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ON THE LIMITING ABSORPTION PRINCIPLE
FOR A NEW CLASS OF SCHRODINGER HAMILTONIANS

ALEXANDRE MARTIN

Abstract. 'We prove the limiting absorption principle and discuss the continuity properties of the boundary
values of the resolvent for a class of form bounded perturbations of the Euclidean Laplacian A that covers
both short and long range potentials with an essentially optimal behaviour at infinity. For this, we give an
extension of Nakamura’s results (see [16]).
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1. INTRODUCTION

The purpose of this article is to prove a limiting absorption principle for a certain class of
Schrodinger operator with real potential and to study their essential spectrum. Because this
operators are self-adjoint, we already know that their spectrum is in the real axis. We also
know that the non negative Laplacian operator A (Schrédinger operator with no potential)
has for spectrum the real set [0, +00) with purely absolutely continuous spectrum on this
set. If we add to A a "small" potential (with compact properties with respect to A), the
essential spectrum of this new operator is the same that A essential spectrum which is
continuous. We are interested in the nature of the essential spectrum of the perturbed
operator and in the behaviour of the resolvent operator near the essential spectrum.

We will say that a self-adjoint operator has normal spectrum in an open real set O if it
has no singular continuous spectrum in O and its eigenvalues in O are of finite multiplici-
ties and have no accumulation points inside O. Note that if we have a Limiting Absorption
Principle for an operator H on O, H has normal spectrum on O.
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A general technique for proving this property is due to E. Mourre [14] and it involves a
local version of the positive commutator method due to C.R. Putnam [17, 18]. For various
extensions and applications of these techniques we refer to [1]. Roughly speaking, the idea
is to search for a second self-adjoint operator A such that H is regular in a certain sense
with respect to A and such that H satisfies the Mourre estimate on a set [ in the following
sense

E(I[H,iA|E(I) > coE(I) + K

where E(I) is the spectral measure of H on I, ¢y > 0 and K a compact operator. Then
one says that the operator A is conjugate to H on I.

When H = A + V is a Schrodinger operator, we usually apply the Mourre theorem
with the generator of dilations

1
AD=§(p-q+q-p),

where p = —iV and ¢ is the vector of multiplication by x (see [1, Proposition 7.4.6] and
[7, Section 4]). But in the commutator expressions, derivatives of V' appears which can be
a problem, if, for example, V' has high oscillations at infinity.

In a recent paper S. Nakamura [16] pointed out the interesting fact that a different choice
of conjugate operator for H can be used to have a limiting absorption principle. This
allows us to avoid imposing conditions on the derivative of the long range part of the
potential. More precisely, if the operator of multiplication by V' (¢) is A-compact and two
other multiplication operators, which include differencies on V' and not derivatives, are A-
bounded, then H has normal spectrum in (0, 72 /a?) and the limiting absorption principle
holds for H locally on this set, outside the eigenvalues. This fact is a consequence of the
Mourre theorem with Ay (see (1.1)) as conjugate operator.

Our purpose in this article is to put the results of Nakamura in a more general abstract
setting and get a generalisation of his result. Moreover, we will show that this general-
isation can be applied to potentials for which the Mourre theorem with the generator of
dilations as conjugate operator cannot apply (our potentials are not of long range type).
Furthermore, Nakamura’s result cannot apply to this type of potentials which are not A-
bounded. Finally, as usual, we will derive from the limiting absorption principle an appli-
cation of this theory to wave operators.

We denote X = R” and H = L?(X). Let H! be the first order Sobolev space on X,
denote H ! its adjoint space and similarly, we denote H? the second order Sobolev space
on X and H 2 its adjoint space. All this spaces realised the following

H2CcH ' cHCH P cH™

Set 1 = B(H',H ') and B, = B(H?, H~?). If needed for clarity, if u is a measurable
function on X we denote u(q) the operator of multiplication by 4 whose domain and range
should be obvious from the context. If a € X let T, be the operator of translation by a,
more precisely (T, f)(z) = f(z + a).

We say that V € B, B = %, or B = P, is a multiplication operator if VO(q) =
0(q)V for any 6 € C°(X). Note that V' is not necessarily the operator of multiplication
by a function, it could be the operator of multiplication by a distribution of strictly positive
order. For example, in the one dimensional case V' could be equal to the derivative of
a bounded measurable function. Anyway, if V' is a multiplication operator then there is a
uniquely defined temperate distribution v on X suchthat V f = v f forall f € C2°(X) and
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then T,VT} = v(- + a). In general we simplify notations and do not distinguish between
the operator V' and the distribution v, so we write V = V(q) and T,VT; = V(¢ + a).

We will extend Nakamura’s result in two directions. First, we will use the Mourre theory
with a class of potential V : H? — L2 or V : H' — H ! (cf. [1]) and satisfying a weaker
regularity. In particular, this includes potentials with Coulomb singularities, and also short
range potentials (see Definition 1.3). Secondly, we will use the Mourre theory with a more
general class of conjugate operators including Ay (see (1.5)).

Let @ > 0 and let sin(ap) = (sin(—iady, ), - - ,sin(—iad,,)). Let

Ay = =(sin(ap) - ¢ + q - sin(ap)). (1.1)

DN =

Fix a real function £ € C°°(X) such that {(z) = 0if |x| < 1 and &(z) = 1if |z| > 2.

THEOREM 1.1. — Leta € RandV : H? — L? (respectively V : H! — H~1) be a
compact symmetric multiplication operator with, for all vector e of the canonical basis of
RY,

eI+ a0 - Via)a < oo (12)

where 8 = %P5 (respectively 8 = %, ). Then the self-adjoint operator H = A+ V onH
has normal spectrum in (0, (7/a)?) and, for some appropriate Besov space K, the limits

(H—-X+i0)"! = wj:llém(H —A+ip)™? (1.3)

exist in B(K,K*), locally uniformly in X € (0, (/a)?) outside the eigenvalues of H.

We make some comments in connection with the Theorem 1.1.

(1) The Besov space is defined in Section 2 by (2.2).

(2) Condition (1.2) is satisfied if || ()" (V (¢ + @) — V(q))|| < oo for a fixed u >
1. To satisfy this conditions, it suffices that ||(¢)*V||z < oco. In particular, in
dimension v # 2, if V is a real function on R” and if there is ;+ > 1 such that
(<~>“V(~))p is in the Kato class, withp = 1if v = 1, and p = v/2 if v > 3, then
condition (1.2) is satisfied (see Proposition 4.7). If this is the case for all a € R,
then the limiting absorption principle is true on (0, +00).

(3) In the case where V : H? — L? is compact, in [16], V is assumed to satisfy
q(V(q+ ae) —V(q)) and ¢*(V(q + ae) + V(q — ae) — 2V (q)) be A-bounded.
This assumptions implies to the C?( Ay, H?2, L?) regularity. Observe that, since
q(V(q + ae) — V(q)) appears in [V,iAy], (1.2) implies the C11(Ay, H?, H™2)
regularity which is implied by the C?( Ay, H?, L?) regularity.

(4) In one dimension, let V' such that

“+oo
V(€)=Y Ax(€—n), (1.4)

n=—oo

where - is the Fourier transform, )\, € R and x is compactly support, then V'
satisfies assumptions of Theorem 1.1 with & = %; but V is neither A-bounded
nor of class C*(Ap,H',H~1). In particular, we can neither apply the Mourre
Theorem with the generator of dilation (see [1, p.258]) nor Nakamura’s Theorem
(see lemma 5.3).
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As in [16], the limiting absorption principle is limited to (0, (7/a)?). The bound (7 /a)?
is artificial and appears with the choice of vector field sin(ap). In fact, by a simple com-
putation with the Laplacian A in L?(R"), we have

(A idy] = [A,zé(sin(ap)-q+q-sin(ap))]

= %(Sin(ap) -[Aig] + [A, iq] - sin(ap))

= 2p-sin(ap)
which implies a loss of positivity on (7/a)?. This is a drawback except if we can apply
(1.2) for all @ > 0. We will use Nakamura’s method in a broader framework that allows
the removing of this drawback.

Let us denote Hy = A = p?. Then Hj is a self-adjoint operator in { with domain #?
which extends to a linear symmetric operator %! — H~! for which we keep the notation
Hy. LetV : H' — H ™! be a linear symmetric compact operator. Then H = Hy + V isa
symmetric operator H' — #~! which induces a self-adjoint operator in # for which we
keep the notation H. Let Fy and E be the spectral measures of Hy and H.

Note that for each non real z the resolvent R(z) = (H —z) ™! of the self-adjoint operator
H in H extends to a continuous operator R(z) : H~! — H* which is in fact the inverse of
the bijective operator H — z : H! — H L.

Apn and Ap belongs to a general class of conjugate operator, which appears in [1,
Proposition 4.2.3]. This is the class of operator which can be written like

A, :%(U(p)-q+q‘U(p)) (1.5)

where u is a C'* vector field with all the derivates bounded. We will see that this conjugate
operator is self-adjoint on some domain (see Section 6). Conjugate operators of this form
were already used in Mourre’s paper [14, page 395].

