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REMARKS ON THE CAUCHY PROBLEM FOR THE
AXISYMMETRIC NAVIER-STOKES EQUATIONS

THIERRY GALLAY AND VLADIMIR SVERAK

Abstract. Motivated by applications to vortex rings, we study the Cauchy problem
for the three-dimensional axisymmetric Navier-Stokes equations without swirl, using scale
invariant function spaces. If the axisymmetric vorticity wg is integrable with respect to the
two-dimensional measure dr dz, where (r, 6, z) denote the cylindrical coordinates in R3, we
show the existence of a unique global solution, which converges to zero in L! norm as t — co.
The proof of local well-posedness follows exactly the same lines as in the two-dimensional
case, and our approach emphasizes the similarity between both situations. The solutions
we construct have infinite energy in general, so that energy dissipation cannot be invoked
to control the long-time behavior. We also treat the more general case where the initial
vorticity is a finite measure whose atomic part is small enough compared to viscosity. Such
data include point masses, which correspond to vortex filaments in the three-dimensional
picture.

This article is dedicated to Denis Serre on the occasion of his 60th birthday.

1. INTRODUCTION

Among all three-dimensional incompressible flows, axisymmetric flows without
swirl form a particular class that is relatively simple to study and yet contains
interesting examples, such as circular vortex filaments or toroidal vortex rings. For
the evolutions defined by both the Euler and the Navier-Stokes equations, global
well-posedness in that class was established almost fifty years ago by Ladyzhenskaya
[17] and Ukhovksii & Yudovich [23]. In the viscous case, the original approach of
[17, 23] applies to velocity fields in the Sobolev space H?(R?), see [18], but it
is possible to obtain the same conclusions under the weaker assumption that the
initial velocity belongs to H'/2(R?) [1]. In all these works, global existence for
arbitrary large data is shown by combining the standard energy estimate, which
holds for general solutions of the Navier-Stokes equations, with a priori bounds on
the vorticity that are specific to the axisymmetric case.

In this paper, we revisit the Cauchy problem for the axisymmetric Navier-Stokes
equations (without swirl) for the following reasons. First, motivated by a future
study of vortex filaments, we wish to formulate a global well-posedness result in-
volving scale invariant function spaces only. As was already mentioned, all previous
works deal with finite energy solutions, and energy is not a scale invariant quan-
tity for three-dimensional viscous flows. In particular, the long-time behavior of
axisymmetric solutions has not been studied in terms of scale invariant norms. Our
second motivation is to emphasize the analogy between the axisymmetric case and
the two-dimensional situation where the velocity field is planar and depends on
two variables only. Indeed, we shall see that, if appropriate function spaces are
used, local existence of solutions can be established in the axisymmetric case using
literally the same proof as in the two-dimensional situation, which has been stud-
ied by many authors [3, 11, 14]. However, significant differences appear when one
considers a priori estimates and long-time asymptotics.

To formulate our results, we introduce some notation. The time evolution of
viscous incompressible flows is described by the Navier-Stokes equations

ou+ (u-V)u = Au—Vp, divu = 0, (1.1)

Math. classification: 35Q30, 76D05, 35B07, 35B40, 35B45.
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where u = u(x,t) € R? denotes the velocity field and p = p(z,t) € R the pressure
field. For simplicity, we assume throughout this paper that the kinematic viscosity
and the fluid density are both equal to 1. We restrict ourselves to axisymmetric
solutions without swirl for which the velocity field has the following particular form :

u(z,t) = up(ryz,t)e, +uy(r, z,t)e, . (1.2)

Here (r,6,z) are the usual cylindrical coordinates in R3, defined by setting = =
(rcosf,rsinf, z) for any z € R3, and e,,eg, e, denote the unit vectors in the
radial, toroidal, and vertical directions, respectively :

cos 0 —sin @ 0
e, = | sinf | eg = cos , e = (0] . (1.3)
0 0 1

We emphasize that the “swirl” u - ey is assumed to vanish identically. This means
that the velocity field (1.2) is not only invariant under rotations about the vertical
axis, but also under reflections by any plane containing the vertical axis.

A direct calculation shows that the vorticity w = curlu associated with the
velocity field (1.2) is purely toroidal :

w(r,z,t) = wa(r, z,t)ey , where wy = 0,u, — Opu, . (1.4)

The flow is entirely determined by the single quantity wg, because the velocity field
u can be reconstructed by solving the linear elliptic system

1
87““7‘ + ;ur + 82“2 =0 ) azur - 6ruz = Wwq , (15)

in the half space Q = {(r,2z) € R?|r > 0, z € R}, with boundary conditions u, =
Oru, =0 at r = 0. System (1.5) is the differential formulation of the axisymmetric
Biot-Savart law, which will be studied in more detail in Section 2 below.
The evolution equation for wy reads
Owwg +u - Vwy — &wg = Awy — w729 , (1.6)
r r

where u -V = 4,0, +u.0, and A = 92 + %{L + 9?2 denotes the Laplace operator
in cylindrical coordinates. Equation (1.6) is considered in the half-plane Q with
homogeneous Dirichlet condition at the boundary » = 0. As was already observed

in [17, 23], it is useful to consider also the related quantity

t
n(r,z,t) = wolr 2, 1) , (1.7)
r
which satisfies the advection-diffusion equation
2
on+u-Vn = An+ ;8”7 , (1.8)

with homogeneous Neumann condition at the boundary r = 0. Systems (1.6) and
(1.8) are, of course, perfectly equivalent. In what follows we find it more convenient
to work with the axisymmetric vorticity equation (1.6), at least to prove local
existence of solutions, but equation (1.8) will be useful to derive a priori estimates
and to study the long-time behavior.

Throughout this paper, to emphasize the similarity with the two-dimensional
case, we equip the half-plane Q = {(r,z) € R*|r > 0, 2z € R} with the two-
dimensional measure drdz, as opposed to the 3D measure rdrdz which could
appear more natural for axisymmetric problems. Thus, given any p € [1,00), we
denote by LP(Q) the space of measurable functions wy : @ — R for which the
following norm is finite:

1/p
lwollLr () = (/ lwe (1, 2)|P drdz) , 1<p<oo.
Q
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The space L*(Q) is defined similarly. Sometimes, however, it is more convenient
to use the 3D measure rdr dz, and the corresponding spaces are then denoted by
LP(R3) to avoid confusion. For instance, we define

1/p
il = ([ lrpraraz) =L 1<p<oo.
Q
We are now in position to state our first main result.
THEOREM 1.1. — For any initial data wg € L'(f2), the axisymmetric vorticity
equation (1.6) has a unique global mild solution
wp € C°([0,00), L'(2)) N C°((0, 00), L(92)) . (1.9)
The solution satisfies ||wo(t)| 11 (o) < llwollz1(q) for all t > 0, and
. 1—1
}E}I(l)t ?||wo(t) |l ey = 0, for 1<p<oo, (1.10)
tlim t17%||w9(t)||Lp(Sz) =0, for 1<p< 0. (1.11)
—00
If, in addition, the axisymmetric vorticity is non-negative and has finite impulse :
7= /rzwo(r,z)drdz < 00, (1.12)
Q
then
lim 2uwp(rVE, 2V 1) = —— e i (r,z) €Q (1.13)
Hm we(rvt, 2V t) = 16\/7?7“@ , T,z , .

where convergence holds in LP(Q) for 1 < p < oo. In particular ||we(t)||zr0) =
(’)(t_2+%) ast — oo In that case.

Remark 1.2. — A mild solution of (1.6) on Ry = [0,00) is a solution of the
associated integral equation, namely Eq. (4.2) below. As will be verified in Section 4,
both sides of (4.2) are well-defined if wy satisfies (1.9) and (1.10). In the uniqueness
claim, we only assume that wy satisfies (1.9) and is a mild solution of (1.6) for
strictly positive times. The proof then shows that (1.10) automatically holds.

The statement of Theorem 1.1 has several aspects, and it is worth discussing
them separately. The local well-posedness claim is certainly not surprising, because
the class of initial data we consider is covered by at least two existence results in
the literature. Indeed, if wp € L1(2), it is easy to verify that the vorticity w = wyeq
belongs to the Morrey space M3/2(R3) defined by the norm

lollagsrs = sup sup & [ ()] da
zER3 R>0 B(z,R)
where B(z,R) C R? denotes the ball of radius R > 0 centered at z € R3. In
addition w can be approximated in M?3/2 (R3) by smooth and compactly supported
functions. As was proved by Giga & Miyakawa [12], the Navier-Stokes equations in
R3 thus have a unique local solution with initial vorticity w, which is even global
in time if the norm ||w||szs/2 is sufficiently small. On the other hand, under the
same assumption on the vorticity, one can show that the velocity field u given by
the Biot-Savart law in R3 belongs to the space BMO_l(R?’) defined by the norm

1 R2 1/2
lullosio = sup swp (7 [ [ jeupards)
zer? B>0 \ I¥° JB(2,R) Jo

where €2 denotes the heat semigroup in R3. In fact w can be approximated by
smooth compactly supported functions in BMO™*(R?), so that u € VMO ™*(R?).
Thus we can also invoke the celebrated result by Koch & Tataru [16] to obtain
the existence of a unique local solution to the Navier-Stokes equation in R3, which
is again global in time if the norm |lu|lgpo-1 is sufficiently small. In contrast to
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the general results in [12, 16], the approach we follow to solve the Cauchy problem
for Eq. (1.6) uses specific features of the axisymmetric case. As we shall see in
Section 4, it is elementary and completely parallel to the two-dimensional situation
which was studied e.g. in [3, 7].

