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FINITE GROUPS WITH SOME s-PERMUTABLY EMBEDDED
AND WEAKLY s-PERMUTABLE SUBGROUPS

FENFANG XIE, JINJIN WANG, JIAYI XIA, AND GUO ZHONG

Abstract. Let G be a finite group, p the smallest prime dividing the order of G and P a
Sylow p-subgroup of G with the smallest generator number d. There is a set Md(P ) =
{P1, P2, · · · , Pd} of maximal subgroups of P such that

⋂d

i=1 Pi = Φ(P ). In the present
paper, we investigate the structure of a finite group under the assumption that every member
ofMd(P ) is either s-permutably embedded or weakly s-permutable in G to give criteria for
a group to be p-supersolvable or p-nilpotent.

1. Introduction

All groups considered in this paper are finite. Terminology and notation em-
ployed agree with standard usage, as in Robinson [15].

In this paper, we let M(G) be the set of all maximal subgroups of a group G.
An interesting problem in group theory is to study the influence of the elements
ofM(G) on the structure of G. A classical result in this orientation is attributed
to Srinivasan [19]. Srinivasan obtained that G is supersolvable provided that every
member ofM(G) is normal in G. This result has been extensively generalized.

Two subgroupsH andK of a groupG are said to be permutable ifHK = KH. H
is said to be s-permutable in G if H permutes with every Sylow subgroup of G, i.e.,
HP = PH for any Sylow subgroup P of G. This concept was introduced by O. H.
Kegel in [9] and has been studied widely by many authors, such as [5, 17]. Recently,
Ballester-Bolinches and Pedraza-Aquilera [3] generalized s-permutable subgroups to
s-permutably embedded subgroups. H is said to be s-permutably embedded in G
provided every Sylow subgroup of H is a Sylow subgroup of some s-permutable
subgroup of G. On the other hand, Wang [22] introduced the concept of c-normal
subgroups. Applying the c-normality of subgroups, Wang obtained new criteria
for supersolvability of groups. More recently, Skiba [19] introduced the concept of
weakly s-permutable subgroups. H is called a weakly s-permutable subgroup of G if
there exists a subnormal subgroup T of G such that G = HT and H ∩T 6 HsG the
subgroup of H generated by all those subgroups of H which are s-permutable in G.
Weakly s-permutability covers both s-permutability and c-normality. Skiba applied
weakly s-permutability to unify viewpoint for a series of similar problems. Let P be
a Sylow p-subgroup of G. Many authors have studied the influence of the members
of Md(P ) (see the Definition 2.1) on the structure of G, such as [8, 12, 16, 18].
Now, in this paper we continue these work. Speaking more precisely, the structure
of a finite group under some assumptions on the s-permutably embedded or weakly
s-permutable subgroups in Md(P ), for each prime p, is studied and obtain some
sufficient conditions for a p-supersolvable group or a p-nilpotent group.

2. Preliminaries

Definition 2.1 ([10, Definition 1.1]). — Let d be the smallest generator number
of a p-group P . Let Md(P ) = {P1, P2, · · · , Pd} be a subset of M(P ) such that⋂d

i=1 Pi = Φ(P ), the Frattini subgroup of P .
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Since |M(P )| = (pd − 1)/(p− 1), |Md(P )| = d and when d→∞,

((pd − 1)/(p− 1))/d→∞.

Hence |M(P )| >> |Md(P )|.

Lemma 2.2 ([19, Lemma 2.10]). — Let U be a weakly s-permutable subgroup
of G and N a normal subgroup of G. Then:

(1) If U 6 H 6 G, then U is weakly s-permutable in H;
(2) If N 6 U , then U/N is weakly s-permutable in G/N ;
(3) Let π be a set of primes, U a π′-subgroup and N a π-subgroup. Then UN/N

is weakly s-permutable in G/N ;

Lemma 2.3 ([3, Lemma 1]). — Suppose that H is an s-permutably embedded
subgroup of G, K 6 G and N is a normal subgroup of G. Then we have the
following:

(1) If H 6 K, then H is an s-permutably embedded subgroup of K.
(2) HN/N is an s-permutably embedded subgroup of G/N .