Remark that the commutator of such conjugate operator with a function of p is quite
explicit: denoting b’ = Vh then

[1(p),iAu] = [h(p), iu(p)q] = u(p) - '(p) = (u-1')(p)- (1.6)
In particular [Hy,1A,] = 2p - u(p). We denote by the same notation e'74
inH' and in H L.
One says that A is strictly conjugate to Hy on J if there is a real number a > 0 such that
Eo(J)[Ho,1A|Eo(J) = aEy(J), which in our case means 2k - u(k) > a foreach k € X
such that |k|? € J. Taking A, in this class, we have the following

» the Cp-group

THEOREM 1.2. — Let V : H' — H~! be a compact symmetric operator such that
there is u a C'*° bounded vector field with all derivatives bounded such that V' is of class
CY1 (A, HY, H™1) in the following sense:

1
d ‘ .
/ WVr+V_; —2V| %, T—g < oo, whereV, = TAuyeiTAu (1.7)
0

Let J be an open real set such that
inf{k-u(k)| ke X,|k*e€ J}>0. (1.8)
Then H has normal spectrum in J and the limits

R(A+10) := W*lloim R(\tip) (1.9)
o
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exist in B('H;/lll, 7—[1_1/2700), locally uniformly in A\ € J outside the eigenvalues of H,

where 7—[1_/12 , and M /2,00 A€ interpolation spaces which are defined on Section 2.

‘We make some remarks about this Theorem:

(1) To check the C11(A,, H', H™!) property, it is useful to have e?*4«H1 C H!.
For that, we will make a comment in the Section 6 on the flow generated by the
vector field v associated to A,,.

(2) If k - u(k) is positive for all k # 0, Theorem 1.2 applies with J = (0, +00).

(3) If V is the divergence of a short range potential (see Definition 1.3), then Theorem
1.2 applies. A certain class of this type of potential were already studied in [5] and
[6].

(4) Since R(A £ 10) exists in B(H;/lz,p 7—[1_1/2700), for D’ the space of distributions
this operator exists in B (C2°(R”), D).

(5) If V can be seen as a compact operator from 4?2 to L2, Theorem 1.2 is still valid
if we replace the assumption "V is of class Ot (A, H!, H~1)" by the weak
assumption "V € C11(A,, H?, H~2)" with the same proof.

(6) Consider the A-compact operator V' (¢) where

V() = (1= (i)
with k € CX(R,R) with k(Jz|]) = 1if |z] < 1,0 < k < 1,a > 0and 5 > 0.
Note that this type of potential was already studied in [2, 8, 9, 10, 13, 21, 22]. In
[13], they proved that if | — 1| + 3 > 1, then V has the good regularity with Ap
but, if |0« — 1| + 8 < 1, H ¢ C'(Ap). In the latter case, we cannot apply the
Mourre theory with the generator of dilation. Here, we prove that, with a certain
choice of u, V € CYY(A,, H?, H2) if 2a+ 3 > 3 (see lemma 5.4). In that case,
Theorem 1.2 applies. In particular, in the region 2ac + f > 3 and o + 3 < 2, we
have the limiting absorption principle but H is not of class C'* (Ap). In Section 5,
we will see that Theorem 1.2 also applies if 5 < 0 under certain condition on .
(7) Letk € C°(R,R) such that k = 1 on [—1,1] and 0 < x < 1. Let

V(z) = (1 = s(|z[)) exp(3|z|/4) sin(exp(|z])).

We can show that, for all u bounded, V € C>(A,,H', H ') and Theorem
1.2 applies (see Lemma 5.6). Moreover, this implies good regularity properties on
the boundary values of the resolvent. Since V is not A-bounded, we cannot use
the CY(Ap,H?,H2) (see [1, Theorem 6.3.4]).

We can also prove that V ¢ C'(Ap,H', H~1). In particular, Theorem 1.2
does not apply with A, = Ap.

(®) If V : H' — H~! is compact and if there is p1 > 0 such that z — (x)THV ()
is in # ! (V is assumed to be short range in a quite weak sense), then we can
apply Theorem 1.2 with an appropriate u (see lemma 5.8). We will provide in this
class an concrete example which cannot be treated with the generator of dilations
or Nakamura’s result (see lemma 5.10).

Now we will see a third result concerning existence of wave operators which are useful
in scattering theory (see [20]).
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DEFINITION 1.3. — A linear operator S € % is short range if it is compact, symmet-
ric, and

/1 1€(q/7)S|| 2, dr < oco. (1.10)

Remark that (1.2) is satisfied if

> d
/1 1€(q/m)lalV |2 714 < o0 (1.11)

which is a short range type condition.
Note that we do not require S to be local. Clearly this condition requires less decay than
the condition (1.11). Then we have:

THEOREM 1.4. — Let H be as in Theorem 1.1 and let S be a short range operator.
Then the self-adjoint operator K = H + S has normal spectrum in (0, 00) and the wave
operators

Qi = slim Fe 1t ES 1.12
+ t—+oo H ( )
exist and are complete, where EY; is the projection onto the continuity subspace of H.

Proof. — We have K = A+ V + S and from [1, 7.5.8] it follows that S, hence V + S,
is of class Ct(An,H, H™!) for all @ > 0 so that we can use Theorem 1.2 to deduce
that K has normal spectrum in (0, co) and that the boundary values of its resolvent exist
as in the case of H. For the existence and completeness of the wave operators we use
[1, Proposition 7.5.6] with the following change of notations: Hy, H,V from the quoted
proposition are our H, K, S respectively. It remains only to check that S satisfies the last
condition required on V' in that proposition: but this is a consequence of [12, Theorem
2.14]. O

We will give on Section 4 more explicit conditions which ensure that the assumptions
of Theorem 1.1 and 1.4 are satisfied in the case where V' and S are real functions.

We make two final remarks. First, the assumption of compactness of V' and S as op-
erators H' — H~! is too strong for some applications, for example it is not satisfied if
X = R3 and V() has local singularities of order || ~2. But compactness can be replaced
by a notion of smallness at infinity similar to that used in [12] which covers such singu-
larities and the arguments there extend to the present setting. Second, let us mention that
we treat only the case when Hy is the Laplacian A = p? but an extension to more general
functions h(p) is straightforward with the same class of conjugate operator A,,.

The paper is organized as follows. In Section 2, we will give some notations we will use
below and we recall some basic fact about regularity with respect to a conjugate operator.
In Section 3, we will prove Theorem 1.2 and extend Nakamura’s results by geting proper-
ties about the boundary values of the resolvent. In Section 4 , we will give an extension
of Nakamura’s theorem by using the Mourre theory with C'''! regularity with respect to
the conjugate operator A . In Section 5, we will give some examples of potentials which
satisfies Theorem 1.1 and Theorem 1.2 and which are not covered by Mourre Theorem
with the generator of dilation and Nakamura’s Theorem. In Section 6, we will study the
flow associated to the unitary group generated by A,,.
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2. NOTATION AND BASIC NOTIONS

2.1. Notation. Let X = R” and for s € R let H° be the usual Sobolev spaces on X with
H° = H = L*(X) whose norm is denoted || - ||. We are mainly interested in the space H*!
defined by the norm || f||? = [ (|f(2)|* + |V f()|?) dz and its dual space 1.

Recall that we set %1 = B(H',H ') and %, = B(H?,H~2) which are Banach
spaces with norm || - || g, & = By, PB>. These spaces satisfy B C Hs.

We denote g; the operator of multiplication by the coordinate x; and p; = —id; consid-
ered as operators in . For k € X wedenote k-q = k1q1 +- - -+ k,q,. If uwis a measurable
function on X let u(q) be the operator of multiplication by u in H and u(p) = F~*u(q)F,
where F is the Fourier transformation:

(FA(E) = (2m) % / €y ()

If there is no ambiguity we keep the same notation for these operators when considered as
acting in other spaces.

Throughout this paper £ € C'°°(X) is a real function such that £(z) = 0 if |z| < 1 and
&(z) = 1if |z| > 2. Clearly the operator £(g) acts continuously in all the spaces #H*.

We are mainly interested in potentials V' which are multiplication operators in the fol-
lowing more general sense.

DEFINITION 2.1. — A map V € 4 is called a multiplication operator if Vel#1 =
¢4V forall k € X. Or, equivalently, if V0(q) = 6(q)V forall § € C>(X).

For the proof of the equivalence, note first that from Ve'*'¢ = ¢V, Vk € X we get
V0(q) = 6(q)V for any Schwartz test function 6 because (27)26(q) = [ e*4(F0)(k)dk
and second that if n € C1(X) is bounded with bounded derivative then 7(q) is the strong
limit in & of a sequence of operators (q) with § € C°(X).

As we mentioned in the introduction, such a V' is necessarily the operator of multiplica-
tion by a distribution that we also denote V' and we sometimes write the associated operator
V(q). For example, the distribution V' could be the divergence div W of a measurable vec-
tor field W : X — X such that multiplication by the components of W sends ! into .
For example, W could be a bounded function and if this function tends to zero at infinity
then V will be a compact operator ! — H~!. we say that a multiplication operator V' is
A-compact if V : H2 — L? is a compact operator.

As usual () = /1 + |z|2. Then (g) is the operator of multiplication by the function
x + () and (p) = F~1{q)F. For real s, we denote ' the space defined by the norm

£l = I{a)* Fllzee = [0Y (@) f1l = I[{@)* ()" £ 2.1

Note that the adjoint space of H% may be identified with H_".
A finer Besov type version H - /12 , of H;/g appears naturally in the theory. To alleviate

the writing we denote it /C. This space is defined by the norm

o d
I = 18 N + [ 17 2sta/ o)l @2)

where 0,1 € C(X) with §(z) = 1if |z| < 1, ¢(z) = 0if |z] < 1/2, and ¢(z) = 1 if

1 < |z| < 2. The adjoint space K* of K is the Besov space H171/2,00 (see [1, Chapter 4]).
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We will see in Section 6 that if u : X — X is a C'™ vector field all of whose derivatives
are bounded then the operator

v

A, = % (u(p) - q+q-u(p) = %Z (u;(P)g; + q5u;(p)) = u(p) - g + %(diVU)(p)
j=1
’ (2.3)
with domain C2°(X) is essentially self-adjoint in H; we keep the notation A, for its
closure. Remark that the unitary group e'”“« generated by A, leaves invariant all the
spaces H; and KC (see Section 6).
Since we will use a lot the case of u bounded, let &/ be the space of vector fields u

bounded with all derivatives bounded such that x - u(z) > 0 for all z # 0.