The assertion of global well-posedness in Theorem 1.1 is also quite natural in
view of the historical results by Ladyzhenskaya [17] and Ukhovkii & Yudovich [23].
As in [17, 23] we use the structure of equation (1.8) to derive a priori estimates on
the quantity n in LP(R3), for 1 < p < co. However, since the solutions we consider
do not have finite energy in general, we cannot apply the classical energy estimate
to obtain a uniform bound on the velocity field in L?(R3). Instead we prove that
any solution of (1.6) with initial data wy € L'(€2) satisfies [|wg (t)||11(0) < llwollL1 (@)
for all ¢ > 0 and

sup (1) 1= @) < C(lwollurcey) (1.14)

where C(s) = O(s) as s — 0. This new a priori estimate is scale invariant, and
implies that all solutions of (1.6) with initial data in L'(Q) are global. Using the
axisymmetric Biot-Savart law, we also deduce the following optimal bound on the
velocity field :

Sup 2 u(t) |z~ @) < C(llwolli(e)) - (1.15)

Our last comment on Theorem 1.1 concerns the long-time behavior, which differs
significantly from what happens in the two-dimensional case. In the latter situation,
the L' norm of the vorticity is non-increasing in time, but does not converge to
zero in general (in particular, it is constant for solutions with a definite sign).
The long-time behavior is described by self-similar solutions, called Oseen vortices,
which have a nonzero total circulation [8, 9]. In contrast, the axisymmetric vorticity
we vanishes on the boundary of the half-plane 2, so that the L' norm is strictly
decreasing for all non-trivial solutions. As we shall see in Section 6, this implies
that [|we(t)||z1 (@) — 0 when t — oo, as asserted in (1.11). In other words, the
long-time behavior of the axisymmetric vorticity is trivial when measured in scale
invariant function spaces. More can be said when the initial data have a definite
sign and a finite impulse, given by (1.12). In that case, the axisymmetric vorticity
wp inherits the same properties for all positive times and converges as t — oo to
a self-similar solution of the linearized equation (3.1), whose profile is explicitly
determined in (1.13).

As in the two-dimensional case, it is possible to extend the local existence claim
in Theorem 1.1 to a larger class of initial data, so as to include finite measures as
initial vorticities. Let M(2) denote the set of all real-valued finite measures on the
half-plane €2, equipped with the total variation norm

i = sup{ [ 0|6 € Col@). Iollimay <1} . forpe M@

where Cp(Q) is the set of all real-valued continuous functions on € that vanish
at infinity and on the boundary 09. If u € M(Q) is absolutely continuous with
respect to Lebesgue’s measure, then p = wy dr dz for some wy € L1(Q2), and |||ty =
llwall L1 (). More generally, one can decompose any p € M(Q) as pt = plac+fhse+Hpp,
where 14, is absolutely continuous with respect to Lebesgue’s measure, py,, is a
countable collection of Dirac masses, and ps. has no atoms but is supported on a
set of zero Lebesgue measure. In the original three-dimensional picture, each Dirac
mass in the atomic part p,, corresponds to a circular vortex filament, whereas
vortex sheets are included in the singularly continuous part psc.

The proof of Theorem 1.1 can be adapted to initial vorticities in M (), and
gives the following statement, which is our second main result.

THEOREM 1.3. — There exist positive constants € and C such that, for any
initial data wy € M(2) with ||(wo)pplltv < €, the axisymmetric vorticity equation
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. as a unique global mild solution wy € ,00), N satistying
1.6) h lobal mild sol C°((0 LY Q)N L (Q 7y

lim sup ||wg (£)|| 1) < o0, limsupt1/4||wa(t)||L4/3(Q) < Ce, (1.16)
t—0 t—0

and such that wy(t) — wg as t — 0. Moreover, the asymptotic estimates for t — oo
given in Theorem 1.1 hold without change.

Observe that we now have a limitation on the size of the data, which however
only affects the atomic part of the initial vorticity. This technical restriction in-
evitably occurs if local existence is established using a fixed point argument in scale
invariant spaces, as we do in Section 4. In the two-dimensional case, early results
by Giga, Miyakawa, & Osada [11] and by Kato [14] had a similar limitation, which
was then relaxed in [9, 6] using completely different techniques. In the axisym-
metric situation, existence of a global solution to (1.6) with a large Dirac mass
as initial vorticity has recently been established by Feng and Sverak [5], using an
approximation argument, but uniqueness is still under investigation. For a general
initial vorticity wg € M(2), both existence and uniqueness are open.

Even if we restrict ourselves to initial vorticities with a small atomic part, the
uniqueness claim in Theorem 1.3 is probably not optimal. Indeed, although the
solutions we construct satisfy both estimates in (1.16), we believe that unique-
ness should hold (as in the two-dimensional case) under the sole assumptions that
wp(t) is uniformly bounded in L'(Q) for t > 0 and converges weakly to the ini-
tial vorticity wy as t — 0. However, technical difficulties arise when adapting the
two-dimensional proof to the axisymmetric case, and for the moment we need an
additional assumption, such as the second estimate in (1.16), to obtain uniqueness.
We hope to clarify that question in a future work.

Remark 1.4. — It is interesting to ask whether our results can be extended to
the case where a non-zero axisymmetric forcing is included in the Navier-Stokes
equations. For example, one can add a forcing term f = f(r, z,t) to the right-hand
side of equation (1.6). If f is “sufficiently regular” and decays “sufficiently fast” as
r + |z| +t — oo, our results remain true, with quite straightforward modifications
of the proofs. However, if we wish to obtain results under optimal, scale invariant

assumptions such as
oo
/ / |f(r,z,t)|drdzdt < oo,
o Ja

non-trivial modifications seem to be needed. We thank the anonymous referee for
raising this interesting point, which we plan to address in a future work.

The rest of this paper is organized as follows. In Section 2, which is devoted
to the axisymmetric Biot-Savart law, we estimate various norms of the velocity
field w in terms of the axisymmetric vorticity wy. In Section 3, we show that the
semigroup generated by the linearization of (1.6) about the origin satisfies the same
LP — L7 estimates as the two-dimensional heat kernel. After these preliminaries,
we prove the local existence claims in Theorems 1.1 and 1.3 in Sections 4.1 and 4.2,
respectively. Global existence follows from a priori estimates which are established
in Section 5. Finally, the long-time behavior is investigated in Section 6. We prove
that all solutions of (1.6) converge to zero in L!(Q2), and we also compute the
leading term in the long-time asymptotics for vorticities with a definite sign and a
finite impulse.

2. THE AXISYMMETRIC BIOT-SAVART LAW

In this section, we assume that the axisymmetric vorticity wy : 2 — R is given,
and we study the properties of the velocity field v = (u,, u,) satisfying the linear
elliptic system (1.5). The divergence-free condition 9, (ru,) + 0,(ru,) = 0 implies
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that there exists a function v : 2 — R such that

10y 10y
__lov _ 9% 2.1
tr r oz’ b r or (2.1)
As 0,u, — Oru, = wy, the axisymmetric stream function 1 satisfies the following
linear elliptic equation in the half-space €2 :

— 0%+ %3,«77/) — 0% = rwy . (2.2)

Boundary conditions for (2.2) are determined by observing that, for a smooth ax-
isymmetric vector field u : R® — R? with divu = 0, the stream function defined by
(2.1) satisfies the asymptotic expansion

U(r,z) = Yo +12a(2) + O, asr — 0, (2.3)

see [19] for an extensive discussion of these regularity issues. Without loss of gen-
erality, we can assume that the constant vy in (2.3) is equal to zero, in which case
we conclude that (0, z) = 9,4(0, z) = 0.

The solution of (2.2) with these boundary conditions is well known, see e.g. [5].
If we assume that the vorticity wy decays sufficiently fast at infinity, we have the
explicit representation

Y(r,z) = %/Q\/TFF ((r—r)g—i—(z—z)Q)we(r’z) drdz , (2.4)

rr

where the function F': (0,00) — R is defined by
4 cos ¢ do /2 cos(2¢) do
F(s)=/ 1/2:/ _2( ) 7z 5>0. (25
0 (2(1—cos¢) + ) 0 (sin® ¢+ s/4)

Useful properties of F' are collected in the following lemma, whose proof can be
found in [22, Section 19].

LEMMA 2.1. — The function F : (0,00) — R defined by (2.5) is decreasing and
satisfies the asymptotic expansions :

i) F(s) zlog<%) —2+O<slog %) and F'(s) = —% —&—(’)(log%) as s — 0;

.. T 1 , 3m 1
11) F(S):W‘FO(SESW) aHdF(S):fm‘i’O(ﬁ) as s — oQ.
Remark 2.2. — It follows in particular from Lemma 2.1 that the maps s —

s*F(s) and s — sPF’(s) are bounded if 0 < o < 3/2 and 1 < 8 < 5/2. These
observations will be constantly used in the subsequent proofs.