Lemma 2.4 ([4, 9, 17]). — (1) If H 6 K 6 G and H is s-permutable in G, then
H is s-permutable in K.

(2) If both H and K are s-permutable subgroups of G, then both H ∩ K and
< H,K > are s-permutable in G.

(3) If H is s-permutable subgroups of G and N EG, then HN is s-permutable
subgroups of G and HN/N is s-permutable subgroups of G/N .

(4) A p-subgroup H of G is s-permutable in G if and only if NG(H) > Op(G)
for some prime p ∈ π(G).

(5) If H is s-permutable in G, then H is subnormal in G.

Lemma 2.5 ([24, Lemma 2.8]). — Let G be a group and let p be a prime number
dividing |G| with (|G|, p− 1) = 1.Then

(1) If N is normal in G of order p, then N lies in Z(G) ;
(2) If G has cyclic Sylow p-subgroups, then G is p-nilpotent;
(3) If M is a subgroup of G with index p, then M is normal in G.

Lemma 2.6 ([7, IV, Satz 4.7]). — If P is a Sylow p-subgroup of G and N EG
such that P ∩N 6 Φ(P ), then N is p-nilpotent.

Lemma 2.7 ([7, III, Satz 3.3]). — Let G be a group, and let N be a normal
subgroup of G and H 6 G. If N 6 Φ(H), then N 6 Φ(G).

Lemma 2.8 ([23, Lemma 2.6]). — Let N be a normal subgroup of a group
G(N 6= 1). If N ∩ Φ(G) = 1, then the Fitting subgroup F (N) of N is the direct
product of minimal normal subgroups of G that are contained in F (N).

Lemma 2.9 ([14, Lemma 2.1]). — Let G be a group and H 6 G. Then HsG is
the uniquely determined largest s-permutable subgroup of G contained in H. In
particular, NG(H) 6 NG(HsG).

Lemma 2.10 ([25]). — (1) If A is subnormal in G and the index |G : A| is a
p′-number, then A contains all Sylow p-subgroups of G.

(2) If A is a subnormal Hall subgroup of G , then A is normal in G

Lemma 2.11 ([5]). — If H is an s-permutable subgroup of a group G, then
H/HG is nilpotent.

Lemma 2.12 ([17]). — For a nilpotent subgroup H of G, the following two
statements are equivalent:

(1) H is s-permutable in G.
(2) The Sylow subgroups of H are s-permutable in G.
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Lemma 2.13 ([2]). — Let P be a Sylow p-subgroup of G, and P1 a maximal
subgroup of P . Then the following two statements are equivalent:

(1) P1 is normal in G.
(2) P1 is s-permutable in G.

3. Main Results

Theorem 3.1. — Let P be a Sylow p-subgroup of a group G, where p is a prime
divisor of |G| with (|G|, p− 1) = 1. If every member of some fixedMd(P ) is either
weakly s-permutable or s-permutably embedded in G, Then G is p-nilpotent.

Proof. — Assume G is not p-nilpotent and let the theorem is false and G a
counter-example of minimal order. We writeMd(P ) = {P1, · · · , Pd} . Then, each
Pi is either weakly s-permutable or s-permutably embedded in G. Without loss
of generality, suppose that 1 6 k 6 d such that (i) every Pi(1 6 i 6 k) is weakly
s-permutable in G. Then there exists a subnormal subgroup Ki of G such that
G = PiKi and Pi ∩ Ki 6 (Pi)sG. (ii)each Pj(k + 1 6 j 6 d) is s-permutably
embedded in G. Then there exists an s-permutable subgroup Mj 6 G such that
Pj is a Sylow p-subgroup of Mj .

Now we prove the theorem by the following several steps.
(1) Op′(G) = 1.
Consider the quotient group G/Op′(G). Since POp′(G)/Op′(G) is a Sylow p-

subgroup of G/Op′(G), which is isomorphic to P , so POp′(G)/Op′(G) has the same
smallest generator number d as P . Set

Md(POp′(G)/Op′(G)) = {P1Op′(G)/Op′(G), · · · , PdOp′(G)/Op′(G)}.
Also, each PsOp′(G)/Op′(G) for s ∈ {1, · · · , d} is either s-permutably embedded or
weakly s-permutable in G/Op′(G) by Lemmas 2.2 and 2.3. Thus, G/Op′(G) satisfies
the conditions of the theorem. If Op′(G) > 1, then G/Op′(G) is p-nilpotent by the
choice of G. It follows that G itself is p-nilpotent, a contradiction.