2.2. Regularity. Let F’, F"' be two Banach space and T : F’ — I a bounded operator.
Let A a self-adjoint operator.
Let k € N. we say that T € C*(A, F',F") if, for all f € F', the mapR > ¢t —
e*ATe~"4 f has the usual C'* regularity. The following characterisation is available:

PROPOSITION 2.2. — T € CY(A, F', F") if and only if [T, A] has an extension in
B(F', F").

It follows that, for k > 1,7 € C*(A, F’, F") if and only if [T, A] € C*~1(A, F', F").
We can define another class of regularity called the C'**! regularity:

PROPOSITION 2.3. — we say that T € CYY(A, F', F") if and only if

1
dr
/ ||T7' +1_; — 2T||B(F’7F“) ﬁ < o0,
0
where T, = e/TAuTe=iTAu
An easier result can be used:

PROPOSITION 2.4 (Proposition 7.5.7 from [1]). — Let{ € C°°(X) such thaté(z) =0
if |x| < 1and&(x) = 1if |z| > 2. If T satisfies

00 dr
/1 |E(a/r) T iAl (e

r

< 00

then T is of class C11 (A, F', F").
If T is not bounded, we say that T € C*(A, F', F") if for z ¢ o(T) we have (T —
2)~te C*(A, F', F").
PROPOSITION 2.5. — For all k > 1, we have
C*(A,F',F"y c CYY (A, F',F") c CY(A,F',F").
If F/ = F” = H is an Hilbert space, we note C1(A) = C1(A, H,H*). If T is self-
adjoint, we have the following:

THEOREM 2.6 (Theorem 6.3.4 from [1]). — Let A and T be self-adjoint operator in a
Hilbert space H. Assume that the unitary group {exp(iA7)}.cr leaves the domain D(T)
of T invariant. Set G = D(T') endowed with it graph topology. Then

(1) T is of class C*(A) if and only if T € C'(A, G, G*).
(2) T is of class C*'(A) if and only if T € CY1(A, G, G*).
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Remark that, if ' : H — H is not bounded, since 7' : G — G* is bounded, in general,
it is easier to prove that T € C'(A,G,G*) than T € C1(A).
If G is the form domain of H, we have the following:

PROPOSITION 2.7 (see p. 258 of [1]). — Let A and T be self-adjoint operators in a
Hilbert space H. Assume that the unitary group {exp(iAT)}rcr leaves the form domain
G of T invariant. Then

(1) T is of class C*(A) if and only if T € C*(A,G,G*), forall k € N.
(2) T is of class C11(A) if and only if T € C*Y(A,G,G*).

As previously, since T : G — G* is always bounded, it is, in general, easier to prove
that T € C*(A,G,G*) than T € C*(A).

3. NAKAMURA’S IDEAS IN A MORE GENERAL SETTING:
BOUNDARY VALUES OF THE RESOLVENT

In this section, we will prove the Theorem 1.2 and we will see how the regularity of the
potential, in relation to A,,, can implies a good regularity for the boundary values of the
resolvent.

Proof of Theorem 1.2. — By taking into account the equation (1.6) and the statement
of Theorem 7.5.6 in [1] we only have to explain how the space K introduced before (2.2)
appears into the picture (this is not the space also denoted K in [1]). In fact the quoted
theorem gives a more precise result, namely instead of our I one may take the real inter-
polation space (D(A,, H™'),H ™) 12,17 where D(A,,H ™) is the domain of the closure

of A, in #~'. From (2.3) and since u is bounded with all its derivatives bounded it follows
immediately that D(A,,,H~") contains the domain of (g) in #~', which is H, '. Hence

(D(Au H1), HY), y contains (M HTY), | whichis Hyly , = K. 0

We say that V is of class C*(A,, H', H™!) for some integer k& > 1 if the map 7
V, € B(H', H™1) is k times strongly differentiable. We clearly have C%(A,,, H', H™1) C
CYY(A,,HY,H™1). In [14] the Limiting Absorption Principle is proved essentially for
VecC? (A) (see [11] for more details); notice that in [15] the limiting absorption principle
is proved in a space better (i.e larger) than KC (see (2.1)), but not of Besov type.

If s > 1/2 then H; ! C K with a continuous and dense embedding. Hence:

1/2,1

COROLLARY 3.1. — For each s > 1/2 the limit R(\ £i0) = w*-lim, o R(\ £ ip)
exists in the spaces B ('H;l, ’Hl,s) , locally uniformly in A € J outside the eigenvalues of
H.

The C11(A,,) regularity condition (1.7) on V is not explicit enough for some applica-
tions. We now give a simpler condition which ensures that (1.7) is satisfied.

We recall some easily proven facts concerning the class C*(A,,, H', H~1). First, V is
of class C*(A,, H', H~1) if and only if the function 7 +— V, € B(H',H ') is (norm or
strongly) Lipschitz. Notice that we used e?”4H! C H! to prove this. Second, note that
for an arbitrary V' the expression [V,iA,] is well-defined as symmetric sesquilinear form
on C°(X) and V is of class C1(A,, H', H™!) if and only if this form is continuous for
the topology induced by H!. In this case we keep the notation [V,i4,] for its continuous
extension to 7! and for the continuous symmetric operator H' — H ! associated to it.

As a consequence of Proposition 7.5.7 from [1] with the choice A = {q) we get:
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PROPOSITION 3.2. — Let V : H' — H ™! be a symmetric bounded operator of class
CY(Ay, H',H™") such that

| leamvialls S <o )

with = 98,. Then V is of class C*'(A,, H', H™1).

If the potential V' is of a higher regularity class with respect to A,, then, by using results
from [3], we also get an optimal result on the order of continuity of the boundary values of
the resolvent R(\ £10) as functions of A. From [15] and the improvements in [4] one may
also get a precise description of the propagation properties of the dynamical group el*# in
this context, but we shall not give the details here.

To state this regularity result we recall the definition of the Holder-Zygmund continuity
classes of order s € (0,00). Let £ be a Banach space and F' : R — &£ a continuous
function. If 0 < s < 1 then F'is of class A® if I is Holder continuous of order s. If s = 1
then F is of class Al if it is of Zygmund class, i.e. |[F(t +¢) + F(t —¢) — 2F(t)|| < Ce
forallrealtande > 0. If s > 1, letus write s = k+ o with k > 1l integerand 0 < o < 1;
then F is of class A® if F is k times continuously differentiable and F(¥) is of class A.
The corresponding local classes are defined as follows: if F'is defined on an open real set
U then F is locally of class A® if OF is of class A® for any 6 € C°(U).

We say that V is of class A®(A,, H', H 1) if the function 7 +— V, € % is of class A®.
We mention that in a more general context this class is denoted by C*>°(A,, H, H™1),
but this does not matter here. In any case, one may easily check that

AS(AuaHlvHil) C Cl)l(AuaHlaHil) C Cl(AuleaHil)
if s > 1. If s > 1is an integer then C*(A,, H',H ™) C A%(A,, H', H 1) strictly.
THEOREM 3.3. — Assume that w and J are as in Theorem 1.2 and let s be a real

number such that s > 1/2. If V : H' — H~! is a compact symmetric operator of class
ASTY2(A,, H', 1) then the functions

A R(A+i0) € B(H; L, HL)) (32)
are locally of class A*~1/2 on .J outside the eigenvalues of H.

Proof. — We shall deduce this from the theorem on page 12 of [3]. First, note that H
has a spectral gap because Hy > 0 and (H +i)~! — (Hy+1) ! is a compact operator hence
H and Hj have the same essential spectrum. Thus we may use the quoted theorem and we
get the assertion of the present theorem but with B(H*, H! ) replaced by B(Hs, H_s).
Then it suffices to observe that if z belongs to the resolvent set of H then we have

R(z) = R(i) + (z = 1)R(1)* + (z — i)’ R() R(2) R(i)
and to note that R(i) sends H_ ! into H.. O
We state explicitly the particular case corresponding to the Mourre condition V' €
C?(A,, H',H~'). We mention that this is equivalent to the fact that the sesquilinear form

[[V, Ay, A,], which is always well-defined on C°(X), extends to a continuous sesquilin-
ear form on H1.

COROLLARY 3.4. — Assume that we are in the conditions of the Theorem 1.2 but with
the condition (1.7) replaced by the stronger one V. € C?(A,, H',H~'). Then the map
(3.2) is Holder continuous of order s — 1/2 for all s such that 1/2 < s < 3/2 and if
s = 3/2 then the map (3.2) is of Zygmund class (but could be nowhere differentiable).
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Previously, we saw that Hy verified the Mourre estimate on [ if and only if k- u(k) > 0
for all k such that |k|> € I. Moreover, we saw that if Hy verified the Mourre estimate on
I, because the potential V' is Hy-compact or compact on H', the form domain of Hy, to
H L, H verified the Mourre estimate on the same interval 1.

Because

un(x) = (sin(az;))j=1,.. v

we have the Mourre estimate only on I, = (0, (7/a)?), i.e. where uy(z) # 0; this
function constructs some artificial thresholds. If we can choose a vector field u such that
2 - u(z) > 0if x # 0 which satisfied some good conditions of regularity for the potential
V', we can extend the interval I, to I = (0, +00). For example, we can choose the vector
field u(z) = (arctan(z;))j=1,..,, the function arctan being non zero for x # 0, or
u(r) = x/(x). In particular, with this type of vector field, if (p)~1qV (p)~! is bounded,
then V € C'(A,,H',H ') and we have the Mourre estimate on all compact subset of
(0, 4+00).