Combining (2.1) and (2.4), we obtain explicit formulas for the axisymmetric
Biot-Savart law :

up(r, z) = /Gr(r,z,f, Z)wy(7,z)drdz ,
Q

(2.6)
uy(r,z) = /GZ(T,Z,F,E)WQ(F,Z) drdz ,
Q
where
1l oz—z _, s (r=7)2+(z—2)?
Gy, z,7,2) = ——3pap (), &= = . (27
,,_1 r—T 172 17:1/2 2 2 1l (2
Gulr,2,72) = — s FIE) + -5 (FE) - 28°F(€) . (28)

Our first result gives elementary estimates for the axisymmetric Biot-Savart law
in usual Lebesgue spaces. We emphasize the striking similarity with the corre-
sponding bounds for the two-dimensional Biot-Savart law in the plane RZ, see e.g.
[8, Lemma 2.1].
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ProPOSITION 2.3. — The following properties hold for the velocity field u de-
fined from the vorticity wy via the axisymmetric Biot-Savart law (2.6).
i) Assume that 1 < p < 2 < g < o0 and % = % — 1. Ifwy € LP(Q2), then u € L9(Q2)?
and

lullza) < Cllwsllzea) - (2.9)
i) If 1 <p<2<q<ooandwy e LP(Q) N LYQ), then u € L*°(Q)? and
o —0 P q— 2
lull o) < C’||w9||L,,(Q) ||w9||1Lq(Q) , where o = iﬂ € (0,1). (2.10)
Proof. — Both assertions follow from the basic estimate
C

|G7'(T527T_’ E)| + ‘GZ(T,Zﬂz, 5)| g (211)

(r=72+ (= —22)"*"
which holds for all (r,z) € Q and all (7, 2) € Q. At a heuristic level, estimate (2.11)
follows quite naturally from the scaling properties of G,.(r, 2,7, z) and G, (r, 2,7, Z)
if we observe that these functions behave for (r,z) close to (r,z) like the two-
dimensional velocity field generated by a Dirac mass located at (7, z) in R%. To
prove (2.11) rigorously, we first bound the radial component G,. We distinguish
two cases:

a) If 7 < 2r, we use the fact that £2F’(£?) is bounded, and obtain the estimate

o |Z—2| rr
|GT‘(T7’Z7T7Z)| < CT3/2F1/2 (7«_77)24—(2—2)2
P2 -2 ¢
— <

P2 (=24 (-2 T (o2t (e 2)2)

because 7/r < 2 and |z — 2| < ((r — 7)% + (2 — 2)2) /.
b) If 7 > 2r, observing that £&3F’(£?) is bounded, we deduce

L |z — Z| r3/2 73/2
|GT‘(T527TaZ)| g C —
r3/2 71/2 ((r 24 (- 2)2)3/2
Tlz—Z| C
=C 3/2 S

((r— )2+ (2 — 2)2) ((r—7)2 + (2 — 2)2)*
because 7 < 2(F —r) < 2((r — 7)? + (2 — 2)?)
G,.

Similar calculations give the same bound for the second component G, too.
Indeed, the first term in the right-hand side of (2.8) can be estimated exactly as
above, using the obvious fact that [r — 7| < ((r — 7)? + (2 — 2)2)1/2. The second
term involves the quantity F(£2) — 2£2F/(£2), which is bounded by C¢~1 in case
a) and by C¢73 in case b). This concludes the proof of (2.11).

Now, since the integral kernel G = (G,,G,) in (2.6) satisfies the same bound
as the two-dimensional Biot-Savart kernel in R?, properties i) and ii) in Proposi-
tion 2.3 can be established exactly as in the 2D case. Estimate (2.9) thus follows
from the Hardy-Littlewood-Sobolev inequality, and the bound (2.10) can be proved
by splitting the integration domain and applying Holder’s inequality, see e.g. [8,
Lemma 2.1]. O

The proof of Proposition 2.3 shows that the axisymmetric Biot-Savart law (2.6)
has the same properties as the usual Biot-Savart law in the whole plane R2. In
fact, it is possible to obtain in the axisymmetric situation weighted inequalities
(involving powers of the distance r to the vertical axis) which have no analogue

in the 2D case. As an example, we state here an interesting extension of estimate
(2.9).

"2 This proves estimate (2.11) for
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PROPOSITION 2.4. — Let «, 8 € [0,2] be such that 0 < § — « < 1, and assume
that p,q € (1, 00) satisfy
1 1 14+a-p

a P 2
If rPwy € LP(Q), then r®u € L1(Q)? and we have the bound

Ul Lay < ClrPwslle(a) - (2.12)

Proof. — As in the proof of Proposition 2.3, all we need is to establish the
pointwise estimate

etz D+ G s )) €
r (r—7)2+ (2 —2)?)

for some A € (0,1). Indeed, once (2.13) is known, the bound (2.12) follows immedi-
ately from the Hardy-Littlewood-Sobolev inequality if ¢=* = p~* + X — 1. To prove
(2.13), we proceed as before and distinguish three regions: a) 7/2 < r < 27;
b) » > 2F; ¢) ¥ > 2r. In each region, we bound the quantities F’(£2) and
F(€%) — 2¢2F'(£2) appropriately using Remark 2.2. These calculations shows that
inequality (2.13) holds with A = (1 + 5 — «)/2 if and only if the exponents «, 3
satisfy 0 < a < 8 < 2. Since we need A < 1 we assume in addition that § — a < 1.

, (2.13)

The details are straightforward and can be left to the reader. O
Remarks 2.5. — 1. Similarly, one can establish a weighted analogue of inequal-
ity (2.10).

2. If u is replaced by wu,, inequality (2.12) holds for all «, 5 € [—1, 2] such that
0<p—-—a<l

3. If we take @« = 1/q and 8 = 1/p, so that % =
equivalent to

% %, inequality (2.12) is
[ullLomsy < CllwllLe®s)
which is well known for the Biot-Savart law in R?, see e.g. [10, Lemma 2.1].

Finally, we prove other weighted inequalities, which are similar to those consid-
ered in [5].

PROPOSITION 2.6. — The following estimates hold :
1/2 1/2
lull (@) < Cllrwsll i, koo /7112 q) - (2.14)
Ur 1/3 2/3
1]y < Cllnlliay lo/rl3 (2.15)

Proof. — Estimate (2.14) is stated in [5] in the slightly weaker form
1/4 1/4 1/2
lull o0y < Cllwsl| iy Ir2wallAqy lwe /Tl 2 ) -

but the proof given there actually yields the stronger bound (2.14), which can be
compared with (2.10) in the case p = 1, ¢ = co. To prove (2.15), we follow the
same approach as in [5]. Using translation and scaling invariance, it is sufficient to
show that the quantity

:ur(l,O):/Q : F’((r1)2+22>w9(r,z)drdz (2.16)

Trl/2 r

is bounded by C||w0||1L/13(Q) HW@/THi/j(Q). We decompose Q2 = I U I, where

1
I1={(r,z)69‘5<r<27—1<2<1}7 I =Q\ 1.

When integrating over the first region I, we use the fact that |F’(s)| < Cs™! and
r ~ 1. We thus obtain

W(1,0)] < C© / 12

—_— drdz .

lwe(r, 2)|drdz < C’/ lwo (1, 2)|

o ((r—1)2 1 22)"2
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As in [5], or in part ii) or Proposition 2.3, we deduce that

1/2 1/2 1/3 2/3
ulD(1,0)] < Cllwsllfdr,) lwoll 12 1y < Cllwoll i, lwn/rlIF2 - (217)

In the complementary region, we use the optimal bound |F’(s)| < C's~°/2 and we
observe that, if (r,2) € Iy, then (r — 1)2 + 22 > CO(r? + 22) for some C' > 0. We
thus have

wa(r, 2)|

|2 r2 |
[u®(1,0)] < C’/ |wa (7, 2)| drdz < C’/ drdz .
L((r—1)2+22)°? r?+ 22

Fix any R > 0 and denote Qr = {(r,2) € Q|p < R}, where p = (r? + 22)/2,
Extending the integration domain from Iy to Q@ = Qr U (2 \ Qr), we compute

[ (1,0)] < C 7|w9(7;2)| drdz+C 7|w6(7;’ 2) drdz
Qr p O\Qr p
1
< C”wg/r”Lco(Q)/ fdrderCR*Q/ |wo(r, 2)| dr dz
Qr P Q\Qr

< CR|lwy /7| 1) + CR™?||woll 11 () -

Optimizing over R > 0 gives the bound [uf” (1,0)| < Cllwslliig, llws/rl172 g,
which together with (2.17) implies (2.15).

Remark 2.7. — Estimate (2.15) can also be obtained by observing that

1= I

Loo(R3)
where L31(R?) denotes the Lorentz space. The first inequality in (2.18) is proved
n [2, Proposition 4.1], and the second one follows by real interpolation.

1/3
(2.18)

Lo ]R3) H L3 1(R3) H L1(R3)

3. THE SEMIGROUP ASSOCIATED WITH THE LINEARIZED EQUATION
This section is devoted to the study of the linearized vorticity equation (1.6):
1 1
2 2
Diwp = (ar + 02+ -0, - ﬁ)we , (3.1)

which is considered in the half-plane Q = {(r, z) | r > 0, z € R}, with homogeneous
Dirichlet condition at the boundary » = 0. Given initial data wy € L'(Q2), we
denote by wy(t) = S(t)wo the solution of (3.1) at time ¢ > 0.