(2) (Pi)sG C G and the quotient group G/(Pi)sG is p-nilpotent for every i ∈
{1, 2, · · · , k}.

Since Pi C P , by Lemma 2.9 we have P 6 NG(Pi) 6 NG((Pi)sG), that is,
(Pi)sG is normalized by P . Clearly, (Pi)sG is an s-permutable p-group and so
Op(G) 6 NG((Pi)sG) by Lemma 2.4. Now we can get that (Pi)sG C POp(G) = G.
Since G = PiKi and Pi ∩ Ki 6 (Pi)sG. If Pi ∩ Ki < (Pi)sG, let Ti denote the
subnormal subgroup Ki(Pi)sG. It follows that

PiTi = PiKi(Pi)sG = Pi(Pi)sGKi = PiKi = G

and
Pi ∩ Ti = Pi ∩Ki(Pi)sG = (Pi ∩Ki)(Pi)sG = (Pi)sG.

Now we can assume G = PiKi and Pi ∩Ki = (Pi)sG. Then
G/(Pi)sG = Pi/(Pi)sG ·Ki/(Pi)sG.

Therefore,
|Ki/(Pi)sG|p = |G : Pi|p = |P : Pi| = p,

i.e., the factor group Ki/(Pi)sG possesses a cyclic Sylow subgroup of order p. By
Lemma 2.5, we have that Ki/(Pi)sG is p-nilpotent. So Ki/(Pi)sG has a Hall normal
p′-subgroup H/(Pi)sG. Then

H/(Pi)sG CCG/(Pi)sG and H/(Pi)sG ∈ Hall(G/(Pi)sG).
It follows from Lemma 2.10 that H/(Pi)sG is a normal p-complement of G/(Pi)sG.
Consequently, G/(Pi)sG is p-nilpotent, as desired.

(3) For every j ∈ {k+ 1, k+ 2, · · · , d}, the factor group G/(Mj)G is p-nilpotent.
By the definition of an s-permutably embedded subgroup, Pj is a Sylow p-

subgroup of the s-permutable subgroup Mj of G. It follows that Mj/(Mj)G is
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s-permutable in G/(Mj)G and Mj/(Mj)G is nilpotent by Lemma 2.11. Hence,
we may apply Lemma 2.12 to see that every Sylow subgroup of Mj/(Mj)G is s-
permutable in G/(Mj)G. Thus, Pj(Mj)G/(Mj)G is s-permutable in G/(Mj)G be-
cause Pj(Mj)G/(Mj)G is a Sylow p-subgroup of Mj/(Mj)G. It follows by Lemma
2.13 that Pj(Mj)G/(Mj)G is normal in G/(Mj)G. So the core (Mj)G of Mj con-
tains the Sylow p-subgroup Pj of Mj and we have |G/(Mj)G|p = p. We conclude
that G/(Mj)G is p-nilpotent by Lemma 2.5. We have that (3) holds.

(4) LetN = (
⋂k

i=1(Pi)sG)∩(
⋂d

j=k+1(Mj)G).We haveNEG. Now, we can obtain
that N is p-nilpotent. Consider the subgroup P ∩N . Recall that Pj ∈ Sylp((Mj)G)
and Pj is a maximal subgroup of P . We have

P∩N = (
k⋂

i=1
(Pi)sG)∩(

d⋂
j=k+1

((Mj)G∩P )) =
k⋂

i=1
(Pi)sG∩(

d⋂
j=k+1

Pj) 6
d⋂

s=1
Ps = Φ(P ).

Thus P ∩N 6 Φ(P ) and NEPN . It is easy to see that N is p-nilpotent by Lemma
2.6.

(5) N 6 Φ(G).
We know that N possesses a normal Hall p′-subgroup U such that N = NpU ,

where Np ∈ Sylp(N). Then U is normal in G and U 6 Op′(G) = 1, so U = 1.
Therefore, N is a normal p-subgroup of G. Now, N 6 P ∩N 6 Φ(P ). We see that
N 6 Φ(G) by Lemma 2.7.