4. AN EXTENSION OF NAKAMURA’S RESULTS

In this section, we will prove Theorem 1.1 and we will give some conditions easy to
verify which assure that assumptions of Theorem 1.1 and 1.4 are satisfied. Moreover,
we will give a stronger version of Nakamura’s Theoerem with estimates on the boundary
values of the resolvent.

In all this section, & = %, = B(H', H ).

We fix a real number ¢ > 0 and denote I, = (0, Z—z) . We apply the general results
from Section 3 with the vector field « as in [16]:

UN(p) - (Sin(apl)a s 7Sin(apu)) : (41)
Then (divuy)(p) = 3_;0p, sin(ap;) = _;acos(ap;) hence
24N =3, (gj sin(ap;) + sin(ap;)q;) = > (2¢; sin(ap;) — iacos(ap;)).  (4.2)

The operator Ay behaves well with respect to the tensor factorization L?(X) = L?(R)®
and this simplifies the computations. Indeed, if we denote B the operator A acting in
L?(R)wehave Ay = A; +---+ A, with4; =B®1---®1, 4 =19 B®1---®1,
etc.

Let T; = €'“Pi be the operator of translation by a in the j direction, i.e. (T} f)(z) =
f(z + ae;) where e1, ..., e, is the natural basis of X = R”. Forany V : H! — H ! set

&G(V)=1TVT; =V 4.3)

which is also an operator ' — H~! hence we may consider 6,;(V), etc. If V = V(q)
is a multiplication operator then

(5J(V) = V(q + aej) — V(q)

Remark that, when V' is a multiplication operator, J;(V') appears in the first commuta-
tor [V,iAy]. The operation ¢; can also be applied to various unbounded operators, for
example we obviously have 0;(gx) = adjx, where d,; is the Kronecker symbol, and
d;j(u(p)) = 0.

If S € % then [g;, S] and ¢; S are well-defined as sesquilinear forms on C¢°(X) and we
say that one of these expressions is a bounded operator H' — H ! if the corresponding
form is continuous in the topology induced by #'.
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THEOREM 4.1. — LetV : H' — H ™! be a compact symmetric operator such that for
any j the forms [q;, V] and q;8;(V') are bounded operators H' — H~' and

| (letamlas, Vil + o/ (V))& < oc. (@)

Then H has normal spectrum in I,, and the limits R(\ £+ i0) = w*-lim. o R(\ £ ie) exist
in B(IC, K*), locally uniformly in X € I, outside the set of eigenvalues of H.

Remark 4.2. — This Theorem give a stronger result than Theorem 1.1, since, if V' is a
multiplication operator, [g;, V] = 0 and (4.4) reduces to (1.2).

Proof. — This is a consequence of Theorem 1.2 and Proposition 3.2 once we have
checked that V' is of class C'* (A ) and the relation (3.1) is satisfied. In order to prove that
V € CY(An, H', H™1) it suffices to show that the sesquilinear form on C2°(X) defined
by

24N, V] =3, (2[g; sin(ap;), V] — ialcos(ap;), V]) 4.5)
is continuous for the H! topology. This is clear for the second term in the sum and for the
first one we use

lq; sin(ap;), V] = [q;, V]sin(ap;) + g;j[sin(ap;), V]. 4.6)

The first term on the right hand side defines a bounded operator H! — #~! by one of the
hypotheses of the theorem. For the second one we first note that

[T;,V] =6;(V)T; and [T}, V]=-T;0;(V) “.7
from which we get
Qi[sin(apj), V] = [Tj — T;, V} = 6J(V)Tj + TJ*(SJ(V) (48)

It follows easily that ¢;[sin(ap;), V] is bounded. Thus V is of class C! (A, H', H™1).
It remains to show that (3.1) is satisfied. We use (4.5) again: the terms with sin(ap;)
are treated with the help of (4.6) and (4.8). The term with cos(ap;) is treated similarly by
using
2[cos(ap;), V] = [T; +T;,V] = 6;(V)T; = T;6;(V). 4.9)
Using (4.4), this proves (3.1). O

Remark 4.3. — The “usual” version of the preceding theorem involves the derivatives
[p;, V] of the potential, instead of the finite differences J;(V), cf. [1, Theorem 7.6.8].
Note that the quoted theorem is a consequence of Theorem 4.1 because [|6;(V)||z <
all[p;, V1llz.

The condition (4.4) says that the operators [g;, V'] and ¢;6;(V) are not only bounded
as maps H! — H ! but also tend to zero at infinity in some weak sense. Then it is clear
that the maps A — R(A+i0) € B(KC, K*) are strongly continuous outside the eigenvalues
of H, but nothing else can be said in general. Stronger conditions on this decay improve
the smoothness properties of the boundary values R(\ =+ i0) as maps H. — H_!. This
question is solved in general by using Theorem 3.3 but here we consider only a particular
case as an example. One may see in [12, Theorem 1.7] the type of assumptions V has to
satisfy in order to improve the smoothness properties of the boundary values.

Remark that if V' is a multiplication operator, we have

0;0(V) =V(q+ ae; + aer) — V(g + ae;) — V(g + aer) + V(q)
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which appears in the second commutator [[V,iAN], 1A N].

The next result is an extension of [16, Theorem 1]: we make the regularity assumption
V € C?(An) but V is not necessarily an operator in H and we give the precise Holder
continuity order of the boundary values.

THEOREM 4.4. — Let V = V(q) : H' — H ™! be a symmetric compact multiplica-
tion operator. Assume that there is a real number a > 0 such that for all j, k

() ¢;(V(q + ae;) = V(q)) and
454k (V(q +ae; + aer) — V(g +aer) — V(g + aer) + V(q))

are bounded operators H' — H~'. Then H has normal spectrum in the interval I, and the
limits R(A £+ i0) = w*-lim. o R(\ & ie) exist in B (IC, K*), locally uniformly in A € I,
outside the eigenvalues of H. If £ < s < 2 then the operators R(A +i0) € B(H ', HL,)
are locally Holder continuous functions of order s — % of the parameter A € I, outside the
eigenvalues of H.

Proof. — We first show that (1.8) is satisfied for any open interval J whose closure is
included in I,, i.e. inf{k - un(k) | k € X,|k|> € J} > 0. Since k — k- un(k) is
a continuous function and .J is a compact in I,, it suffices to check that ak - uy (k) =
> akjsin(ak;) > 0 for all k such that |k|> € I,. The last condition may be written
0 < |ak| < 7 and this implies |ak;| < 7 for all j and |ak;| > O for at least one j. Clearly
then we get ak - un (k) > 0.

For the rest of the proof it suffices to check that V' is of class C?(Ay, H!, H ). Indeed,
then we may use Theorems 1.2, Corollary 3.1, and Theorem 3.3 (see also Corollary 3.4).

Thus we have to prove that the commutators [Ax, V] and [Ap, [An, V]], which are
a priori defined as sesquilinear forms on C2°(X), extend to continuous forms on #'.
Although the computations are very simple, we give the details for the convenience of the
reader.

We have [An, V] = >"[A;,V]and [An, [An, V]| = > _[A;, [Ak, V]| and we recall the
relations (4.7). Since sin(ap;) = % (T; — 1) and cos(ap;) = LT + 1) we have

2iA; = g;2isin(ap;) + acos(ap;) = q;(T; —T;) + o(T; + T;) (4.10)

Where': b = a/2. Thus by using the relations [T}, V] = §;(V)T} and [T}, V] = =T70;(V)
and since T);q; 1 = q; + a, we get
[QiAj, V] = q5 [1} — T;, V} + b[TJ + T;, V]
= (b+q])5](V)T] +T;(—b+qj)5j(V) “4.11)
Because 7; = €'“?i and 7 = e~19P; are bounded, by the assumption (H) the right
hand side of this relation is a bounded operator from H! to H~1, hence V is of class
CY(An,H',H™1). It remains to treat the second order commutators.
Since [iAn, S*] = [1An, S]*, we have
[1A;, Ak, V] = [14;, (b+ r)0k (V) Tk] + 145, T (=b + qi) 0 (V)]
= [i4;, (b + qr)0x(V)|Tk + (b + qr )0 (V) [14;, T)]
+ 1A, T (=b + qi) ok (V) + Tr[iA;, (=b+ qp)ox (V)] (4.12)
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Since we have [i1A;, Tx] = bd;1 (1 — T?), we get

1A, (b+ ar)ok(V)] Tk + (b+ qi)0u (V) 145, Ti] = [1A;, (b + qi) 0k (V)] Tk
+ 085 (b+ )0k (V)(1 = T2). (4.13)
The last term here is again a bounded operator H! — #~! by assumption (H), hence it
remains to prove that the first term of the right hand side has the same property. For this
we use (4.11) with (b + g )dx (V') instead of V' and we get:
1A, (b4 qi)dk(V)] = (b +¢;)8;((b + qr) 0k (V) T}
+ 7 (=b+¢;)8;((b+ qr)0(V)).  (4.14)
Since §;(MN) = §;(M)T;NT; + Md;(N) we have
6 ((b+ qk)(5k(V)) = 0;(b+ qi)Tj6(V)T; + (b + qr)d;6k (V)
= ad;xTj0;(V)T; + (b+ qr)0;0x (V).
Since (b+ ¢;)T; = T;(q; — b) we then get
(04 ;)05 (0 + qr)dx (V) = adjrTj(g; — 0)d;(V)T; + (b + ¢;) (b + qx)d;0x(V)
which is bounded as operator H! — H~! by (H), hence the right hand side of (4.14) has

the same property.
Using the same argument, we can prove that

[1A;, Ti)* (—=b+ qi)or (V) + TE[1A;, (—=b + qi)6r (V)]

is bounded.
By (4.12), [iA;, [iAk, V]] is bounded; we deduce that V' is of class C?(Ay, H!, H™1).
O

Remark 4.5. — This Theorem is a stronger version of Nakamura’s result. In fact, in
Nakamura’s paper, V' is a multiplication operator with the A-compact property (compact
from 2 to L?) which is a stronger assumption than compact from ! to 4 ~'. Moreover,
we add in Theorem 4.4 a result concerning the regularity of the boundary values of the
resolvent.