LEMMA 3.1. — For any t > 0, the evolution operator S(t) associated with
Eq. (3.1) is given by the explicit formula
1 71/2 t r—7)24(2—2)2
(S(hwo)(r,2) = 72 /Q LR H(D) e T i naraz . (32)
where the function H : (0,00) — R is defined by
1 sin?
H(r) = T 0s(20)dé,  T>0. (3.3)

ST

Proof. — Tf wy is a solution of (3.1), we observe that the vector valued function
w = wyeg satisfies the usual heat equation Oyw = Aw in the whole space R3. For
any ¢t > 0, we thus have the solution formula

_ 1 ez _ 3
w(z,t) = (47Tt)3/2/R3€ 7 w(z,0)dz , reR’. (3.4)

Denoting x = (rcosf,rsinf,z) and # = (Fcosf,7sinf, z), we can write (3.4) in
the form

€T $2
wo(r, z,t) eg = (nt 3/2/ // —i wo(7, 2) egrdfdz dr | (3.5)
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where ey is defined in (1.3) and
,0—0

|t —z|> = (r —7)% 4 (2 — 2)® + 4rFsin

Now, if we integrate over the angle # in (3.5) and use the definition (3.3) of H, we
see that (3.5) is equivalent to wy(t) = S(t)wo with S(¢) defined by (3.2). O
The function H cannot be expressed in terms of elementary functions, but all

we need to know is the behavior of H(7) as 7 — 0 and 7 — oo.

LEMMA 3.2. — The function H : (0,00) — R defined by (3.3) is smooth and
satisfies the asymptotic expansions :

i)H()—l—%JrO( 2y and H'(1) = =3/4+ O(7) as T — 0;
.. 771/2 1 ’ 37'('1/2 1
11) H(T):W—‘ro(m) aHdH(T):—W—FO(ﬁ) as T — 0Q.

Proof. — Expansion ii) follows immediately from (3.3) if we replace, in the ex-

sin

pression e~ , the exponential function by its Taylor series at the origin. Expan-
sion i) can be deduced from the formula

/f 21—2Tx d
(1) —dx,
\f V1—122

which is obtained by substituting x = % in the integral (3.3). O

Remark 3.3. — We believe that the function H is decreasing, although we do
not have a simple proof. In what follows, we only use the fact that the maps
7+ 7*H(7) and 7+ 77 H'(7) are bounded if 0 < o < 3/2 and 0 < 3 < 5/2.

Let (S(t))t>0 be the family of linear operators defined by (3.2) for ¢ > 0 and by
S(0) = 1 (the identity operator). By construction, we have the semigroup property :
S(t1 +1t2) = S(t1)S(t2) for all ¢1,t5 > 0. Further important properties are collected
in the following proposition.

PROPOSITION 3.4. — The family (S(t)):>o defined by (3.2) is a strongly contin-
uous semigroup of bounded linear operators in LP(Q2) for any p € [1,00). Moreover,
if 1 < p < g < oo, the following estimates hold :

i) If wyg € LP(R2), then

C
IS@snllawy < Ty lenlorey s 130 (3.6)
P q
1'1') Iff= (fr,fz) € L”(Q)Q, then
. C
|S(t) dive fllpa() < JES— IfllLe ) > t>0, (3.7)
P q

where div, f = 0, f, + 0, f, denotes the two-dimensional divergence of f.

Proof. — We claim that

1 7/2 t =292 C _-n?i-2?
R G L )
for all (r,z) € Q, all (7, 2) € Q, and all ¢t > 0. Indeed, since H is bounded, estimate
(3.8) is obvious when 7 < 2r. If 7 > 2r, we observe that 7%/2H(7) is bounded, so

that 1/2 ,.1/2 =1/2
t riie plizp B 7 |r — 7|
H(;) < Com = Can < Cpm

where in the last inequality we used the fact that 7 < 2(r —r) = 2|r — 7.
e /4 < Ce=*"/5 for all z > 0, we conclude that (3.8) holds in all cases. This
provides for the integral kernel in (3.2) a pointwise upper bound in terms of the

,]71/2

ri/2
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usual heat kernel in the whole plane R?, with a diffusion coefficient equal to 5/4
instead of 1. Thus estimate (3.6) follows immediately from Young’s inequality, as
in the 2D case.

To prove (3.7), we assume that wy = div, f = 0, f + 0. f., and we integrate by
parts in (3.2) to obtain the identity

1 1/2 24 (552
(5 div. P(r2) = 7 [ T e T (g Ay araz.

T 4nt
where
t t 1 —-r t -z t
ATZTH/(T)—(i+T r)H(i), AZZ—Z ZH(i>
rr2 T 2r 2t rT 2t T
Proceeding as above and using Remark 3.3, it is straightforward to verify that
1 72 on?io2)? C  _-m21G-2?
e (Al IA) < et (39)

for all (r,z) € Q, all (r,z) € Q, and all ¢ > 0. Thus estimate (3.7) follows again
from Young’s inequality, as in the 2D case.

Finally, we show that the semigroup (S(t)):>0 is strongly continuous in L?(Q) if
1 < p < oo. All we need to verify is the continuity at the origin. Given wy € LP((Q),
we denote by @y : R? — R the function obtained by extending wy by zero outside
Q. Using the change of variables # = r + v/tp, Z = z + /1 in (3.2), we obtain the
identity

1 _ 0%+
(S(t)w() _WO> (Tv Z) = Z/ € ‘ 4 \Ij(rvzap7<-7t) dpdC7
T JR2
for all (r,z) € Q, where
t

U(r, z,p,(,t) = <1+\/5P)1/2H(W) wo(r+\/1?p,z+\/{€0fwo(7",z) .

By Minkowski’s integral inequality, we deduce that

1
S(t)wo — ) S -
1500 —wollire) < 7 [ ¢

Now, the estimates we used in the proof of (3.8) show that

p2+

2
4 ||ql('v'7p741t)”LP(Q) dpdC . (310)

(1 + \/E”)WH(M) < O +1ol), (3.11)

whenever r > 0 and r + v/tp > 0. This immediately implies that
IEC 0G0l < CL+ oD llwollLee)

for all (p,¢) € R? and all ¢ > 0. Since the left-hand side of (3.11) converges to 1 as
t — 0, and since translations act continuously in LP(R?) for p < oo, it also follows
from estimate (3.11) and Lebesgue’s dominated convergence theorem that

||\I](7 5P Cat)”Lp(Q) — 0 ast—=0,
for all (p,¢) € R2. Thus another application of Lebesgue’s theorem implies that the
right-hand side of (3.10) converges to zero as t — 0, which is the desired result. O

As in the previous section, it is possible to derive weighted estimates for the
linear semigroup (3.2). The proof of the following result is very similar to that of
Propositions 2.4 and 3.4, and can thus be left to the reader.

PROPOSITION 3.5. — Let 1 < p<g<ooand -1 <a < B <2 Ifrfuw €
LP(§2), then

. C
[r*S(t)wollLage) < prews:= IrPwollLr(@) » >0 (3.12)
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Moreover, if -1 < a <3< 1 and rPf € LP(Q)?, then

. C
||7“04S(t) div, f||Lq(Q) < m H/]"BfHLp(Q) , t>0. (3.13)

4. LOCAL EXISTENCE OF SOLUTIONS

Equipped with the results of the previous sections, we now take up the proof
of Theorems 1.1 and 1.3. In view of the divergence-free condition in (1.5), the
evolution equation (1.6) for the axisymmetric vorticity ws can be written in the
equivalent form

1 1
Opwy + divi(uwy) = (83 + 0%+ ;& - T—Q)wg ) (4.1)

where div, (uwg) = O, (u,rwp)+0, (u wp). Given initial data wp, the integral equation
associated with (4.1) is

we(t) = S(t)wo — /0 S(t—s)div.(u(s)we(s))ds , t>0, (4.2)

where S(t) denotes the linear semigroup defined in (3.2). In this section, our goal is
to prove local existence and uniqueness of solutions to (4.2) using a standard fixed
point argument, in the spirit of Kato [13]. For the sake of clarity, we first treat the
case where wy € L(Q), and then consider the more complicated situation where
wp is a finite measure with sufficiently small atomic part. This will establish the
local well-posedness claims in Theorems 1.1 and 1.3, respectively.

4.1. Local existence when the initial vorticity is integrable.

PROPOSITION 4.1. — For any initial data wy € L*(Q), there exists a positive
time T = T(wo) such that the integral equation (4.2) has a unique solution
wp € C°([0,T], L*(2)) N C°((0,T], L>(Q)) . (4.3)

Moreover |wg(t)||z1(0) < [lwollLi() for all t € [0,T], and estimate (1.10) holds.
Finally, if ||wol| 11 () is small enough, the local existence time T > 0 can be taken
arbitrarily large.

Proof. — We follow the same approach as in the two-dimensional case, see e.g.
[3, 7, 14]. Given T' > 0 we introduce the function space

Xr = {w@ € CO((0, 7], LY3(Q) | lwol x, < oo} , (4.4)
equipped with the norm

lwollxr = sup 4 lwo ()| Lass ) -
For any ¢t > 0, we denote wy;,(t) = S(t)wo, where S(t) is the linear semigroup (3.2).
It then follows from Proposition 3.4 that wy, € X7 for any T > 0. For later use,
we define
Ci(wo,T) = winllxy = sup ¢/*|S(t)woll pa/5(c) - (4.5)
0<t<

In view of (3.6), there exists a universal constant Cy > 0 such that Cj(wp,T) <
Cs||wol| 1 (e for any T > 0. Moreover, since L'(€2) N L*/3(Q) is dense in L(), it
also follows from (3.6) that C;(wo,T) — 0 as T — 0, for any wy € L*(£).

