 be the permutation induced by h on
Fix(g), viewed as a permutation of A.

Let us check whether the conditions of the lemma are met. First, the supports
of 7 and 7); are certainly disjoint: by definition 7; only moves points that are fixed
by h and so also by 7 if these points are in Fix(gh™!), which is where 7 could be
nontrivial. Similarly for ns.

Next, the permutation induced on A by g is 711, so 71 € G*, and similarly
for 7n,. We have conditions (1) and (2).

As for condition (3), take A € A. If A lies neither in Fix(g) nor Fix(h), then it is
fixed by both 1; and 72, by their definition. If A € Fix(g), then either A € Fix(gh™1)
(in which case it is fixed by h as well, so by everything), or A & Fix(gh~1), so it is
fixed by 7 by definition and so, being fixed by h = 71, it must be fixed by 7.

We have the three conditions of the lemma. The conclusion is that if we can
only prove that 7 ¢ G*, and that A has more than two elements, then the action
will not be binary.

The integer |Fix(g)| will be called the fixity of ¢ € G. For a prime p we s ay
that g, an element of order p, has maximal p-fixity when no element of G of order p
fixes more points than g in the action under scrutiny. Also, the next statement uses
the notation Fix(K) for the set of common fixed points of all the elements of the
subgroup K of G.

COROLLARY 2.11. — Suppose that G acts on the set of cosets of a subgroup H,
that p is a prime, and that there exists K an elementary-abelian subgroup of G of
order p? satisfying the following properties:

(1) K = (g, h) for some p-elements of maximal p-fixity, g,h € G;

(2) (g), (h) and (gh~1) are conjugate subgroups of G;
(3) KNH = (g).



THE BINARY ACTIONS OF ALTERNATING GROUPS 79

Then the action of G on the cosets of H is not binary.

Proof. — Put Q = (G : H), and let a denote H as an element of (2, so that the
stabilizer of o is H. Thus, we see that o ¢ Fix(K) but, since K N H = (g), we
certainly have o € Fix(g). The rest of the argument relies entirely on the fact that
IFix(K)| < [Fix(g)].

As in Example 2.10, we introduce A = Fix(g), B = Fix(h) and C = Fix(gh~1),
and we put

A=AuBUC.
Here we have ANB=ANC=BNC=ANBNC =Fix(K).

We use the fact that (g), (h) and (gh~!) are conjugate subgroups of G. Thus,
there is an integer r such that

[Fix(g)| = [Fix(h)| = |Fix(gh™")| =1
Put r' = |Fix(K)|, so 7" < r by hypothesis. We deduce from the calculations above
that the size of Ais 3r — 37" + ¢/ =3(r —¢') + 1/ > 2.

Now let 7,71 and 72 be as in Example 2.10, and let us prove that the per-
mutation 7 is not induced by an element z € Gj; this will suffice. Assume for a
contradiction that x exists. As 7 is not the identity (Fix(gh~!) being nonempty
and not equal to Fix(g)), we see that the order of x is divisible by p. Thus some
power of z, say s € G, is a p-element and fixes at least as many points as z. By
definition, 7 is the identity on A — C, and it is also the identity on Fix(K), so in
the end we see that 7 fixes all the elements of A U B, as does x. However, the size
of AUB is r+ (r — ') > r, which means that s is a p-element of G that fixes more
elements of {2 than g. This is a contradiction and we are done. O

2.4. The graphs on conjugacy classes. Let us recast the above criteria in terms
of certain graphs and their connected components. Let C be a conjugacy class of
p-elements in G. We define I'(C) to be the graph whose vertices are the elements
of C, and with an edge between x,y € C if and only if

(1) z and y commute,
(2) either zy=t € C or yz~—! € C.

When g € C, the component group of g in T'(C) is the subgroup of G generated by
all the elements in the connected component of I'(C) containing g. The component
groups of T'(C) are the various groups thus obtained by varying g; they are all
conjugate in G. The next corollary asserts that, in the case of transitive, binary
actions, each stabilizer must contain a component group.