Now we assume that V' and S are real functions and we give more explicit conditions
which ensure that the assumptions of the Theorems 1.1 and 1.4 are satisfied. Let p = 1 if
v=1,anyp>1lifv=2,and p=v/2if v > 3 and denote

1T = (Sl fPas)

PROPOSITION 4.6. — Consider V' and S multiplication operators such that:
o Ve Ly (X) satisfies lim, oo [V]}; = 0 and for any a € X and any r > 1,

loc
e d
/ wa(r) & < 00
1 r

ea(r) = sup {[al[V(-+a) = V()] }:

|z|>r

where

o SeLj (X)and [[*sup,,[S]Zdr < oco.

loc
Then all the conditions of Theorems 1.1 and 1.4 are satisfied.



LIMITING ABSORPTION PRINCIPLE 77

Proof. — If U : H' — H is a local operator then it is easy to see that there is C’ € R
such that
U3 53 < C'sup{||UF| | f € H* with || f|l3: < 1and diam supp f < 1}.

If V is a function and v > 3 then the Sobolev inequality gives a number C*’ such that

AV IVEZAR IV 112 2y < STV 1R -

v—2

If v = 1,2 then the argument is simpler but /2 has to be replaced by 1 or any p > 1
respectively. Thus, if we introduce the notation

1/
V1o =50 (fl, e V@)Pay) (“.15)

withp =1if v = 1,anyp > 1 ifv = 2, and p = v/2 if v > 3, we get the following
estimate: there is a number C' = C'(v, p) such that

Ve < CV],. (4.16)
Clearly that C°(X) is dense for the norm [, in the space of functions V' with finite -],
norm and such that fly*w\<1 [V(y)|Pdy — 0 as & — oo. Thus for such functions the

operator V' (q) : H' — H~! is compact.
Suppose that, 4 (r) = sup, s, {[z|[V (- +a) = V ()]} } verifies

i d
/ cpa(r)—r < 0.
1 T

We will prove that V' verifies (1.2).
Because () = 0if ||z|| < 1, and according to (4.16), we have

1€(a/m)lal(V (g + ae) = V(g))llz < C sup [| - |(V(- + a) = V(). 4.17)

|z|>r

By definition, we have
1/p
[-10ve+a-vel; = ( [ Vo - verw) @)
y—x

Because p > 1 we have |y|? < (Jy — x| + |x|)P. Moreover, using the convexity of the
function « — 2P on RT,

— x|+ |2[\P
B b _ 2p(ly x| )
(ly — x|+ [z]) 5
< 207 (ly — P+ |z,

So from (4.18), we have
I 1V(+a) = VL < Coll+ [aP)PI(V(-+a) = V() (4.19)

p

where C; are constants independent of x
By hypothesis on V', we have the following

x|P 1/p
l€(a/m)lal(V (@ + ae) — V(@)lla < Cy sup D12

|z|>r |$|

pa(r) < Capa(r) (4.20)
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and then

[ e+~ V)l <ci [ e <o @2
1 1 0O

A class of potentials that we may consider is the Kato class whose definition is as
follows [7, Sec. 1.2]. A measurable function V' : R¥ — R is of class K, if

o limajosup, fi, .0 l¥ - 2|>77|V(y)|dy = 0 in case v > 2,
o limqjosup, [, , .,y —=["V(y)ldy = 0incase v = 2,
e lim, o sup, fl |V (y)|dy = 0 incase v = 1.

The K, norm of such a function is given by

IV|lx, = sup / L,(y - 2)|V(y)ldy
ly—z|<1

y—z|<a

x

with the obvious definition of L,. Note that the operator V' (¢) is form relatively bounded
with respect to the Laplacian with relative bound zero if V' € K, [7, p. 8] hence H =
A + V(q) is a well-defined self-adjoint and bounded from below operator.

PROPOSITION 4.7. — Let V be a real function on R”, with v # 2, such that there is
o> 1and ((-}#V(-))" € K,. Then condition (1.2) is satisfied.

Proof. — According to (4.16), there is C' > 0 such that
) Ve < CL)"VIp

1/p
< Csup ([, W) Viy)Pay)

1/p
< C(Sgp \y—z|<1\<y>“V(y)|pdy) (4.22)

Because, if v # 2 then L, (y — z) > 1 for |y — z| < 1, we have the following

Syl @V @Iy < [, oy Lo (y — 2) )"V (y) Py (4.23)
So
sup [, [V @)IPdy <sup [, Lo (y — 2) )"V (y) Py (4.24)
According to (4.22), we have
l@)"Vliz < C (" VOPI) (4.25)
So if there is p# > 1 such that ((-}“V(-))p € K,, then |[(¢)"V]|# < oo and V satisfies
(1.2). 0

5. CONCRETE POTENTIALS

In this section, we will give examples of concrete potential which satisfy the assump-
tions of Theorem 1.1 and the assumptions of Theorem 1.2. For these examples, we will
discuss the application of the Mourre Theorem with the generator of dilation and/or Naka-
mura’s result.

Note that since Hy = A : H! — H~!is bounded, if V : H! — H lis compact, then
H : H' — H~!is bounded. Furthermore Hy € C°°(A,,H',H ') and we can deduce
that:
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PROPOSITION 5.1. — Let k € N*. We suppose that V : H' — H~! is compact. The
folowing properties are equivalent:
() H=A+V € CFkA,);
2 H=A+V € CF(A, H, H™);
3) VeCkA,H,HY.

When V' : H? — L? is compact, we have the following

PROPOSITION 5.2. — Let k € N*. We suppose that V is A-compact. The folowing
properties are equivalent:
() H=A+V € CF(Ay, H? H2);
(2) Ve CrF(A,, HEH2).

Remark that if V' is A-compact and k # 1, then H € C*(A,,, H?, H~?) is not equiva-
lentto H € C*(A,) (see [1, Theorem 6.3.4]).

5.1. A non Laplacian-compact potential. In this part, we work in one dimension.
Let x € C'(R,R) be such that x(z) = 0if [z] > 1, x(z) > 0if |z| < 1 and
x(—) = x(x).

LEMMA 5.3. — LetV such that

“+o0
V(E) =Y Ax(€—n),

n=—oo

where A_,, = X\, = 0, \g = 0, and (A, )nez is not bounded. Moreover, we suppose that
there is 0 < € < 1/2 such that

+o00
D> Ann) P < o0, (5.1)

n=—oo

Then, for all u € U,

(1) V is symmetric and V : H' — H = is compact.
(2) Ve C Y (A, HYL, H™).

3) V¢ Ap, HY, HY).

(4) V is not A-bounded.

We will give few remarks about this lemma.

(a) Note that, since x is compactly support, the sum which defines V' is locally finite and
so V is well defined.

(b) Lemma 5.3 applies with A replacing A, but since V' is not A-bounded, and so V' is
not A-compact, we can not apply [16, Theorem 1]. Furthermore, because of (3), we
can not apply the Mourre Theorem with Ap as conjugate operator.

(c) The requirements on (A, )n,cz are satisfied in the case

A, = p if |n|=2P
0 else

Proof of Lemma 5.3. —
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(1) Let

T, (x) = Jo x(s =n)ds ifn>0
T
" fxs—n)ds ifn <0

Remark that 7/, = x(- — n). Forn > 0 and f,g € H', we have

. §—n
F©)am) / x(s — n)dsdédn
R2 0

’(fan*g)

. §—n—n
F(©)an) / x(s)dsdédn)
R2

—n

Since x(s) = 01if s < —1, we have ff;n x(s)ds =0ifE —np—n < —1. If
&€ —n—n>—1,then ff;nin x(s)ds = ffln " x(s)ds. So

R §—n—n
[ F©@at [ odsdedn

—1

(f. T )| =

E—n—n

L@iFormiamiem= [ xsdsdean

N

Since ¢ < 1/2, there is C' > 0 such that (&)~ 1/2F¢(n)~1/2+e < C(¢ — n)~1/2Fe,

(1 Tax)| < c [ @IF©ImIatle <)

—n—n

£
(€ — )1/t /_  X(s)dsdgdn

< =07 [ xas [ (@1F©mlae)

(€)™ /2 )~ dgeln.
So, since K (f n) — (€)7Y/2=¢(n)=1/2=< is in L?(R?), the operator L> >

P fR ) (n)dn is compact (see [19, Theorem VI.23]). So T, is compact
from H! to ’H Lif n > 0 and we can remark that we have similar inequalities for
n < 0.
So
A A +DO A
(f,V*g)’ < Z n (faTn*g)’

< | @Il € ndsar

+o00
/1 X(8)ds Y [Aa|max((n —1)72, (n 4 1)1/,

-1 n=-—oo

So, since 3.7 |\, [(n)~1/2F€ < oo, we have that V : H! — H!
compact.
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Moreover, since x(—z) = x(x) and A, = A_,,, we have
+o00o

V(=& = > Ax(—¢-n)

+oo

n=—oo

+o00
= Z /\—nX(§ - ’/l)

n=—oo

= qV(©)

So, since (;‘\/(g) € R, we have 2V (z) € R,Vz € R, and we conclude that V' is a
symmetric multiplication operator.
(2) By a simple computation, in all dimension, we have

(9,[V.Af) = (Vg,Auf) — (Aug, V)
= (Vg,qu(p)f) - (qulp)g, V)
—5 (V. (D)) + (W (p)g. V)
= (@Vg ulp)f) - (ulp)g, 4V f)
5 (Vg,u' ()f) + (W (p)g, V). (52)