Given wy € Xr and p € [1,2), we define a map Fwy : (0,7] — LP(Q) in the
following way :

(Fw)(t) = /0 St — s)dive(u(s)wg(s))ds , 0<t<LT, (4.6)
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where it is understood that wu(s) is the velocity field obtained from wy(s) via the
axisymmetric Biot-Savart law (2.6). Using estimate (3.7), Holder’s inequality, and
the bound (2.9), we obtain for ¢ € (0,77 :

8 |(Fwa) ()| o) < 1 —— 1 [[u(s)wa(s)llL1(a) ds
0 (t—s)27 %
c
St ———— lu(s)[lLa)lwa (s)] Lass () ds
0o (t—s)27?
t C )
< / T Ol (47)
1 C [lwol|3
<t é/ o ds < Cllul, -
0o (t—s)27» 82

It is also straightforward to verify that the quantity (Fwg)(t) depends continuously
on the time parameter ¢ € (0,7] in the topology of LP(2). Choosing p = 4/3,
we deduce that Fws € Xp and || Fuwgllx, < Csllwgl%, for some C3 > 0. More
generally, we have the Lipschitz estimate

| Fwg — Fagllx, < Ca(llwollxy + lallxs)llws — @6l xr (4.8)

for all wy, 0y € X7.

Now we consider the map G : Xr — X defined by Gwg = wijn — Fwy. We
fix R > 0 such that 2C3R < 1, and denote by Bpr the closed ball of radius R
centered at the origin in Xr. If Cy(wo,T) < R/2, the estimates above show that
G maps Bp into Bg and is a strict contraction there, so that (by the Banach fixed
point theorem) G has a unique fixed point wy in Bgr. By construction, wy is a
solution to the integral equation (4.2) in Xp. The condition Cj(wy,T) < R/2
can be fulfilled in two different ways. If the initial data are small enough so that
Caollwoll L1 () < R/2, the existence time T > 0 can be chosen arbitrarily, and the
fixed point argument therefore establishes global existence for small data in L'(Q).
On the other hand, for larger initial data wy, we can always choose T' > 0 small
enough so that Cj(wo,T) < R/2, hence we also have local existence for arbitrary
data.

Remarks 4.2. — 1. For large data, the local existence time T' > 0 given by the
fixed point argument depends on the initial data, and it is not possible to bound
T from below using the norm [|wol|z1 (o) only. However, if wy € L*(2) N LP(12) for
some p > 1, then (by Proposition 3.4) an upper bound on ||wol|zr(q) provides a
lower bound on the local existence time T'.

2. For later use, we note that the fixed point argument also proves that the
solution wy depends continuously on the initial data. More precisely, if K C L'(£2)
is any compact set, or any sufficiently small neighborhood of a given point, we can
take the same local existence time T° > 0 for all initial data wy € K, and there
exists C' > 0 such that

sup |lwa(t) = @o(t)l| L1 (@) + llwo —@ollxr < Cllwo = @ollLre) (4.9)
te[0,T]
for all wg, 0y € K, where wg, 0y € Xr denote the solutions corresponding to the
initial data wg, @g, respectively.

To conclude the proof of Proposition 4.1, we establish a few additional properties
of the local solution wy € X7. We first note that

. 1/4 _ : —
tim 64w (1) ass(@) = Jim Jlwllx, = 0. (4.10)

because, when T' > 0 is small, the fixed point argument holds in the ball B with
R = 2C1(wp,T). This proves (1.10) for p = 4/3. Next, using (4.7) with p = 1,
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we see that that the map ¢ — (Fwy)(t) is continuous in the topology of L(f)
and satisfies ||(Fwp)(t)||L1 (@) < Cllwsl%, for all t € (0,T]. In view of (4.10), this
implies that the map wy — wyi, = —Fwy belongs to CY([0, T], L' () and vanishes at
t = 0. In particular, using Proposition 3.4, we conclude that wy € C°([0,T], L*(£2)).
That [|we(t)| L1 () is a non-increasing function of time is a well known fact, which
will be discussed in Lemma 5.1 below. Finally, to prove that wy € C°((0,77], LP(2))
for any p € (1,00] and that (1.10) holds, we use a standard bootstrap argument
which we explain in some detail because it will be used again in Section 5. For
€ (1, 00] we define

My(T) = sup "7 S(t)wollio) s Np(T) = sup ¢177 |wy(t)l| oo - (4.11)
0<t<T 0<t<T
Then M,(T) — 0 as T — 0, and we already know that N,(T) — 0 as T — 0 for
p = 4/3, hence for all p € (1,4/3] by interpolation. To prove the same result for
p > 4/3, we split the integral in (4.2) in two parts and estimate the nonlinear term
as follows:

luwellLr) < re@llwollLe ) < CllwollLa @) lwollLoe@) s = 22—(]1611 ’
Where%<q1<2,%gqggoqand%:q%—i-q%—%. We thus obtain
o ®lle < 1S Enlzny +C [ " ”w:_””)d
‘e b lwa(s )Hml(m\lwol( )JIqu(Q) ds . (412)
t/2 (t— 3)41+7_7

where the exponents p € [1,00], ¢,q1 € [4/3,2) and ¢2 € [4/3, 0] are assumed to
satisfy
1 2 1 1 1 1 1
,<7_77 and 7<——|———7<1. (413)
2 g p 2 " @ g op
Multiplying both sides of (4.12) by =% and taking the supremum over ¢ € (0, 7]
we obtain the useful bound

NP(T) < MP(T)—FCP,QN( ) +CP7Q17¢12 th(T)qu(T)’ (414>

where C), ; and C), 4, 4, are positive constants. If we choose ¢ = ¢1 = g2 = 4/3, we
deduce from (4.14) that N,(T) — 0 as T'— 0 for any p < 2. Then, taking ¢ = 4/3
and q; = ¢o sufficiently close to 2, we obtain the same result for any p < co. Finally,
choosing ¢ = 4/3, ¢1 = 3/2, and g2 = 4, we conclude from (4.14) that Noo(T') — 0
as T — 0, which proves (1.10).

Our final task is to discuss the uniqueness of the solution to (4.2). We first
observe that, given wy € L'(Q), the solution wy € X given by the fixed point
argument is, by construction, the only solution of (4.2) in X¢ satisfying (4.10). In
fact, using a nice argument due to Brezis [4], it is possible to prove uniqueness in a
much larger class. Indeed, given any 7' > 0, assume that wy € C°([0,T], L*(Q)) N
C°((0,T7], L>°(Q)) is a mild solution of (4.1) on (0, 7] in the sense that the integral
equation

t
wp(t) = St —to)wa(to) — | S(t—s)divi(u(s)we(s))ds (4.15)

to
is satisfied whenever 0 < 9 < ¢t < T. The set K = {wy(t) |t € [0,T]} is compact
in L'(Q), hence the fixed point argument allows us to construct a local solution in
X7 for all initial data @ € K, with a common existence time 7' > 0 (without loss
of generality, we assume henceforth that 7 < T/2). That solution is denoted by
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@o(t) = X(t)@g for t € [0,T]. By the observation above, for all to € (0,7] we have
the relation

wo(t) = S(t —to)we(to) ,  t € [to,to+1T], (4.16)
because the left-hand side is a solution of (4.15) on the time interval [to, to + 7] and
we obviously have (t — t)"/*||we ()|l Lass () — 0 as t — to, which is the analogue of

condition (4.10). Now, for any fixed t € (0,7}, it follows from (4.9) that

[t — to)wo(to) — T(t — to)ws(0)l|L1(0) < Cllws(to) — wp(0)llL1i@) — 0,
as tg — 0, and it is also clear that [|X(t —to)we(0) — X(t)we(0)|| 1 () — 0 as tg — 0.
Thus taking the limit to — 0 in (4.16) we obtain the relation wy(t) = 3(t)wy(0) for
t € [0,7T], which means that the solution wg we started with coincides on the time

interval [0, 7] with the solution constructed from the initial data wy(0) by the fixed
point argument. O

4.2. The case where the initial vorticity is a finite measure. We next con-
sider the more general case where the initial vorticity wp in (4.2) is a finite measure
on €2, which is no longer absolutely continuous with respect to the Lebesgue measure
dr dz. For convenience we denote u = wyp, and we recall the canonical decomposition
M= lac + fsc + fpp Where piq. is absolutely continuous with respect to Lebesgue’s
measure, pp, is a (countable) collection of point masses, and s, is the “singularly
continuous” part which has no atoms yet is supported on a set of zero Lebesgue
measure. We have o L ptsc L pipp, which means that the three measures are
mutually singular. In particular, the total variation norm of y satisfies

lllew = Nptacllew + llsellev + ||:upp||tv .

The linear semigroup S(t) acts on the measure p by the formula

(SO, 2) = 4;/9:1;211(;0) o~ g sy (4.17)
which generalizes (3.2), and we have the following estimates :
PROPOSITION 4.3. — Let i be a finite measure on ). Then
supt! % (e < Cllullew s 1<p <00, (4.18)
and
Ly(p) = limsup £ 7 [SOpl o) < Cllupplee,  1<p<oo.  (419)

Proof. — Estimate (4.18) can be established as in Proposition 3.4, using the
pointwise upper bound (3.8). To prove (4.19) we proceed as in the two-dimensional
case [7, 11], with minor modifications. We know from (4.18) that L,(u) < C||ptl|tv,
hence using the canonical decomposition we find

LP(,LL) < LP(,LLaC) + LP(PJSC) + LP(N:DP) < LP(MaC) + Lp(,uSC) + C”,LLPP”W .