Remark 2.12. — This result, which is central in our developments and has al-
ready been cited in the literature before publication, was numbered 2.16 in the
arxiv version of the present paper.

COROLLARY 2.13. — Let G act on the set of cosets of a subgroup H, and assume
that the action is binary. Let p be a prime dividing |H|, and let C be a conjugacy
class of p-elements of G of maximal p-fixity. Then for any g € CNH, the component
group of g in T'(C) is contained in H.

In particular, suppose that I'(C) is connected and that G is simple. Then H
must contain the subgroup generated by C, which is normal, and we conclude in
this situation that H = G.
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Proof. — We show that C N H and C . H are not connected to each other in
the graph T'(C). Indeed, suppose that ¢ € CN H, h € C\ H and that g and
h are connected by an edge in I'(C). Then K = (g,h) is an elementary-abelian
p-subgroup of G satisfying all of the suppositions of Corollary 2.11. We conclude
that the action of G is not binary, a contradiction. O

3. ALTERNATING GROUPS

In this section we prove Theorem 1.2, which was stated in the introduction, and
whose notation we borrow.

Corollary 2.8 allows us to assume that the action of G is transitive. So we
consider the action of G on the cosets of a subgroup H; we suppose that H # 1
and our aim is to prove that H = G.

The first step of the proof will show that H = G if we know that the order of H
is even — this step will be completed at the end of the next subsection. After this,
we shall show that assuming H to have odd order leads to a contradiction.

3.1. Involutions. Here we collect facts about the graphs I'(C) when C is a conju-
gacy class of involutions in A,, reaching a complete description of the connected
components. The first step of the proof of Theorem 1.2 will then be trivial to
complete, thanks to Corollary 2.13.

A quad is a permutation of the form (ab)(cd), with a,b,c,d distinct. It will
be useful, for what follows, to keep in mind that there are just three quads with
support {a, b, ¢, d}, which are the non-identity elements in a Klein group which acts
regularly on {a,b, ¢, d}.

When g = (ab)(cd) and ¢’ = (ab)(c'd’), with {c,d} N{c/,d'} = 0, we say that the
quads ¢ and ¢’ are related by the exchange (cd) <> (¢'d’).

LEMMA 3.1. — Let C be a conjugacy class of involutions in S,. Let s,t € C.
Then there is an edge in I'(C) between s and t if and only if there is an inte-
ger k, quads qy, . ..,q, with disjoint supports satisfying s = q1,...,qk, and quads
qi,---,q, with disjoint support satisfying t = ¢i,...,q, such that for every i we
have either:

(1) ¢; and ¢; have the same support and are distinct, or

(2) ¢; and ¢, are related by the exchange (z;y;) <> (u;v;), where x; and y; (resp.
u; and v;) are fixed by t (resp. by s), and all the elements x;,y;, u;, v; thus
introduced as i varies are distinct.

In particular, if the size of the support of s is not divisible by 4, then there is no
edge in T'(C) at all.

Proof. — Suppose there is an edge between s and ¢. The group K = (s,t) is a
Klein group, and we may write the disjoint union

{1,2,....nt) =AUBUCUDUE

according to the types of orbits of K. More precisely, let A be the set of elements
with trivial stabilizer, so that the action of K on A is free (semiregular). Each orbit
of K on A contains just 4 elements, with s and ¢ acting on them as distinct quads.
In other words, the restriction of s to A is given by a product ¢i,...,q, of quads
with disjoint supports, while ¢ is given by ¢f,...,q,, and ¢; has the same support
as qj.
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The set E will be that of fixed points of K. Now let B resp. C resp. D be the
set of elements whose stabilizer is (s) resp. (t) resp. (st). The action of ¢t on B is
given by a product Bi,..., 5, where each §; is a transposition (that is 8; = (xy)
for some x,y € B), while s acts trivially on B. Similarly, the action of s on C is
given by v1,...,7. while ¢ acts trivially on C, and finally st acts trivially on D, on
which s and ¢ both act as d1,...,d4. Restricting to BU C U D, we may write