If «' is bounded, since V : H' — H ! is a compact operator, there is C' > 0
such that

|(Vg,u'(p)f) + (' (p)g, VI < Clif e gl
Moreover, we can remark that (-)~1¢V € L1(R). So, there is C' > 0 such that

[(u(p)f,qV9)| = )ﬁqV*g)I
- ‘/ aV (€~ )()dcdy
< 0/ u(6) ) qv (€~ )
(m1g(n)|d&dn (5.3)

Since f,g € H' and u is bounded, u(q)(q}f and (g)§ are in L2. So by Young
inequality, we conclude that

() f,qVg)l < Cllu(g)a) Fll2ll((0) " aV) * (g)3)ll2
< Ol V)l lia) fll2ll (@) gl
< Ol V)l fllaer gllage
SoV € CY(Ay,H!,H™1). Similarly, we have
(9, [V AL, A f) = (V, Aulg, Auf) — (Aug, [V, Al f)
= (V. Aulg, qu(p)f) — (qu(p)g, [V, Au] f)

2 (W, IV, AL + IV, Adg o 0)) ).
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AsV € CY (A, HY, H™1), we have that (v (p)g, [V, Au)f) + ([V, Adlg, v’ (p) f)
is bounded. Using (5.2), we have

(qup)g, [V, Aulf) = (qVqU() u(p)f) — (u(p)qu(p)g, 4V f)
( (

((un() u'(p)f) + (' (p)qu(p)g, V f))
= (2Vu (p)f) — (ulp)qu(p)g, 4V f)
(g Ve D)D) + (o P)aulp)a, V).
By a simple computation, we have
(u(p)qu(p)g.aVf) = (qup)u(p)g,qV f)+ ([u(p), dlu(p)g. ¢V f)

i
= (ulp)u(p)g,¢*Vf) + 5 (u(p)e'(p)g,aV f)
and
(W (p)aqu(p)g, V) = (qu'(p)ulp)g,V )+ ([u'(p), alulp)g,V[)
1
= (ulp)d'(p)g.aV ) + 5 (W (P)ulp)g. V).
As previously, we can remark that (q)_lq/z‘\/ € L'. So, since u and all of whose
derivatives are bounded, we deduce that [[V, A,], A,] is a bounded operator on
H! — H land V € C?(A,,H',H™'). Remark that all previous inequalities

are true for any bounded u such that u € C'°° with all derivatives bounded. In
particular, by taking u(x) = sin(ax), we deduce that

Ve C*An, HY  H Y c OV (An, HY, HTY).
Now we will prove that V is notin C*(Ap, H', H™1). For N € N*, let
f]\\[ = 1[N,N+1} <N + 1>71 and g = 1[0,1].

Note that ||(-) fx [|22]/(-)g]|2. < 2 which implies that || fx |41 [|gll: < 4v/2. We
have

(7~ Vi) «a) = Z M [ (€= IV =0 = min)dsdn

> M/NNH(/Ol(s—mx(&—n—NH)dn)df
> <NA11>(N—1)/NN+1(/;:VNHX(g)dg)dg

> i o[

N-1 2
Z AN / x(o)do.
is not bounded

So, since f02 x(c)do > 0, we have that ((fn, [V, iAD]g))NeN
with || fa [l ]|gll%: < 4. So V' does not belong to the class C*(Ap, H, H ™).
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(4) Now, we will prove that V' is not A-compact.
Let N € N, N > 2 and let

SN =1 ny1nyo and G =1

Remark that || fx || £2]|g||%2 is a bounded sequence.

Vo)l = |(Fv, 7 +9)]
= / / Z An / X(s —n)ds
€E[N+1,N+2] oo
—1 0
= _/ / Z )\n/ x(s —n)ds
€e[N+1,N+2] Jnelo,1] , 20 £-n
€-n
+/ / Z )\n/ x(s — n)ds
EE[N+1,N+2] Jne(0,1] ,, 4 0

N+2

£—n
+ An / / / x(s —n)ds
Z ¢e[N+1,N+2] Jnelo,1] Jo

+°° 1]
—|—/ / An / (s—n)ds. (5.4)
EE[N+1,N+2] Jn

eo1]n Na3

Remark that, for{ € [N+ 1, N+2]andn € [0,1], wehave N+2>&—n > N.
So,if ¢ € [N +1,N + 2] and 5 € [0, 1], we have:

e Ifn < —1,then x(s—n) =0forall s € [0, —7)]. So fgo o, X(s —n)ds =
e If1<n< N-—1,then{ —n > n+ 1. So, since x(s )_O1f| | >1,
§—n n+1 1
/ x(s —n)ds = / X(s —n)ds = / x(s)ds > 0.
0 n—1 -1

o Ifn > N+3, thenf n < n—1. So,since x(s—n) = 0forall s € [0,{—1n),
we have fo x(s —n)ds = 0.
So, since A, > 0 for all n and x(x) > 0 for all z, from (5.4), we have:
N-1

1
(fnVa)l = / [ Y[ s
eeIN+1,N+2] Jnef0,1] S}

N+2 &—n
S e haon X6
¢€[N+1,N+2] Jnefo,1] Jo

> )\N—l/ x(s)ds.
—1
So, since (A)nen is not bounded, we can extract a subsequence (A¢(n))neN
such that

lim A, =400 and we have Nl_l)IEOO |(fo(v)+1, Vg)| = +oc.

n—-+oo

So V' is not A-bounded. O
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5.2. A class of oscillating potential. Let « > 0, f € R, k € R* and k € C2°(R,R) such
thatk =1on[—1,1]and 0 < k < 1. Let

Wos(z) = (1 - x<x|>>sm(’;|'ﬁ‘”'a>. 5:5)

This potential can be seen as a A-compact potential (if 3 > 0) or as a potential on H! to
H 1 for which we keep the same notation.

We will see that under certain condition on («, [3), we can apply Theorems 1.1 and 1.2
with W,z as potential. We will also compare our results (lemma 5.4) with results given in
[13].

Recall that I/ is the space of vector fields u bounded with all derivatives bounded such
that z - u(x) > 0 for all  # 0. We have the following:

LEMMA 5.4. — Let W, be as in (5.5) and let H = A + W,g. Forallu € U, we
have:

(1) ifa+p3 > 2, then W, : H' — H ™' is compactand W, 5 € CH(A,, HL, H™L).
(2) if2a+ 3 >3 and B > 0, then Wo5 € CLL(A,, H? H2).

In particular, in this both cases, Theorems 1.1 and 1.2 apply.

Note that in (1), we do not require to have S > 0. In particular, if 8 < 0, then Wz is
an unbounded function.

In [13], if we suppose 5 > 0, we can see that the Limiting Absorption Principle can
be proved with the generator of dilation Ap as conjugate operator for H = A 4+ Wz if
o — 1]+ B > 1. If |a — 1| + B < 1, they showed that H ¢ C'(Ap). This implies that we
cannot apply the Mourre Theorem with Ap as conjugate operator on this area. Moreover,
they also proved a limiting absorption principle if & > 1 and 8 > 1/2, in a certain energy
window. If |« — 1| + 8 < 1 and 2ac + 5 > 3, Theorem 1.2 improves this result in two
waves: first, there is no restriction of energy; second, we have some result on the boundary
value of the resolvent. Furthermore, the region where o — 1| + 8 < 1, 2a+ 8 > 3 and
g< i 5 is not covered by [13] but Theorem 1.2 applies.

ProofofLemma 54. — Let f,ge Sandlet0 < p < 1. Letu € %. We will always
suppose that p is small enough. We have

(0" [Wap,iAulg)

(f,
= ({q Wagsf, iAug) — (Au(D)" f,iWapg)
(

= <Qi’ Wapfriaq - u(p)g) = (q-ulp)(@)"f,iWasg)
F{@) Wasf, 50 (0)g) + (5 (9){)" . Wepo)

= (@"Wapf,iqg-up)g) — (¢ u(p)f,i{e)* Wapg) (5.6)
Q) Was f, 30/ (9)g) + (50 (), 40) Wasg) 57)
(- [up) (@)1, Wasg) + I (), 01,1 Wase): 5B

Remark that, since u and all its derivatives are bounded, for ;1 < 1, we have that [u(p), (¢)"]
and [u/(p), (q)*] are bounded and ||u(p) f || and ||u’ (p) f |3+ are controlled by || f||3- for
s = 1,2. We will use this argument to treat terms in (5.7) and (5.8) and we note that they
are bounded in the ' norm when terms in (5.6) are bounded. For this reason, we focus
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on this to terms which are quite similar. To control them, we will show that ¢W,z(q) can
be write with a different form.
Let & € C°(R,R) be such that #(|z|) = 0if || > 1, K = 1 on [-1/2,1/2] and
0 < % < 1. So, we can observe that (1 —&(|z|))(1 —&(|z])) = (1 —k(]z|)) forall x € R”.
For v € R, let

cos(k|x|® )

Way (2) = (1 - &(Jz))) I

By a simple computation, we have

(1= (|) 2]V Way () = —(1 = 5(|2)) 1 War (2) — ks Was () (5.9

2|
withy=a+ g —1.
In a first time, remark that, since, in both cases, v > 0,

()" T W @)

is bounded for all 0 < p < . Thus, by using (5.9) in (5.6), it suffices to proof that
("1 = k(la))aVWary(q) : H' = H !

is bounded to show that W,5 € CH(A,, HY, HY).
To do this, remark that VF(q) = i[p, F'(¢) for all functions F'. So, we have for ¢, €
S,
(u(p)¢, (1 = w(lal)){a)"|a| VY War (a)9)
= (u)e,ilp, (1 = K(a])) ()" |aIWar (@)]9) + (u(p), 45" (|a)) (@) W (0)1))
—p(u(p)d, a(1 = ~(lg))){@)* gl War (2)0)

(
4um¢u—nmm@>§| L @)).
So, we have

(u(p)@, (1 = K(laD){@)"|a|V War (a)0)
= (pu(p)¢,i(1 — K(laD)(a@)"|alWar (a)¥)

—(u(p)@,i(1 = w(la)){(@)*|alWar (@)p¥) + (u(p)$, ar’(|a]) (@) War (0)9)
—p(ulp),q(1 — w(lal)) (@) a|War (@)
(

4wm¢u—mmmq>§[ (@)0)- (5.10)

So, since u is bounded, by density, if (1 — #(|q|))(q)*|q|Wa~(q) is bounded, then (1 —
k(g (@)*1g|VWar (q) : H' — H " is bounded.