Therefore, we only need to show that Ly (jtac) = Lp(psc) = 0. In fact, it is sufficient
to prove that for p = oo, because the result then follows for 1 < p < oo by
interpolation.

From now on, we thus assume that p is a non-atomic finite measure on 2, and
we denote by |u| the positive measure which represents the total variation of p.
Given any point & = (r, z) € R? and any radius § > 0, we define

B(,0) = {€€qllg—¢ <6},

where |¢ — €| is the Euclidean distance between & and €. We claim that, for any
€ > 0, there exists § > 0 such that

sup 11| (B(€.6)) < e (4.20)
£eQ
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Indeed, if that property fails, there exist ¢ > 0, a sequence (&,) of points of €,
and a sequence (d,,) of positive real numbers such that 4, — 0 as n — oo and
|| (B(&nydn)) > € for all n € N. Tt is clear that the sequence (&) is bounded,
because || is a finite measure. Thus, after extracting a subsequence, we can assume
that &, converges as n — 0o to some point & = (7, %) € Q. For any § > 0 we thus
have |u|(B(€,8)) > e, since B(£,8) D B(&n,0,) when n is sufficiently large. We
conclude that
(N BED) > > 0.
6>0
But this is impossible, because the intersection above is empty if £ € 9Q and
equal to the singleton {f_} if £ € Q, and we assumed that the measure y is non-
atomic. Hence property (4.20), which can be interpreted as a weak form of absolute
continuity with respect to Lebesgue’s measure, must hold.
Now, for any given t > 0, there exists £(t) € Q2 such that

((SOED] = I1SE)ullr=(o) -

because the map £ — (S(¢t)u)(§) is continuous and vanishes at infinity as well as
on the boundary 9. Using definition (4.17) and the pointwise estimate (3.8), we
thus obtain
_leewm)?
tSOullpe@ <C | e dlpl€) +C e dul©)

B(£(t),6) Q\B(£(t),6)
where € and § are as in (4.20). The first integral is bounded by C|u|(B(£(t),0)) <
Ce, and the second one by C’e*‘;z/(m)w(Q). It follows that

_le—Ew)|?
5t

Loo(p) = lirtn_?élp tIS@ulz=@) < Ce,

and since € > 0 was arbitrary we conclude that L. (x) = 0, which is the desired
result. O

PROPOSITION 4.4. — There exist positive constants ¢ and C' such that, for any
initial data wy € M(Q) with ||(wo)pplltv < €, one can choose T' = T'(wp) > 0 such
that the integral equation (4.15) has a unique solution wy € C°((0,7],L*(2) N
L>(Q)) satisfying (1.16) and such that wy(t) — wo as t — 0. Moreover, if ||wo|tv
is small enough, the local existence time T > 0 can be taken arbitrarily large.

Proof. — We briefly indicate how the proof of Proposition 4.1 has to be modified
to handle the case where p = wy € M(Q). We use exactly the same function
space Xp defined in (4.4), and observe that the fixed point argument works in
the ball B C Xr provided Cy(u,T) < R/2, where Cy(u,T) is defined as in (4.5)
and R > 0 satisfies 2C3R < 1 with C3 as in (4.8). From (4.18) we know that
Cy(p, T) < Co|lp|ley for any T > 0, hence we again obtain global existence and
uniqueness in Bp if the initial vorticity is small enough so that Co|lplty < R/2.
For larger data, we can use (4.19) which gives

%iglocl(u,T) = L4/3(M) < C4||Mpp||tv )

for some positive constant Cy. Thus, if the atomic part of the initial vorticity is
small enough so that Cyl/pppllev < R/2, we can take T' > 0 such that Cy(p, T) <
R/2, and the fixed point argument proves local existence and uniqueness in Bg.
In contrast, if 4C5Cy||pppllev = 1, it is impossible to choose R > 0 and 7' > 0 so
that the fixed point argument works in the ball Bg C X7, and the method above
completely fails.

Assuming that the fixed point argument works in the ball Br C X7, we can
establish some additional properties of the solution wy € Bpg as in the case of
integrable initial data. For instance, it is straightforward to verify that wy — win €
C°((0,T), LY(Q) N L>(Q)), where wyin(t) = S(t)u. However property (4.10) fails if
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Hpp 7 0, and we cannot argue as in Section 4.1 to show that ||we(t) — wiin(?)|| L1 ()
converges to zero as t — 0. To prove that, we first define

§ = limsup t*/*|jwy(t) — Wiin(t) || /s (@) = limsup [|wp — wiinl| x, -
t—0 T—0

Since wyg — wiin = (Fwiin — Fwy) — Fwiin and ||wiin|| x, + [Jwellxr < 2R, we can use
(4.8) to obtain the estimate 0 < 2C3R0 + £4/3(x), where

. _1
bo(p) = limsup 7 | Foin (@)l 1ro) ,  1<p <00

As in the two-dimensional case [7, Section 2.3.4], a direct calculation, which exploits
some cancellations in the nonlinear term w, (t) - Vwyin (t) for small times, reveals
that £,(p) = 0 for any p € [1, 00]. This in turn implies that § = 0, since 2C3R < 1.
Finally, using again the relation wy — wiin = (Fwiin — Fwy) — Fwiin we conclude
that

lirtn_%lp llwe (t) — wiin(t)[|21(0) < CRI+41(p) = 0. (4.21)

It follows in particular from (4.21) that wy(t) — p as ¢t — 0, because we can use
the explicit formula (4.17) to verify that wy,(t) — p as t — 0. By construction wy
is a solution of (4.2), hence of (4.15), and both inequalities in (1.16) hold.

Finally, if wg € C°((0,T7], L*(Q) N L>°(Q2)) is a mild solution on (0,7T') satisfying
(1.16) and such that wy(t) — wg as t — 0, we can take the limit tg — 0 in (4.15) and
conclude that wy satisfies (4.2), so that wy coincides with the solution constructed
by the fixed point argument. O

Remark 4.5. — 1In Proposition 4.4 we only claim uniqueness of solutions un-
der assumption (1.16), which means (after restricting the existence time) that wy
belongs to the ball Bg C X1 where the fixed point argument works. As in the
two-dimensional case, one may conjecture that uniqueness holds among all solu-
tions wy € CY((0,T), L*(Q2) N L>(R2)) such that ||wg(t)||11(e) is uniformly bounded
and wy(t) — p as t — 0. We hope to come back to that interesting question in a
future work.

Remark 4.6. — The solutions constructed in Propositions 4.1 and 4.4 are in fact
smooth for positive times, and satisfy the axisymmetric vorticity equation (4.1) in
the classical sense. This can be proved using standard smoothing properties of the
Navier-Stokes equations that are not specific to the axisymmetric case, see e.g. [15]
and Proposition 5.5 below.

5. A PRIORI ESTIMATES AND GLOBAL EXISTENCE

We continue the proof of Theorems 1.1 and 1.3 by showing that the local solutions
constructed in Sections 4.1 and 4.2 can be extended to global solutions for positive
times. Since we are not interested in the behavior for small times, we can assume
without loss of generality that the initial vorticity is integrable. Let thus wg €
C°([0,T], LY(Q)) N C°((0,T],L>(2)) be a solution of the integral equation (4.2),
hence also of the differential equation (4.1), with initial data wo € L*(£2). Our goal
here is to derive a priori estimates on various norms of wy.

LEMMA 5.1. — The solution of (4.2) satisfies ||we(t)||11(q) < |lwollz1 (o) for all
t € [0,T]. Moreover, if wg # 0, the map t — |lwg(t)|| 11 (q) is strictly decreasing.

Proof. — We first assume that wy > 0 and wy # 0. By the strong maximum
principle, the solution wy(t) of (4.1) is strictly positive for ¢ € (0,T]. Integrating by
parts and using the fact that wy(t) satisfies the homogeneous Dirichlet boundary
condition on 02, we easily find

d
— [ wy(r,z,t)drdz = 72/ Orwp(0,2,t)dz < 0, (5.1)
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where the last inequality follows from Hopf’s lemma. This proves the claim for
positive solutions. Note that, in deriving (5.1), we did not use the precise expression
of the velocity field v in (4.1). In the general case where wy can change sign, we
decompose wy(t) = wy (t) — w, (t), where w;t(t) are defined as the solutions of the
linear equations
1 1
dwit + div,(uwy) = (83 + 02+ -0, — —Z)W;E ) (5.2)
r T
with initial data wj (0) = max(+wp,0) > 0. Both equations in (5.2) involve the
same velocity field u, which is associated to the full solution wy via the axisymmetric
Biot-Savart law (2.6). The analogue of (5.1) holds for the solutions wj(t) of (5.2),
hence

lws (£)]] 21 0 gu/(w303;t)+w;03%tn(hdz
Q

< /(wgr(r,z,O) —l—w;(nz,O)) drdz = |lwollz1 ()
Q

for 0 <t < T. When t > 0, the second inequality is strict if either w, (0) or w, (0)
is nonzero, and if both quantities are nonzero the first inequality is also strict (by
the strong maximum principle). If wy # 0, this proves that the L' norm of the
solution wpy(t) is strictly decreasing at initial time, and a similar argument shows
that it is strictly decreasing over the whole interval [0, T7]. O