8271,...,7051,...,5d, tZ,Bl,...,,Bb(Sl,...,(Sd, 3t:717~-~;7061,-~-,ﬁb-

Using that s, ¢t and st are conjugate to one another, we conclude that b = ¢ =
d = ¢, say. Consider now the quad d;y; for 1 < ¢ < /4, as well as the quad 9;0;.
If v; = (z;y;) and B; = (u;v;), then the quads are related by the exchange
(z;y:) ¢ (u;v;). This proves the existence of the quads as announced.

For the converse, one simply works backwards. O

When a conjugacy class C of S, has edges in its graph, it must therefore be

contained in A, rather than just S,,. Moreover, C then still forms a conjugacy class
of A,.

Example 3.2. — Let C denote the conjugacy class of a single quad in 4,, (or Sy,
this is the same). Assuming that n > 6, we show that I'(C) is connected. Let us
write s = t when s and t are connected by an edge. We can begin by computing
(12)(34) = (14)(23) = (14)(56) = (16)(45) = (23)(45), by four applications of the
last lemma.

Swapping 1 and 2 in this computation (or in other words, conjugating everything
by (12)), we get a path between (21)(34) = (12)(34) and (13)(45). Swapping 1 and
3 gives a path between (32)(14) = (12)(34) and (21)(45), and finally, swapping 1
and 4 produces a path between (42)(31) = (12)(34) and (23)(15).

We have shown that, for every subset A of {1,2,3,4,5} of cardinality 4, there is
a path connecting (12)(34) to a quad ¢ with support equal to A. Since all quads
with the same support are connected to each other, we conclude that if ¢ is a quad
with support contained in {1,2,3,4,5}, then there is a path from (12)(34) to g.

Now more generally, suppose the support of ¢ is {a,b,¢,d} with a < b < ¢ < d,
and that d > 6. Then there are two elements x and y with 1 < z < y < d which
are fixed by g. We have ¢ = (ab)(cd) = (ab)(zy), and the maximal element in the
support of (ab)(xy) is less than d. Tterating, we have a path between ¢ and a quad
whose support is in {1,2,3,4,5} as above. We have shown the existence of a path
between (12)(34) and any quad.

We note that this result does not hold when n = 5. In this case the graph I'(C) is
made up of five disjoint triangles, each corresponding to three quads with a shared
fixed point.

The next lemma provides a statement in which only one quad is modified at a
time (note that, in the notation of Lemma 3.1, the quads ¢; and ¢ are distinct
for all ). The arguments in the previous example will then generalize almost
immediately.

LEMMA 3.3. — Let C be a conjugacy class of involutions in A,,, and let

s=q1,...,qx and t=q\q2,...,qk

be elements of C. Assume that qi,...,qr (resp. qi,qe,...,qr) are quads with
disjoint supports. Assume, moreover, that ¢j is any quad such that either q; and
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qy have the same support, or q; and ¢| are related by an exchange (xy) +> (uv),
where x and y are fixed by t, and u and v are fixed by s.
Then s and t belong to the same connected component of T'(C).

Proof. — Of course there is nothing to prove if ¢} = ¢1, so assume ¢} # ¢1. Let
so = s and s3 = t. We shall introduce s1, so € C such that there is an edge between
s; and s;41 for j =0,1,2.

Let ¢ > 1 and let ¢; = (ab)(cd). Put ¢} = (ac)(bd), ¢/ = (ad)(bc). In this way,
the quads ¢;, ¢ and ¢} are the three distinct quads with support {a, b, ¢, d}.