(6) The final contradiction.
By (2) and (3), G/(Pi)sG and G/(Mj)G are p-nilpotent. Hence, G/N is a p-

nilpotent. Since N 6 Φ(G), it is easy to see that G is p-nilpotent, the final contra-
diction. The proof of Theorem 3.1 is now complete. �

Corollary 3.2 ([1, Theorem 3.5]). — Let p be the smallest prime dividing |G|.
If P is a Sylow p-subgroup of G such that every member ofM(P ) is s-permutable
in G, then G has a normal p-complement.

Corollary 3.3 ([11, Theorem 3.1]). — Suppose that p ∈ π(G) is such that
(|G|, p − 1) = 1. Let P be a Sylow p-subgroup of a group G. Assume that every
member of M(P ) is either c-normal or s-permutably embedded in G. Then G is
p-nilpotent.

Corollary 3.4 ([14, Theorem 3.2]). — Let G be a group and P be a Sylow
p-subgroup of G, where p is a prime divisor of |G| with (|G|, p − 1) = 1. Suppose
that every member ofM(P ) is weakly s-permutable in G, then G is p-nilpotent.

Theorem 3.5. — Let G be a group and let P be a Sylowp p-subgroup of G
such that NG(P ) is p-nilpotent, where p is a prime divisor of |G|. If every member
in some fixedMd(P ) is either weakly s-permutable or s-permutably embedded in
G, then G is p-nilpotent.

Proof. — By Theorem 3.1, it is easy to see that the theorem holds when p = 2.
Assume that the theorem is false and let G be a counter-example of minimal order.
By the hypotheses of the theorem, denoteMd(P ) = {P1, P2, · · · , Pd}. Then, each
Pi is either weakly s-permutable or s-permutably embedded in G. Furthermore,
we have

(1) Op′(G) = 1.
Consider the quotient group G/Op′(G). Since POp′(G)/Op′(G) is a Sylow p-

subgroup of G/Op′(G), which is isomorphic to P , so POp′(G)/Op′(G) has the same
smallest generator number d as P . Set

Md(POp′(G)/Op′(G)) = {P1Op′(G)/Op′(G), · · · , PdOp′(G)/Op′(G)}.

Also, each PsOp′(G)/Op′(G) for s ∈ {1, · · · , d} is either s-permutably embedded
or weakly s-permutable in G/Op′(G) by Lemmas 2.2 and 2.3. Thus, G/Op′(G)
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satisfies the conditions of the theorem. If Op′(G) > 1, then G/Op′(G) is p-
nilpotent by the choice of G. It follows that G itself is p-nilpotent, a contradiction.
Also, NG/N (PN/N) = NG(P )N/N, hence it is p-nilpotent because NG(P ) is p-
nilpotent. Thus G/Op′(G) satisfies the hypothesis of our theorem. By the choice
of G, G/Op′(G) is p-nilpotent and it follows that G is p-nilpotent, a contradiction.

(2) If P 6 H < G, then H is p-nilpotent.
Since NH(P ) 6 NG(P ), we have that NH(P ) is p-nilpotent. By Lemmas 2.2 and

2.3, H satisfies the hypotheses of the theorem. By the choice of G, H is p-nilpotent,
as desired.

(3) G = PQ, where Q is a Sylow q-subgroup of G with p 6= q.
Since G is not p-nilpotent, by a result of Thompson [21, Corollary], there exists

a non-trivial characteristic subgroup T of P such that NG(T ) is not p-nilpotent.
Choose T such that the order of T is as large as possible. Since NG(P ) is p-
nilpotent, we have NG(K) is p-nilpotent for any characteristic subgroup K of P
satisfying T < K 6 P . Now, T char P C NG(P ), which gives T E NG(P ). So
NG(P ) 6 NG(T ). By (2), we have that NG(T ) = G and T = Op(G). Now,
applying the result of Thompson again, we have that G/Op(G) is p-nilpotent and
therefore G is p-solvable. Then for any q ∈ π(G) with q 6= p, there exists a Sylow
q-subgroup of Q such that PQ is a subgroup of G [6,Theorem 6.3.5]. If PQ < G,
then PQ is p-nilpotent by (2), contrary to the choice of G. Therefore, PQ = G, as
desired.