Higher LP norms of the vorticity wg are more difficult to control, because the
velocity field in (4.1) does not satisfy div, u = 0. As in [17, 23], we thus consider
the related quantity n = wp/r, which satisfies Eq. (1.8) with initial data ny =
wo/r € LY(R3®). Using the existence result in Proposition 4.1 and the weighted
estimates on the linear semigroup given in Proposition 3.5, it is easy to verify that
n € C°([0,T], L*(R3)) N C°((0,T], L>°(R3)). Moreover, by Lemma 5.1, the map
t = )l wsy = |lwo(t)||L1(q) is decreasing for nonzero solutions. Since the
advection field u — (2/r)e, in (1.8) satisfies

2e, T
¢ ) — 2divE = —drs,_y <O,
T T

div (u —
a classical method due to Nash [20] gives the following a priori estimate :

LEMMA 5.2. — [5, Lemma 3.8] For any initial data ng € L'(R?), the solution
of (1.8) satisfies, for 1 < p < oo,

C
() r@s) < A6-T) lnoll £ (rs) 0<t<T. (5.3)
P

Equivalently, the axisymmetric vorticity wy satisfies, for p € [1, 0], the weighted
estimate

1_ c
H’/’p 1w9(t)||Lp(Q) < t%(lifl) ||w0||L1(Q) s 0<t < T. (54)

Using (5.4), we now establish our main a priori estimate on the solutions of (1.6).
PROPOSITION 5.3. — Any solution wy € C°([0,7T7], L*(2)) N C°((0,T], L>(£2))
of (4.2) with initial data wo € L*(Q) satisfies, for all p € [1, oc],

C w 1
nmﬁ)mm)<“ti¥“m7 0<t<T, (5.5)

where C,(s) = O(s) as s — 0.

Proof. — We can assume without loss of generality that M := |lwo||z1(q) > 0.
We know from Lemma 5.1 that ||wg ()| 11 (o) < M for ¢t € [0,7T7], hence (5.5) holds
for p = 1. To prove (5.5) for p = 2, we compute

d Uy 1

T ngdrdz = 72/Q|Vw9|2drdz+/g(7—T—2>w3drdz. (5.6)
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The celebrated Nash inequality [20] asserts that

1/2
/wgdrdz < C(/ |wedrdz> (/ |Vw92drdz)
Q Q Q
1/2
< CM (/ |Vwg|? drdz)
Q

On the other hand, using estimate (5.4) with p = co and Proposition 2.6, we obtain

u (1) 13 wwwm cM
< < .
H T HLw(Q) = C”wa(t)”Ll(Q) ‘ r o=@ =t

Thus, if we define
f(t)Z/wo(r,z,t)erdz, 0<t<T,
Q

we deduce from (5.6) that f : [0,7] — R satisfies the differential inequality
K KoM
!/ t < _ L
where K7, Ko are positive constants. If we set f(t) = t*g(t) with « = K3M, we see
that (5.7) reduces to the simpler differential inequality ¢'(t) < —K; M ~2t%g(t)?,
which can be integrated of the time interval [tg,t] C (0,7] to give the bound

1 1 K1 ) )
> (ta+ _ tg+ )

(t)* +

f@), 0<t<T, (5.7)

> + o ——
g9(t) = glto)  M? a+1

K, 1 K, totl
> t““—t““) _—
M2a+1( 0 to—0 M2 a+1

We conclude that
2 _ L chr1M27K2M+1M2
oo ey = £ = engfe) < “EL A TN E LA

for 0 < ¢t < T, which proves (5.5) for p = 2 (hence for 1 < p < 2 by interpolation).
To reach the same conclusion for higher values of p, we proceed exactly as in the
proof of Proposition 4.1. Using the notations (4.11), we know from Proposition 3.4
that M,(T) < CM for any p € [1,00], and from the argument above that N,(T") <
C(M) for p € [1,2]. The relation (4.14) then shows that N,(T) < C(M) for all
p > 2, and a second iteration gives the desired result for p = oo too. O

Remark 5.4. — Proposition 5.3 shows in particular that the LP norms of the
vorticity wp(t) cannot blow up in finite time. In view of Remark 4.2, this implies
that all solutions constructed in Sections 4.1 and 4.2 are global for positive times,
and that the conclusions of Lemma 5.1 and Proposition 5.3 hold for all ¢ > 0.

With Proposition 5.3 at hand, it is straightforward to show that the solutions
of the vorticity equation (1.6) are smooth for positive times, and that estimates
similar to (5.5) hold for the derivatives too. For later use, we state the following
result.

PROPOSITION 5.5. — Under the assumptions of Proposition 5.3, we have for all
p€[l,00]:
Cp(llwoll 21 ()
Vw0 (®ll ooy < =25 2725 220, (5.8)
P

where Cp(s) = O(s) as s — 0.

Proof. — Tt is possible to prove estimate (5.8) by working directly on the integral
representation (4.2), but we find it easier to deduce it from Proposition 5.3 using
general smoothing properties of the Navier-Stokes equations. We know from (2.10)
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and (5.5) that the velocity field associated with the solution wy of (4.1) satisfies,
for any ty > 0,

c(M)
Jutto)li=e) < Clloto)l iy hootoll 20y < 22 (59)

where M = |lwol/z1(q) and C(s) = O(s) as s — 0. On the other hand, there
exist positive constants a and A such that the solution u(t) of the Navier-Stokes
equations (1.1) in R3 with data u(ty) € L>(R3) at time ¢y satisfies

(t = to) | V*u(t)|| L= sy < Allulto)ll Lo (es) » (5.10)

whenever ¢y < t < tg + a||u(to)||E§C(R3)7 see [15, Proposition 4.1]. Here VZu de-
notes the collection of all second-order derivatives of w. Since ||u(to)|/r~@) =
llu(to)]| Lo (r3y, Wwe can combine estimates (5.9), (5.10) by fixing ¢t > 0 and choosing,
for instance,

t2C0(M)*+a

T2 CM)22+a

so that tg < t < tg+ atoC(M)~2 < to + aHu(to)Hzi(Rg_). We thus obtain

0

A CM) CO(M)
IV2u(t) || oo 3y < i Vi~ B8P (5.11)

where C(s) = O(s) as s — 0. Using the pointwise estimate

1
Vews| < [8,we| + |9wa| < C(|V2u|—|—;|87,uz|) ,

and the fact that 0,u, vanishes at r = 0, we see that (5.11) implies (5.8) with
p = 00. The case p < oo easily follows by interpolation, in view of (5.5). O

6. LONG-TIME BEHAVIOR

In this final section, we study the long-time behavior of the solutions of the ax-
isymmetric vorticity equation (1.6) constructed in Sections 4 and 5. In particular
we prove estimate (1.11), and we obtain the asymptotic formula (1.13) in the par-
ticular case where the initial vorticity has a definite sign and a finite impulse in the
sense of (1.12). This will conclude the proof of Theorems 1.1 and 1.3.

6.1. Convergence to zero in scale invariant norms. Let us assume that wy €
C°([0,0), L1 (2))NC°((0, 00), L>°(£2)) is a global solution of the vorticity equation
(4.1), with initial data wg € L'(©2). We know from Lemma 5.1 that the L' norm
llwa(t)l|lL1 (o) is a decreasing function of time, and our goal here is to prove that
this quantity actually converges to zero as t — co. We first show that wy(r, 2,t) is
essentially confined, for large times, in a ball of radius O(v/#) in Q.

PROPOSITION 6.1. — Let wy € L' () and M = ||wg||z:. For any € > 0, there
exist positive constants Ks(e,wy) and K4(e, M) such that the solution of (4.1) with
initial data wq satisfies, for all t > 0,

/ lwo(r, z,t)|drdz < €, (6.1)
Q(t)

where Q(t) = {(r,2) € Q|Vr? + 22 > K3 + K4/} .

Proof. — By the maximum principle, it is sufficient to establish (6.1) for positive
solutions of (4.1) (in the general case, the result follows by decomposing wy as in the
proof of Lemma 5.1). We thus assume that wy > 0 and that M = fQ wodrdz > 0.
The only property of the velocity field that will be used to obtain (6.1) is the a
priori estimate (5.9).
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We first prove confinement in the radial direction. For R > 0 and t > 0, we

define
F(R1) = /: {/ng(r,z,t) dz} dr .

Then f(R,t) is a non-increasing function of R such that f(0,t) = |lwy(t)|| 11 () and
f(R,t) — 0 as R — oco. Moreover, using (4.1), it is easy to verify that f satisfies
the evolution equation

OF(RY) = ORF(RO) + 1 Onf(R0) + [ w(Roztn(Reds . (62)
R
for any R > 0. In view of (5.9), we have the estimate
/ ur(R, 2z, t)wp(R, z,t) dz < CM) /(,ug(R7 z,t)dz
R vVt Jr
C(M)
S Orf(R,1) 6.3
i rf(R,1) (6.3)
for some positive constant C(M). Since drf < 0, we deduce from (6.2), (6.3) that
o) < () - U onsRe) . R0 (6a)

Solving the differential inequality (6.4), with homogeneous Neumann boundary
condition at R = 0, is a straightforward task. For instance, if we extend f(-,t) to
the whole real line by setting f(R,t) = f(0,t) for R < 0, the extension satisfies
inequality (6.4) for all R € R. We deduce that

f(R,t) < g(R—2C(M)Vt,t), R>0, t>0,

where g is the solution of the heat equation d;g = 0%g on R with initial data

g(R,0) = f(R,0). Given any ¢ > 0, we choose Ry > 0 large enough so that
f(Ro,0) <e. If R> Ry we estimate
e Ly e N
g(R,t) = Tt T, r i T, r
47 Ro
_ (R—Rg)? Ro 5
e ED (g —r)? L)
< ——— e Mdr + dr
VAart ./_oo \/47r Ro
(R—Rg)?
< Me™ +e€.