When i = 1, we have already ¢ and ¢f; if ¢; = (ab)(cd), we introduce ¢f =
(ad)(be), so that ¢} and ¢ are distinct, of the same support.

Now let

$1=q1q5 - q, and s2=q/qy,...,q.
Applying Lemma 3.1 several times shows the existence of an edge between s; and
sj41, for j =0,1,2. Note that, for ¢ > 0, the quads involved are ¢;, ¢}, ¢, g;, which
all have the same support, while for i = 0, the quads are ¢, ¢1, ¢, ¢, the first two
either have the same support or are related by an exchange of fixed points, while
the support does not change afterwards. O

PrOPOSITION 3.4. — Let C be a conjugacy class of involutions in A,,. Suppose
that the elements of C are products of k quads with disjoint support (or equivalently
that the support of an element of C is a set of size 4k). Then:

(1) if n # 4k + 1, the graph I'(C) is connected,
(2) if n = 4k + 1, the graph I'(C) has n connected components. One of these is
CNA,_1.

Proof.

(1). — Suppose first that n = 4k. Let s € C. We say that s involves the
transposition 7 if, when we write s as the product of distinct transpositions of
disjoint support, 7 occurs in the product. The element s involves (1a) for some a;
if a # 2, then s also involves (2b) where b # 1. In this case s = (1a)(2b)gs - - - g
where ¢; is a quad for ¢ > 1. By the last lemma, we have a path from s to
(12)(@)ga, - i

Thus we may in fact suppose that s involves (12). Continuing, we can force the
presence of (34) and then (56) and so on, until we have reached (12)(34)-- - (4k —
1,4k), following a path starting from s.

Now suppose alternatively that n > 4k 4+ 2. Let s € C, and let the support of
s be {ai,as,... a4} with a; < a;41. The argument of the previous paragraph
applies, and gives a path between s and t = (a1a2)(aszay) ... (a4k—1a4x). Let F
denote the set of fixed points of ¢ and A = F U {a1,a2,a3,a4}. Then A is left
stable by the action of ¢, and certainly {1,2,3,4} C A; also note |A] > 6 by
the assumption on n. If ¢ = (ajaq)(asas) is the quad induced on A by ¢, then
the computations of Example 3.2 show that there is a sequence of moves from ¢
o (12)(34); that is, there is a sequence of quads in A, say ¢1 = ¢,q2,...,q =
(12)(34), such that the last lemma applies between ¢;u and g;4iu, where u =
(asag) ... (a4g—1041), for each index i. This shows the existence of a path between
t = qu and qeu = (12)(34)(asag) - . . (Gak—1045). Iterating, we have a path leading
o (12)(34) ... (4k — 1,4k). O
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(2). — Now suppose n = 4k + 1, so that if s € C, then s has just one fixed
point @ with 1 < a < n. Any permutation commuting with s must leave a fixed.
Suppose a = n to start with. Then the connected component of T'(C) containing s
only comprises involutions of A, _1, and by (1) this connected component is in fact
CN A,—1. Similarly, each other choice of a gives a connected component. O

Having worked out these connected components, we return to the proof of The-
orem 1.2, with the notation introduced right after its statement.

So suppose that H has even order, and let C be a conjugacy class of involutions
of maximal 2-fixity. By Corollary 2.13, we know that H contains a component
group of I'(C). Using the fact that we are assuming n > 6 and that A,, is simple for
n > 5, Proposition 3.4 implies that the component groups must be all of A,, when
n = 4k or n > 4k + 2, so that H = G in this case.

Likewise, when n = 4k 4+ 1 the same proposition guarantees that A, 1 C H.
The natural action of 4,, on {1,...,n} is obviously primitive, so A,,_; is maximal
in A,, and thus we have either H = A, or H = A,,_1. In the latter case however,
the action of G on the cosets of H is nothing but the natural action itself, which is
not binary (Example 2.1). This contradiction shows that H = G in all cases when
H has even order.