(4) Every minimal normal subgroup of G contained in Op(G) is of order p.
As Op′(G) = 1, we get that Op(G) > 1. Let N be a minimal normal subgroup

of G contained in Op(G). If N 6 Φ(P ), by Lemma 2.7, then N 6 Φ(G), and G/N
satisfies the hypotheses of the theorem. By the choice of G, G/N is p-nilpotent. So
G/Φ(G) is p-nilpotent, it follows that G is p-nilpotent, a contradiction. Thus N 66
Φ(P ). Since

⋂d
i=1 Pi = Φ(P ), where Pi ∈ Md(P ), we can assume N 66 P1 without

loss of generality. By the conditions of the theorem, P1 is weakly s-permutable in
G or s-permutably embedded in G. We claim that |N | = p.

(i) We first consider the case that P1 is weakly s-permutable in G. Then there
exists K1 CC G such that G = P1K1 and P1 ∩ K1 6 (P1)sG. Since P1 C P , by
Lemma 2.9 we have P 6 NG(P1) 6 NG((P1)sG), that is, (P1)sG is normalized
by P . Clearly, (P1)sG is a s-permutable p-group and so Op(G) 6 NG((P1)sG) by
Lemma 2.4. Now we can get that (P1)sG C POp(G) = G. Then (P1)sG ∩N = 1 or
N . If (P1)sG ∩ N = N , then N 6 (P1)sG 6 P1, a contradiction. So we have that
(P1)sG∩N = 1, then P1∩K1∩N = 1. From the minimal normality of N , we know
that (K1)G ∩N = 1 or N . If (K1)G ∩N = 1, then

N ∼= N(K1)G/(K1)G CG/(K1)G,

where G/(K1)G is a p-group since all Sylow q-subgroups of G is contained in K1
by Lemma 2.10. Thus we have that |N | = p. If (K1)G ∩ N 6= 1, we get that
N 6 (K1)G 6 K1. Then

1 = P1 ∩K1 ∩N = P1 ∩N

and so NP1 = P . We also get |N | = p.
(ii) Next, we consider that case that P1 is s-permutably embedded in G. If P1

is s-permutably embedded in G, then there exists an s-permutable subgroup H
such that P1 ∈ Sylp(H). Hence, HQ is a subgroup of G. Since N C G, we have
that N1 = N ∩HQ CHQ. It follows that N1 C 〈HQ,N〉 = G. Moreover, by the
minimality normality of N , we get that N1 = 1 and so |N | = p.

Now, we know that N ∩ P1 = 1. By [7, I, 17.4], there exists a subgroup M of G
such that G = NM and N ∩M = 1. Certainly, N 66 Φ(G). From Lemma 2.8, we
conclude

Op(G) = R1 ×R2 × · · · ×Rt,
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where Ri(i = 1, · · · , t) is a normal subgroup of order p. It follows that

P 6
t⋂

i=1
CG(Ri) = CG(Op(G)).

Furthermore, according to [15, Theorem 9.31] and (3), we have that CG(Op(G)) 6
Op(G) and so P = Op(G). Thus G = NG(P ). Now, by the hypotheses that NG(P )
is p-nilpotent, we conclude that G is p-nilpotent. This is the final contradiction and
the proof is complete. �

Corollary 3.6 ([14, Theorem 3.1]). — Let p be an odd prime divisor of |G|
and P be a Sylow p-subgroup of G. If NG(P ) is p-nilpotent and every member of
M(P ) is weakly s-permutable in G, then G is p-nilpotent.

Theorem 3.7. — Let G be a p-solvable group and let P be a Sylow p-sub-
group of G, where p is a prime divisor of |G|. If every member in some fixed
Md(P ) is either weakly s-permutable or s-permutably embedded in G, then G is
p-supersolvable.

Proof. — Assume that the theorem is false and let G be a counter-example of
minimal order. We writeMd(P ) = {P1, · · · , Pd} . Then, each Pi is either weakly
s-permutable or s-permutably embedded in G.