(1) Suppose that o« + 8 > 2. Since v > 1, by (5.9), (()*qWap : H' — H L
bounded for y > 0 small enough. This implies that W,z belongs to the class
CUL(A,, HY, HY).

Moreover, by (5.9), we have

Wo@) = =(1 = w([o1)) 25 1 W (&) = (1 = (o)) 2 VWi o).
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So, since 7 > 0, we have that (1 —/{(\q|))%%w (q) : H* — M~ is compact.
As in (5.10), we can prove that (1 — (|q|)) VW, (q) @ HY — H?

kalq|
compact. Thus, by sum, W5 : H' — H 1 is compact.
(2) Suppose that 5 > 0 and 2« + 5 > 3. In this case, remark that Wyz(q) is A-
compact. Letu € U. Let K € C°(R,R) be such that k(z) = 0if || > 1/2,
k=1on[-1/4,1/4]and 0 < k < 1. For 0 € R, let

sin(k|z|*)

Waé( ) ( (| D) |I‘6

By a simple computation, we can write:

War(z) = (1= &(|z I) alz |~a6+( Rl I))k 2] Y Was(@)

withd =v+a—-1=F+2a—-2> 1.
Since we want to prove that [W,,iA,] : H? — H =2 is bounded, we can make
twice the argument of (5.10). This implies that W, 5 isin C11 (A, H2, H~2). O

If we want more regularity on the potentials, we have the following

LEMMA 5.5. — Let V : H! — H~! be a compact symmetric multiplication operator.
If|g|"V : H' — H~! is bounded for some n € N*, then, for any u € U, we have V €
C™(Ay, HY,H™Y). In particular, if o + B — 1 > n € N*, then W5 € C"(A,, H1, H™1).
In this case, if n > 1, we deduce that \ — R(A +0) is locally of class A* on RT* outside
the eigenvalues of H, where s is the integer part of « + 3 — 2.

Proof of Lemma 5.5. — Letu € U and n € N*. Let adj (V) the iterated com-
mutator of order n, with ad} (V') = [V, A,]. By induction, we can prove that there is
(B (p))ke{&___ ny and (B, (p))ke{O .. n} tWo sequences of bounded operators such that

ad’, ZBk "V B, (p). (5.11)

Moreover, we can see that By (p) and By, (p) depends only of u and its derivatives of order
less than n. So, if |¢|"V : H! — H 1 is bounded, then V € C™(A,, H', H™1).
Moreover by (5.9), we can see thatif y = a4+ 8 —1 > s+ 1,s € N*, then |q|s+1V
H' — H~! is bounded. So W,5 € C*T1(A,, H', H™? ) C A”l(Au,’H1 H~1) and by
Theorem 3.3, we can deduce that A — R(\ +0) is locally of class A® on R** outside the
eigenvalues of H. O

5.3. An unbounded potential with high oscillations. Now, we will show an example
of potential V' of class C°°(A,,H',H ™) for any u € U such that V is neither in
CY(Ap,H',H~!) nor A-bounded. In particular we cannot have the Mourre estimate
with Ap as conjugate operator but we can prove a limiting absorption principle with A,
as conjugate operator and have a good regularity for the boundary value of the resolvent.

LEMMA 5.6. — Let s € C°(R,R) such that k = 1 on [—1,1] and 0 < k < 1. Let

V(@) = (1 - s(J2])) exp(3[z]/4) sin(exp(|]))- (5.12)
Then:
() V:H' — H~ ' is compact;
(2) Foranyu € U, we have V € C™(A,, H*, H™1);
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(3) V is not A-bounded;
(4) V is not of class C* (Ap, H', H™1).

In particular, we can use neither the Mourre Theorem with the generator of dilation as
conjugate operator nor Nakamura’s Theorem. By Theorem 3.3, we have the following

COROLLARY 5.7. — LetV asin (5.12)and H = A+V : H' — H~'. Then Theorem
1.2 applies and, for all s > 0, the functions

A= RO\ £i0) € B(H;Y, HL,) (5.13)
are locally of class A°*~'/2 on (0, +oc) outside the eigenvalues of H.

In particular, if we see R(A=+i0) as an operator from C° to D’ the space of distributions,

the functions
A= R(A£10) € B(C®, D)
are of class C* on (0, +00) outside the eigenvalues.

Proof of Lemma 5.6. — Let & € C°(R,R) such that £(|z|) = 0if |z| >
[-1/2,1/2]and 0 < & < 1. So, we can observe that (1—&(|z]))(1—x(|z|)) =
forall x € R”.

If we denote

=1on

LR
(1=~(lz])

V(z) = (1 = &(|x)) cos(exp(|z])),
we have:

(1= w(j])VV(x) = (1 ~ H(Ix\))% exp(|z]) sin(exp(|z))-

So,
aV(x) = —[z[(1 = r(|z[) exp(=|x]/4)VV (z).
(1) By a simple calculus, we have
x _
V(z) = —m(l — r([x])) exp(=|z|/4)VV (z).
So, since V is bounded, by writing VV (¢) = i[p, V(q)], as in (5.10), we can prove
that V' : H' — H ! is compact. ) )

(2) Similarly, since V' is bounded, writing VV'(q) = i[p, V (¢)] we have ¢|q|"V (q) :
H! — H~! is bounded for all n € N. So, by Lemma 5.5, for any u € U we have
VeC( Ay, H ,H V) foralln € N*. SoV € C®(A,, H}, H ™).

(3) Let x € C2(R,R) be such that supp(x) C [5,2F], x > 0 and x(7/2) = 1. Let
N € N*,

flx) = (x)” WD/
and
3m (1-v)/2
gn(z) =1n ( 1 2N7T> exp(|z|/2)x (exp(|z]) — 2N ).

We denote C' > 0 constants independant of N. Remark that f € H? and

(a-»)
/gjzv(x)dx _ /m(%wm) exp(|z])x2(exp(|z]) — 2NT)de

(1-v)
= Ch (Z + 2N7r) / exp(r)x?(exp(r) — 2N7)r~tdr
R

< C’/exp 2(exp(r) — 2NT)dr.
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So,if 0 = e" — 2N, we have

/ g?v(x)dng/Xz(a)da. (5.14)
R¥ R

So ||fll#zllgnllzz < C. Remark that, since f(z)V(x)gn(z) = 0 for all z € R,
we have for N large enough

| i@V = [ e (3 ronm) " el
v(exp(fa]) — 2N7) (1 = r(lal)) sin(exp(lal))dz

Cln (?% + 2N7r>(1_y)/2 /U<x>*(l'+1)/2 exp(5|z|/4)
x (exp(|z]) — 2N7)da

Cln (3% =+ 2N7T> =

\%

WV

/<r>_(”+1)/2 exp(5r/4)x(e” — 2N7)r’ " tdr
R

WV

C/Rexp(r/S)erx(er — 2N)dr

WV

3m/4
C’/ (o4 2N7)Y8x(0)do
w/4
T 3m/4
> C(Z+2N7T)1/8/ x(o)do.
w/4

So Nl_l)r_I& Jrv f(@)V(2)gn (x)dz = +00. So V is not A-bounded.
(4) By a simple calculus, we have
z-VV(z) = — ' (|z|) |z] exp(3|z|/4) sin(exp(|z]))
+ (1= w(|a])]x] exp(7|z[/4) cos(exp(|z]))
3
+ (L= w(lz]) ;] exp(3[al/4) sin(exp(|z]))-

Let x € C}(R,R) be such that supp(x) C [0, %], x > 0 and x(7/8) = 1. Let
N € N* and
fla) = (a)= A2

and
gn(z) =In (% + 2N7r)(1_y) exp(—|z|/2)x(exp(|z|) — 2N~).

As in (5.14), we can show that ||f|31]lgn]l2r < C. Remark that, f(z)z
VV(x)gn(xz) = 0 for all z € R”. Since k € C2°, we have for N € N* large
enough

[ 7@ el el exp(3lal/4)sin(exp(el) g () = o
Moreover, we have

- fl@)(1 - f’v(|$|))%|x| exp(3[x|/4) sin(exp(|z|))gn (x)dz = 0.
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Thus, for N large enough,
T (1-v)/2
/ f(@)x - VV(z)g(z)dz > / || In (Z + 2N7r) x(exp(|z|) — 2NT)

(1 = w(|a])(x) " FD/2 exp(5|| /4) cos(exp(||))da

T (1-v)/2
> il —(v+1)/2
> C’ln(4—|—2N7r) /V<ac>
x(exp(|z]) — 2N7)|z| exp(5|z|/4)dx
T (1-v)/2
> n —(v+1)/2
> Cln(4+2N7r) /<r>
x(e" — 2Nm)r” exp(5r/4)dx
> C/ x(e" — 2Nn) exp(5r/4)dx
Rl/

/4
> C/ (o + 2N7)Y*x(0)do
0

/4
> C(2N7)'/4 / x(o)do.
0

Thus, lim [, f(x)z - VV(2)gn(z)de = +oo.
N—+o0
Therefore, V ¢ C1(Ap, H, H™1). O

Remark that, if f(z) = (x)~“+1/2 then f € H* for all k € N. This yields that, by
the same proof, we can show that V' : H* — L2 is not bounded for all & € N.