3.2. When H is not a 3-group. We continue the proof of Theorem 1.2, now
assuming that the order of H is odd, and we seek a contradiction. First, we assume
the existence of a prime number p > 3 which divides the order of H (in other words,
we exclude the case when H is a 3-group).

We caution the reader that, in the arguments below, all references to cycle
structure are made with respect to the natural action of A,, while questions of
fixity are related to the action on (G : H).

LEMMA 3.5. — The group H contains p-cycles.

Proof. — Let C be a conjugacy class of p-elements of G of maximal p-fixity, in
the action of G on the cosets of H. Certainly we can find g € CN H.

There is nothing to prove if the elements of C are p-cycles, so assume that
g = ci1ca,...,c where k > 1 and each ¢; is a p-cycle. Note that this means that C
contains all permutations which can be written as the product of k disjoint p-cycles.
Let x € {2,3,...,p — 2} (this is possible as p > 3). Now introduce

h=cic;',...,c;t €C.

We have [g,h] = 1 and gh™! = c%‘xcg,...,ci € C, and we see that g and h are
connected by an edge in I'(C). By Corollary 2.13, we know that h € H. However,
we have

gh=c"™ € H
and we are done. O

It will be useful to recall a few general facts about p-cycles. It seems more
convenient to provide a direct argument rather than refer to the literature, and the
following proposition has benefited from a conversation on MathOverflow (to be
more precise, a question asked by Robinson and an answer from Miiller [11]). The
fourth point of the proposition is of a somewhat different nature.
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PRrROPOSITION 3.6.

(1) Let K be a subgroup of A,, where p is prime, which is generated by two
p-cycles. If K is not abelian, then the order of K is even.

(2) Let s,t € A, be two cycles with supports S and T. Assume that SNT,
SNT and T \. S are all nonempty. Then the group generated by s and t
has even order.

(3) Let K be a subgroup of A,, of odd order, and let s,t € K be p-cycles, where
p is a prime. Then either the supports of s and t are disjoint, or (s) = (t).
In particular, s and t commute.

(4) Let p be an odd prime, and let s and t be two p-cycles. Then (s) and (t)
are conjugate in A,.

Proof.

(1). — First, we note that the action of K on {1,...,p} is obviously primitive.
We will deduce that K is simple. Indeed, if N is a nontrivial, normal subgroup
of K, then it must be transitive (by primitivity), and in particular its order must
be a multiple of p. Hence it contains a Sylow p-subgroup of K (since the order
of such a subgroup is not divisible by p?), and it follows that N contains all the
p-cycles in K, hence N = K.

We could rely on the Feit-Thompson theorem to argue that, if the order of
K were to be odd, then K would be solvable as well as simple, hence K would
have to be abelian. However, we can avoid using such a strong result and appeal to
Burnside’s theorem on transitive permutation groups of prime degree p: this asserts
that K must be solvable or 2-transitive. Since K is simple, if K is not abelian, then
we must have that K is 2-transitive, and thus its order is certainly even. O

(2). — Pick any z € S\ T; pick y € T~ S such that y* € S; and finally, pick
z€ SNT such that 2! € T\ S. ‘

There is an integer 4 such that z®" = z, and of course y* = y. Apply t and obtain
that z°'t € T'~. S while y** € S. Then pick an integer j such that y* ' = z, and
observe that 25"t = 't € T ~_S. Finally, pick an integer k so that z°t't" = y,
and note that y*'t*'t" = 2" = 2.

The permutation g = s'ts’t* € (s,t) thus exchanges = and y, so its order must
be even.

(3). — 1If the supports of s and ¢ are not disjoint, then they must be equal,
by (2). In this case, by (1), s and ¢ must commute. It is then elementary that
(s) = (t).