(1) Op′(G) = 1.
With an argument similar to that above, (1) holds.
(2) Φ(P )G = 1, in particular, Φ(Op(G)) = 1.
Otherwise, then let N = Φ(P )G > 1. We consider the factor group G/N .

Obviously,Md(P/N) = {P1/N, · · · , Pd/N}. By Lemmas 2.2 and 2.3, Pi/N is either
weakly s-permutable or s-permutably embedded in G/N for any i ∈ {1, · · · , d}.
Therefore, G/N satisfies the hypotheses of the theorem and consequently, G/N is
p-supersolvable by the minimality of G. Since N 6 Φ(P ), N 6 Φ(G) by Lemma
2.7, it follows from G/N being p-supersolvable that G is p-supersolvable, which is
contrary to the choice of G.

(3) Every minimal normal subgroup of G contained in Op(G) is of order p.
As Op′(G) = 1, we get that Op(G) > 1. Let N be a minimal normal subgroup

of G contained in Op(G). If N 6 Φ(P ), by Lemma 2.7, then N 6 Φ(G), and G/N
satisfies the hypotheses of the theorem. By the choice of G, G/N is p-supersolvable.
Since the class of p-supersolvable groups is a saturated formation, we have G is p-
supersolvable, a contradiction. Thus N 66 Φ(P ). Since

⋂d
i=1 Pi = Φ(P ), where

Pi ∈ Md(P ), we can assume N 66 P1 without loss of generality. By the conditions
of the theorem, P1 is weakly s-permutable in G or s-permutably embedded in G.
We claim that |N | = p.

(i) We first consider the case that P1 is weakly s-permutable in G. Then there
exists K1 CC G such that G = P1K1 and P1 ∩ K1 6 (P1)sG. Since P1 C P , by
Lemma 2.9 we have P 6 NG(P1) 6 NG((P1)sG), that is, (P1)sG is normalized
by P . Clearly, (P1)sG is a s-permutable p-group and so Op(G) 6 NG((P1)sG) by
Lemma 2.4. Now we can get that (P1)sG C POp(G) = G. Then (P1)sG ∩N = 1 or
N . If (P1)sG ∩ N = N , then N 6 (P1)sG 6 P1, a contradiction. So we have that
(P1)sG∩N = 1, then P1∩K1∩N = 1. We consider (K1)G∩N . By the minimality
of N , we know that (K1)G ∩N = 1 or N . If (K1)G ∩N = 1, then

N ∼= N(K1)G/(K1)G CG/(K1)G,

where G/(K1)G is a p-group since all Sylow q-subgroups of G is contained in K1
by Lemma 2.10. Thus we have that |N | = p. If (K1)G ∩ N 6= 1, we get that
N 6 (K1)G 6 K1. Then

1 = P1 ∩K1 ∩N = P1 ∩N
and so NP1 = P . We also get |N | = p.
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(ii) Next, we consider the case that P1 is s-permutably embedded in G. If P1
is s-permutably embedded in G, then there exists an s-permutable subgroup H
such that P1 ∈ Sylp(H). Hence, HQ is a subgroup of G. Since N C G, we have
that N1 = N ∩HQ CHQ. It follows that N1 C 〈HQ,N〉 = G. Moreover, by the
minimality normality of N , we get that N1 = 1 and so |N | = p.

Therefore, N ∩P1 = 1. By [7, I, 17.4], there exists a subgroup M of G such that
G = NM and N ∩M = 1. Certainly, N 66 Φ(G). Now, we can use Lemma 2.8 to
derive that Op(G) is a direct product of normal subgroups of G of order p.

(4) The counter-example does not exist.
Since G/CG(Ri) is a cyclic group of order p− 1, certainly

G/

r⋂
i=1

CG(Ri) = G/CG(Op(G))

is p-supersolvable. On the other side, since G is p-solvable and Op′(G) = 1, by [15,
Theorem 9.3.1], CG(Op(G)) 6 Op(G). Hence, G/Op(G) is p-supersolvable. Now,
claim (3) implies that G is p-supersolvable. We are done. �

Corollary 3.8 ([14, Theorem 3.3]). — Let G be a p-solvable group and P a
Sylow p-subgroup of G. If every member of M(P ) is weakly s-permutable in G,
then G is p-supersolvable.
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