5.4. A short range potential in a weak sense. Now, we will show an example of potential
with no decay at infinity for which Theorem 1.2 applies.
We have the following:

LEMMA 5.8. — Suppose that V : H' — H ™! is a symmetric bounded operator. There
exists u € U such that:
(1) ifz v |z|V(z)isinH ' then V € C'(A,, H', H™1).
(2) ifx = (x)T1V (x) isin H™! for some jn > 0, then V € C1V (A, HY, H™Y).
For this type of potential, we can take u of the form u(x) = x(z)~*~!. Note that this u
isin L?(RY).
We have the following
COROLLARY 5.9. — Let V : H' — H ™! is a symmetric compact operator. Suppose
that there is > 0 such that x — (x)*#V (z) is in H~1. Then Theorem 1.2 applies on
(0, +00).
We will give an example of a potential which satisfies assumption of the previous corol-
lary and for which we cannot apply the Mourre Theorem with Ap as conjugate operator.

LEMMA 5.10. — Letv > 3 andlet x : R — R such that y € C?, x(|z|) = 0 if |z| > 1
and x'(0) = x"(0) = 1. Let

+o00
V(z) = Z nGv=D/2\"(n3%/2(|z| — n))  with a finite sum for each x.
n=2

Then
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() V:H' = H~ ' is compact;

(2) there is u € U such that V is of class C** (A, HY, H™1);
(3) V is not A-bounded;

(4) V is not of class C* (Ap, H', H™1).

Proof of Lemma 5.8. — Let u(x) = x(z)~*~%

6]

Suppose that z +— |z|V () is in H~L. By (5.2), we can see that, if [¢V, u(p)] :
H' — H~1is bounded, then V € C1(A,, H', H™1).
Let f,g € C2°. By (5.3) and Young inequality, there is C' > 0 such that

@faval < € [ OUIFONE ) laV (€~ mltmlatnldsds
< Clu@)@) a1V D * (a) 31
< Clullll@ 110 aV Izl @)1l
< CllullalflheslaV e+ e (515)

2

We have a similar inequality for |(¢V f, u(p)g)|. By density, we have the same
inequality for all f,g € H!'. Thus [¢V,u(p)] : H' — H~! is bounded which
implies that V € C1(A,, H', H™1).

Suppose that there is 1 > 0 such that z +— (z)*#V(z) is in H~'. In partic-
ular, z — |z|V(x) is in H~!. Therefore V € C'(A,, H',H™!). As we saw
previously, we can deduce that [(g)*qV, u(p)] : H' — H ' is bounded.

By a simple calculus, we have:

[qV,u(p)] = [o) "{9)"qV,u(p)]
= (¢ "[a)"qV,u(p)] + [(¢) ", u(p){9)"qV

By the pseudo-differential calculus, we can prove that {g)[{g) ~*, u(p)](p)*** is
a bounded operator. From that, we deduce

[{a) ™" u)(@)*qV = (@) ~"(@)"[{e) ™", u(p))(p) T () """ (0)"qV.
As in (5.15), since z + {(x)~'7" is in L?(R"), we have that (p)~1=%{q)"qV :
H' — M~ is bounded and (g)*[(q) ", u(p)(p)" T ()" " (@)qV + H' —
H~! is bounded.

Thus we can write [¢V,u(p)] = (q) #B where B : H! — H~! is bounded.
Thus, for all £ a real function of class C*°(R") such that {(z) = 0if || < 1 and
&(z) = 1if |z| > 2, we have

1€Ca/m)[aVs u)llrr ey = €(a/m){@) " Blls@r a1
< () 7PIBllBe -

In particular, by (5.15), V satisfies (3.1) and, by Proposition 3.2, V is of class
CUY (A, HYL, HY). O

Proof of Lemma 5.10. — Remark that we can write V (z) = 5 VIV (x) where

6]

el

+o00
=" v (Ve (|z] - n)).
n=2

As lim W(x) =0, writing VW (q) = i[p, W(q)], we have that

|z|—+o00

Vi H! 5 H !
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is compact.
(2) Let > 0.

Rv

2 o0
| |t w@ de =S nt [ ol e 2 (o] - m)da.
n=2 Rv

Since x(|z|) = 0if |z| > 1, there is C' > 0 such that

J.

nn=3v/2

1+p 2 > —1 —3v/2\242p v—1
|z| " T*FW (z)| dez < CZTL (n+n ) Y= dr
n=2 n

—n—3v/2

< 203 (n4 IRy 2L,

n=2

In particular, since v > 3, for p > 0 sufficiently small, this sum is finite, and we
can conclude that (¢)!™*W € L2. Therefore

(@)Y () = <x>1+”ﬁvw = %v (YWY (@) — (1 + p)lal (@) W ().

Since x + |z|(z)*~1W (x) is in L%, we have that x + (x)'*#V (x) isin H~L.

Thus, by Lemma 5.8, V € C11(A,, HL, H™1).
(3) Let N € N*. Then

fla) = (a) =02
and
gn(z) = NY/4F23(N32 (|| — N)).

Remark that f € H? and

/ Bi(@)de = N/ / (N2 (|2] — N))2de

< CNV/2+1/ TV_lxl(N3V/2(7"—N))2d.’E
1
< CND/2+1(N+1)D71N73U/2/ X/(t)th
-1
< C (5.16)

Thus ||gn]lr2 < C.
To simplify notation, let I = [N — N=3*/2/ N 4+ N—3¥/2], Then
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| @V @ox@de = NG

/ <(E>_(V+1)/2XI(N3V/2(|(E| —N))2d1'

2 NV/4+1/2N(31/71)/2<N+N73V/2>7(l/+1)/2
[ v r2(e] - )
|z|el
2 CNV/4+1/2N(3D71)/2<N+N73u/2>7(v+1)/2
/ TV_IXI(NSV/2(T _ N))sz'
rel
2 C<N+1>—(U+l)/2(N_1)5y/4—1
/ X' (N¥/2(r — N))2dr
rel
> O(N +1) 02N - 1)5”/4*1/ ¥ () 2dr
re[—1,1]

Therefore, since v > 3, we have that NlirJrrl va f(@)V(z)gn(z)dz = +oo.
—+oco

Since || f||nz]lgn |l z2 < C, we have that V' is not A-bounded.
(4) By asimple calculus, we have

+oo
- VV((E) _ ‘.’E| Z n3u/2n(3u71)/2xl/(n3u/2(|x| _ TL))

n=2

Let N € N* and
f(LL') — <$>_(V+1)/2 and gN(x) — NV/4+1/2N—3I//2X//(N3I//2(|:L,| _ N))

Remark that f € H' and by (5.16) |lgn |32 < C.
To simplify notation, let I = [N — N=3"/2) N + N—3¥/2]. We have

[ f@)e - 9V (@x (@)do

— Nu/4+1/2N(3y—1)/2/ ‘Jil<.’1?>_(V+1)/2XN(N3V/2(|$| —N))de

v

> Nu/4+1/2N(3u—1)/2<N+N—3u/2>—(y+1)/2/ X//(N3u/2(|l,‘ _ N))le‘
|z|el

2 CNV/4+1/2N(3I/—1)/2<N+N—SV/2>—(I/+1)/2/ TV—IXII(NSI//Q(T _ N))2d,r
rel

> C<N + 1>—(V+1)/2(N _ 1)51//4—1/ X//(N3u/2(,r _ N))2dr

rel

> OV 4+ 1)y -t [ e ar
re[—1,1]

Thus, since v > 3, we have that NHIE va f(z)x - VV(2)gn(z)dz = 400
— 100
with || f||l21 lgn |l < C. Thus V ¢ CY(Ap, H', H™1). O
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6. FLow

In this section we make a comment concerning the unitary group generated by the oper-
ator A, which could be useful in checking the C'** (A, ) property, subject that however we
shall not pursue further in this note. For A,, as in (2.3) one may give an explicit description
of ™4« in terms of the classical flow generated by the vector field u as follows (we refer to
Subsection 4.2 in [1] for details). For each = € X denote ¢, (x) the solution of the system

=07 (2) = u(¢r(2))
dr
{2 2
which exists for all real 7 and ¢ (x) is a C* function of 7, z. Then ¢, : X — X isa C°
diffeomorphism and we have ¢, © ¢ = Pyqr.

Remark that because FA,F ! = % (p- u(q) + u(q) - p), we have that A, is essentially
self-adjoint (see [1, Proposition 4.2.3]). Morever, because ]-"17-15.7: = ’HZ, for u € U, the
Co groups €™« leaves invariant the 7 spaces (see [1, Proposition 4.2.4]).

Denote ¢! () the derivative of ¢, at the point z, so that ¢/ (z) : X — X is a linear
map with J(z) = det ¢/ (z) > 0. Then:

fei'rAufflf _ JTl/Qf o pr (6.2)

where F is the Fourier transformation.

For the operator Ay given by (4.2) it suffices to consider the one dimensional case,
because of the factorization properties mentioned at the beginning of Section 4. Then
X = Rand u(k) = sin(ak). For simplicity, and without loss of generality, we take a = 1.
Then the system (6.1) has an elementary solution: if 0 < x < 7 then

B (1 —€?) + cos(z)(1 + €27) B . x
¢-(z) = arccos <(1 ) ¥ cos(a) (1 627)) = 2arctan (e tan (5)) (6.3)
and similarly outside [0, 7r]. Note that if 2 = k7 with k € Z then ¢ (x) = x.
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