(4). — First we show that, for any p-cycle s, there exists a permutation 7 of
signature —1 such that s” is a power of s. For this, it is notationally more convenient
to consider s = (0,1,...,p — 1) in the symmetric group of the set {0,1,...,p —1}.
For any integer k, we have

sF = (0,k,2k,...,(p—1)k)

where the entries are understood modulo p. Now pick for k a generator of the cyclic
group (Z/pZ)™, and let 7 be the permutation defined by i = ki (modulo p). Then
s™ = s® but 7 is just the cycle (1,k, k2, ..., kP~2) of length p — 1, so the signature
of 7is —1, as claimed.
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We turn to the proof of statement (4) itself. Certainly there exists o € S,, with
s7 = t. There is nothing to prove if o € A,,. If the signature of ¢ is —1, it suffices
to pick a permutation 7 with signature —1 which satisfies t™ = t* for some k (such
a permutation exists by the above paragraph), so that o7 € A,, and s°7 = t*. Thus
()77 = (t). O

We return to the proof of Theorem 1.2 and recall that p > 3 is a prime dividing
|H|. As the order of H is assumed to be odd, we deduce from Proposition 3.6(3)
the existence of p-cycles ¢y, ..., cs with disjoint supports such that any p-cycle in H
is a power of some ¢;. The subgroup E = {(c1,...,¢s) C H is elementary abelian
and normal.

We shall use Lemma 2.4 to prove that the action of G on the cosets of H is not
binary, which is the required contradiction.

We may as well assume that ¢; = (1,2,...,p), and we put h; = ¢;. Consider
o=(p-2,p—1,p) € A, and

h2:hg:(172a~-~7 p_3a p_la D, p_2)
It is easy to see that
h1h2:(2,476,-..7]9_3,1,375,...7 p_47p_17p_27p)

We put hy = (hihe)~! so that hihohs = 1, and hs is a p-cycle. By (4) of
Proposition 3.6, we may choose 7 € A,, so that h] is a power of h3; moreover we
can choose 7 with support in {1,2,...,p} (by applying the proposition to A, rather
than A,). Thus if we put H; = H, Hy = H° and Hs = H", then h; € H; for
i =1,2,3, and H; is the stabilizer of some coset of H in G.

Note that, since hy and hy are clearly not powers of each other, the same is true
of hihs and so Hy, Hy and H3 are distinct.

We now apply (2) from Lemma 2.4. As we assume that we are dealing with
a binary action, we conclude that it must be possible to pick hy € Hy N Hy and
h% € Hj such that hih5hf = 1.

Just as Hy = H has the normal subgroup E; = E = (hy,ca,...,cs), the sub-
group H; has the normal subgroup E; = (h;,ca,...,cs), for i = 2,3 (this re-
mark uses the observation that for ¢ > 1, we have ¢ = ¢] = ¢;). It follows that
H; N Hy normalizes E1 N Ey = (co,...,¢s), as well as Ey and Fs individually. If
A C{1,2,...,n} denotes the (disjoint) union of the supports of the elements ¢; for
1 <1< s, we see that Hy N Hy preserves A but also AN {1,...,p} — the latter being
the union of the supports of the ¢;’s for 1 < i < s. As a result, H; N Hy preserves
A={1,...,p}.

In particular, hf induces a permutation of A, and the latter must normalize both
(h1) and (hg). However, we have the following lemma.

LEMMA 3.7. — Let N; be the normalizer of (h;) in Sy, fori = 1,2. Then NyNN;
is trivial for p > 5, and has order 4 for p = 5.

We postpone the proof of the lemma and explain how we derive a contradiction.
Indeed, as H, and so also h}, has odd order, the lemma implies that h} is the
identity on A. By inspection of the relation hihyh% = 1, we deduce that h% also
preserves A and indeed that hj = h7* on A. Then hj is in the setwise stabilizer
of A in Hj and acts as a p-cycle on A; thus hj acts on A as a power of hz. Since
hfl is clearly not a power of hg we obtain a contradiction.
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This contradiction concludes the proof of Theorem 1.2 in the case under consid-
eration, namely when H has odd order but is not a 3-group.