The right-hand side is smaller than 2¢ if R > Ry + 2v/tlog(M/e)'/?. Summarizing,
we have shown that f(R,t) < 2e provided R > Ry + Kv/t, with K = 2C(M) +
2log(M/e)/2.

The argument is similar for the confinement in the vertical direction. For Z € R
and t > 0, we define

hi(Z,t) = /ZOO {/000 we(r, z,t) d’r} dz ,
Z oo
h_(Z,t) = [m {/0 wg(r,z,t)dr} dz .

Then Z — hy(Z,t) is non-increasing, Z — h_(Z,t) is non-decreasing, and we have
the differential inequalities

C(}f) dzhs(Z,1) |

which allow us to compare hy(Z,t) with suitably translated solutions of the one-
dimensional heat equation. Proceeding as above, we find that, for any € > 0, there

8th:|:(Za t) < a%h:t(za t) +
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exist positive constants Zy and K such that hy (Z,t) < 2¢ if Z > Zy + K+/t, and
h_(Z,t) < 2eif Z < —Zy — K+/t. Tt follows that

/ / wy(r,z,t)dzdz < 4e, t>0.
0 |2|=Zo+ KVt

Combining this result with the previous estimate on f(R,t), we obtain (6.1). O

PROPOSITION 6.2. — For any initial data wg € L'(f2), the solution of the ax-
isymmetric vorticity equation (4.1) satisfies ||wg(t)|| 1) —+ 0 ast — oo.

Proof. — We know from Lemma 5.1 that ||w(t)|| 11 (o) converges to some limit ¢
as t — oo. To prove that £ = 0, we use a standard rescaling argument. Let (A, )nen
be an increasing sequence of positive real numbers such that A, — oo as n — oo.
We define for all n € N:

wp(r, z,t) = /\i wo (A, )\nz,/\i(l +1)), (r,z2) e, t=0,

Denoting wy,(t) = wy(-, -, ), we claim that the sequence (wy,(0))nen is relatively
compact in L'(£2). Indeed, by Proposition 6.1, for all € > 0 there exists a compact
set Qg C € such that

sup/ |wn(r, 2,0)|drdz < €. (6.5)
neN Q\QO

In addition, Proposition 5.5 asserts that

sup [|[Vw, (0)|| Lo () = sup /\lechg(/\i)HLx(Q) < 00 . (6.6)
neN neN

Combining (6.5), (6.6) and using the Riesz criterion [21, Theorem XIIL.66], we
obtain the desired compactness. Thus, after extracting a subsequence, we can
assume that w, (0) converges in L' () to some limit w, which satisfies ||w]| L1 (o) = £
because [[w,(0)]|11(q) = [[wo(A2)| 1) — £ as n — oco.

Now, we fix t > 0, and repeating the procedure above we extract yet another
subsequence so that w,, (t) converges in L!(€) to some limit w(t). By construction,
for each n € N, the function w,(r, z,t) solves the vorticity equation (4.1) with
initial data w,(r, z,0). As in the proof of Proposition 4.1, we thus denote w, (t) =
Y(t)wy, (0). Taking the limit n — oo and using the fact that the solutions of (4.1)
depend continuously on the initial data in L(£2), see Remark 4.2.2, we deduce that
w(t) = X(t)w. But since ||[w(t)|[11(q) = [|W||L1 () = ¢, we get a contradiction with

the strict decay of the L' norm established in Lemma 5.1, unless ¢ = 0. O
COROLLARY 6.3. — Under the assumptions of Proposition 6.2, we have
Jim 175 lwp(t)|[zo) =0, 1<p<oo. (6.7)

Proof. — Given any tog > 0, we can apply Proposition 5.3 to the solution of (4.1)
restricted to the time interval [tg, 00). For any p € [1, 00], we thus find

Cp([lw(to)|lLr ()
(t—to)' ™7

lwo ()| Lr () < , t>t,

hence
. 1
limsupt' ™7 |wy (¢)|| o0y < Cp(llw(to)llrie)) -
t—o00

Taking now the limit t; — oo and using Proposition 6.2 together with the fact that
Cp(s) = O(s) as s — 0, we obtain (6.7). O
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6.2. Asympotic behavior of positive solutions with finite impulse. We now
consider the particular situation where the initial vorticity wy € L'(£) is non-
negative and has a finite impulse. We denote

M = /wo(r, z)drdz , 7= /rQwo(r,z) drdz . (6.8)
Q Q
As is well-known, the impulse Z is conserved for solutions of (4.1).

LEMMA 6.4. — For any non-negative solution of (4.1) in L'(Q) with finite im-
pulse, we have

/ r2we(r, z,t)drdz = / r2wo(r, z)drdz , t>0.
Q Q

Proof. — Using (4.1) we find by a direct calculation

rlwydrdz

1 1
& Q /Q?"2 (61% +a§ + ;ar - ﬁ)we drdz — /Q’I“2 diV*(UUJQ) drdz

= 2/ ruywpdrdz .
Q

The last integral actually vanishes. Indeed, using the explicit formulas (2.6) and
(2.7), we obtain

z—z

__1 12\, ) (m s _ - _
/Qrurwgdrdz = —;/Q/QWF (&)wo (T, 2)we(r, z)dFrdzdrdz = 0,

because the integrand is odd with respect to the permutation (r, z) <> (7, z). This
gives the desired result. O

Under the assumption that Z < oo, one can obtain precise information on the
long-time behavior of the axisymmetric vorticity. We begin with the linear case:
LEMMA 6.5. — Ifwy € L'() is non-negative and I < oo, one has
.o Vi T _r2422
tlggot (S(t)wo)(rvit, zvVt) = 16\/7?r€ T (r,z) e, (6.9)

where convergence holds in LP(Q2) for 1 < p < 0.

Proof. — In view of the explicit formula (3.2), we have for all (r,z) € Q:

£2(S(t)wo) (rVt, 2V/t)
r Vit a2 EAZN
= A K(T—:) exp(—i[(r—ﬁ) + (z—ﬁ) Dr wo(F, 2)drdz ,

where K (7) = 73/2H(7) is uniformly bounded and converges to /7/4 as 7 — 4-00.
The pointwise result (6.9) thus follows from Lebesgue’s dominated convergence
theorem. Convergence in LP norms is easy to prove if wy has compact support in
), and can be established in the general case by an approximation argument. [

It follows in particular from (6.9) that ||S(t)wol rr) = (’)(t72+%) as t — oo.
Our last result is the extension of Lemma 6.5 to the nonlinear case.

PROPOSITION 6.6. — Ifwg € L' (Q) is non-negative and Z < oo, the solution of
(4.1) with initial data wq satisfies
2 I r2422
tli}lrolot we(rVt, 2Vt t) = WTB_ T (r,2) €Q, (6.10)
where convergence holds in LP(S2) for all p € [1,00]. Thus ||we(t)| 1r(0) = (’)(t72+%)
as t — oo.
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Proof. — We estimate the integral term in (4.2) in the following way. First,
using (3.13) with « = 0 and § = 1, we write

t/2 O
</’*4*HM@Mmew@WUmM&
() 0

t/2
H S(t—s)div*(u(s)wg(s))ds‘
0 t—s
From (2.14) we have

3/2 1/2

3/4 1/2
lull < [[rews |z < Cllrwo |72 llwa /7112 < Cllaal|34 72wl g

3/4
M lws/rII2

hence using Lemmas 5.1 and 5.2 we obtain

M1/21'3/4 3/4
lu(®)llz=@ Irwo(s)llzrey < € g7 llwa()Z2" .

where M,Z are defined in (6.8). Similarly, we find

S(t — s) div. (u(s)we(s)) ds‘

t
c
€ sy Il
t

| lu
t/2 /2 (t—s)2
where
M1/2 11/4 54
lu(®)llz=@ ()l < € 57— llws(s)[7:" -

Thus it follows from (4.2) that

2 Yl (s) 174"
1/2 73/4 Lt
Hw@Wum)<Hﬂﬂwmmm+fmf/I/1; P

5/4
comepi [ en(s)IZ ds (6.11)
o =238 1% |

Since ||S(t)wollri) = O(t™') as t — oo by Lemma 6.5, the integral inequal-
ity (6.11) implies (by a straightforward bootstrap argument) that ||we(t)||11(q) =
O(t™1) as t — co. In a similar way, one can show that [|wg(t)||1r(q) = Ot 2+1/P)
as t — oo for all p € [1, o0].

To prove (6.10), we fix tp > 1 and consider the integral equation (4.15) for
t > to. If we bound the nonlinear term exactly as in (6.11), using the additional
information that [|wy(t)|[11(q) = O(t™!), we obtain the estimate

C(M,T)
- - 1 < — .
Hln(t) = S~ to)e (b)) < = (6.12)

for some positive constant C'(M,Z). We now rescale the solution wy(r, z,t) as in
(6.10) and take the limit as t — oco. Using (6.12) and Lemma 6.5, we obtain

C(M, 1)
Vi

where ® :  — R denotes the function defined by the expression in the right-hand

side of (6.10). If we take the limit ¢y — oo in (6.13), we see that (6.10) holds if

convergence is understood in L'(£2). A similar argument shows that convergence
also holds LP(2) for all p € [1, c0]. O

limsup [[we (v, V1) — @[ 1) < (6.13)
t— 00
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