Proof of Lemma 3.7. — We give a proof for p > 11, as it allows for an easier
exposition; the cases p = 5 and p = 7 can be worked out by direct computation (we
have used a computer for this, for safety). Again it is more convenient to work in
the symmetric group of Z/pZ = {0,1,...,p — 1}, and so we consider

hlz(ovla"'vpfl)v 0:(p737p727p71)7
and
h2:h‘17:(0717"'7p747p72ap717p73)~

We pick a permutation g which normalizes both (h1) and (ha), and we wish to show
that g = 1.

It is classical that the normalizer of (hy) consists of all permutations g with
29 = kx +t for x € Z/pZ, where k € (Z/pZ)* and t € Z/pZ. With this notation,
we have h{ = h¥.

Now let ¢ € (Z/pZ)* be such that h§ = hb. First we show that k = ¢. For
this, we put s = hj and study the values of the form z* — x for 0 < 2 < p. More
precisely, put

S={z:2° —x=kmodp}, T={z:2°—-2z=~{modp};

we shall show that SNT # (). On the one hand, for x = y9 with 0 <y < p—4, we
have

2 —r= (") -y = (y+ 1)~y =k

And so the size of S is at least p — 4. On the other hand, we have s = h§. Tt is
obvious that, if 0 <z <p—4and 0 <z + ¢ < p—4, then zhs = g + ¢; this implies
that, for the same values of x and for x+¢ > p—1, we have zh2 = 240 modulo p. We
have found that z® —x = ¢ modulo p for all but 6 values of x, namely, the exceptions
could occur when « € {p —3,p—2,p—1} or when z+¢ € {p —3,p— 2,p — 1}.
In other words the size of T is no less than p — 6. We see that S must intersect T’
nontrivially, lest we should conclude that p < 10. We have proved that k = /¢
modulo p.

Next we write (h¥)?" = (h9)°" = (h{)9 = h = bk = (R))F = (WF)°. In
particular from (h¥)?* = (h})? we see that 090! centralizes the p-cycle h¥, and so
also hy itself. However, we have recalled the description of the normalizer of (h1),
from which it follows that the centralizer of hy is (h1). As o is a 3-cycle, we see that
090! moves at most 6 points, and so it cannot be a p-cycle with p > 7. The only
element in (hq) which is not a p-cycle is the identity, so we conclude that 09 = o.

Thus g preserves the support of o, and the permutation gy induced by g on
this support is a power of o. Consider the possibility go = o. This leads to the
equations

k(p—3)+t=p—2
kp—2)+t=p—1
k(p—1)+t=p—3.
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which have no solutions k,t € Z/pZ unless p = 3. Similarly, go = o~ ! leads to
a contradiction. There remains only gy = 1. Writing the associated system of
equations shows readily that £k =1 and ¢ = 0, so that g = 1. O

3.3. When H is a 3-group. We finish the proof of Theorem 1.2 in the remaining
case, that is, when G = A,, acts on the cosets of a subgroup H which is a non-trivial
3-group. We asssume that the action is binary and look for a contradiction.

In the course of the proof, we shall rely on the following lemma (which we only
need for p = 3 of course):

LEMMA 3.8. — Let p be an odd prime, and let k > 2. Let C denote the con-
jugacy class, in the group Ay, containing all products of k different p-cycles with
disjoint supports. Suppose that the component groups of I'(C) have even order.
Then for all £ > k and all n > p¢, the component groups of I'(C’) have even order,
where C' is the conjugacy class, in the group A,, of a product of ¢ different p-cycles
with disjoint supports.

Proof. — By induction it is enough to prove this for £ = k 4+ 1 and any n >
(k + 1)p. Let ¢ be any p-cycle with support disjoint from {1,2,...,pk}.

If g,h € C are joined by an edge in I'(C), we put ¢’ = gc and b’ = he™!. Then
g, el [¢,)]=1,and ¢'(h')~! = (gh™1!)c? € C’ (since p is odd). Thus ¢’ and
h' are joined by an edge in I'(C").

It follows readily that, if g, h are in the same component of I'(C), then gc and
hc*! are in the same component of T'(C’), for some sign £1. The result follows. [

LEMMA 3.9. — Forn > 9, the subgroup H must contain 3-cycles.

Proof. — Let C denote a conjugacy class of 3-elements of G of maximal 3-fixity
and note that HNC # (). There is nothing to prove if C contains 3-cycles, so assume
that C is the conjugacy class of ¢y, ..., cx where each ¢; is a 3-cycle and k£ > 1.

It is easy to check that, when C is the conjugacy class of (123)(456)(789) in Ay,
then the graph I'(C) is connected. In particular, it has a single component group
which is the whole of Ag. It follows from the previous lemma that, for & > 3, the
component groups of I'(C) have even order. This is absurd, as H contains such a
group by Corollary 2.13.

Thus we must only consider the possibility £ = 2. In T'(C) we see that, if n > 9,
then hy = (123)(456) is connected to hy = (123)(789) and hs is, in turn, connected
to hy = (123)(465). Thus hy and hg are in the same connected component of T'(C);
moreover, the product of these two elements is (132). By Corollary 2.13, we see
that H contains 3-cycles. O

Now we complete the proof of Theorem 1.2. Assume, first, that H contains a
3-cycle. We deduce again from Proposition 3.6 (3) (which holds for p = 3 as well)
the existence of 3-cycles ¢q, ..., ¢s with disjoint supports such that any 3-cycle in H
is a power of some ¢;. The subgroup E = {(c1,...,¢cs) C H is elementary abelian
and normal. We will now assume that s > 2, leaving the case s = 1, which is similar
but easier, to the reader.

We assume that ¢; = (123) and ¢ = (456). Put o = (23)(14), 7 = (234) and
define hy = ¢1, ho = ¢§ = (432) and hg = h] = (134). We have hihahg = 1 and
h; € H; fori=1,2,3, where Hy = H, Ho, = H° and Hs = H".
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As above, we now apply Lemma 2.4(2). We conclude that it must be possible
to pick hYy € H; N Hy and hy € Hj such that hyhyhs =

We note that ¢§ = (156) and ¢f = (256), while ¢ = ¢] = ¢; for i > 2.
Following the argument for p > 3, we arrive at the conclusion that h} stabilizes
A ={1,2,3,4,5,6}, and that it must normalize both (hq, co) and (hs, ). A direct
computation shows that the intersection of the normalizers in Ag of these subgroups
has order 4; as h/, has odd order, we conclude that A/, induces the identity of A.
A similar reasoning and computation with h% shows that this permutation is also
the identity on A.

This is absurd, however, as we see from the identity hyh4h% = 1, since hy is not
the identity on A. This completes the proof of Theorem 1.2 in the case where H is
a 3-group containing a 3-cycle. Lemma 3.9 then yields the proof provided n > 9.

We are left with the case when n € {6,7,8}. If n =6 and H contains a 3-cycle,
then we are already done. If n = 6 and H does not contain a 3-cycle, then H = (h)
where h is the product of two 3-cycles. But now the action of G = Ag on the set of
cosets of H is permutation isomorphic (via an exceptional outer automorphism) to
the action of G = Ag on the set of cosets of a subgroup H’ generated by a 3-cycle,
so the proof is complete in this case too.

Finally if n € {7,8}, then there exists M = Ag such that H < M < G. We know
that the action of M on the set of cosets of H in M is not binary and so the same
is true for the action of G by [7, Lemma 1.7.2]. This final contradiction concludes
the proof of Theorem 1.2 when n > 6.
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