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ESTIMATION OF THE DENSITY OF A DETERMINANTAL
PROCESS

YANNICK BARAUD

Abstract. We consider the problem of estimating the density II of a determinantal process
N from the observation of n independent copies of it. We use an aggregation procedure
based on robust testing to build our estimator. We establish non-asymptotic risk bounds
with respect to the Hellinger loss and deduce, when n goes to infinity, uniform rates of
convergence over classes of densities II of interest.

1. INTRODUCTION

The starting point of this work goes back to 2007 when Persi Diaconis visited
our Laboratory Jean-Alexandre Dieudonné in Nice. At that time, he explained
that determinantal processes were emerging in many areas and that there was no
statistical procedure to estimate their distributions. Almost five years later, it still
seems to be the case. The aim of this paper is therefore to contribute to the study
of these processes. Our aim is not only to focus on statistical estimation but also to
discuss some related problems. For example, how the class D of all determinantal
densities can be parametrized? Is there an identifiable way of doing it? Another
natural question, at least for a Statistician, is to understand how the elements
of D can be approximated. Are there some specific parametric sets that should
be used to approximate the densities lying in D7 If so, what can be said about
the approximation properties of these sets? Finally, given n independent copies of
a determinantal process N, we propose an estimator of the density II of N. We
establish non-asymptotic risk bounds for our estimator and deduce uniform rates of
convergence over classes of IT of interest. It turns out that our estimation strategy
is robust with respect to the assumption that N is a determinantal process. This
means that the risk bounds we get are not only valid when II belongs to the class D
but also when II is close enough to it (in the Hellinger distance). Our approach is
based on T-estimation as introduced by Birgé [5]. More precisely, we start with a
suitable family of models, which typically consists of compact sets of densities, and
the role of which is to provide a good approximation of the elements of D. Then,
we discretize these models. This results in a family of points (Il )meom of D and
we finally use the data in order to select a suitable point among the II;,. The way
we select this point, which provides our estimator of II, is based on robust testing
and aims at finding an element among the II,, which is as close as possible to the
target density II. We establish non-asymptotic risk bounds for our estimator and
show how they depend on the approximation properties of the models we started
from. Under a posteriori assumptions on IT and for a suitable choice of the models,
we specify this bounds and derive rates of convergence.

For an introduction to determinantal processes, we refer the interested reader to
Lyons [11], Hough et al [9] and the books by Anderson et al [2] and Hough et al [10]
as well as the references therein. Part of the popularity of determinantal processes
comes from the fact that they naturally arise in the study of the eigenvalues of large
random matrices. Recently, Borodin et al [6] showed that these processes are also
involved in the process of “caries” when adding a column of numbers.

The paper is organized as follows. In Section 2 we settle the probabilistic back-
ground as well as our main notations and conventions. We introduce determinantal
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processes in Section 3 and tackle the problem of estimating of their densities in
Section 4. Finally, Section 5 is devoted to the proofs.

2. THE BACKGROUND

2.1. Notations and conventions. Throughout this paper we use the conventions
> s =0and [[, =1 and set N* = N\ {0} and R} = (0,400). Given a finite
set A, |A| denotes the cardinality of A and for z € C, R(z), Z and |z| denote the
real part, conjugate and modulus of z respectively. We denote by P the class of all
finite subset J of N* and set P* = P \ {@}. Moreover, we set

A={ef0, 1%, A=A < +oo).

Jjz1

All along, we consider a metric space (X, d) which we endow with its Borel o-field
B(X) and a o-finite measure p. Roughly speaking, a point process on (X', B(X')) will
correspond to a random choice of a family of distinct points among X. One should
typically think of X as {1,...,p}, N, R or R? for some positive integer p. When X
is not finite, we denote by H the Hilbert space of measurable and complex-valued
functions ¢ on (X, B(X)) satisfying

16]2 = /X 161 du < +oo.

We endow H with the Hermitian inner product defined for ¢, € H by

(0.0) = [ Gvdn.

For conveniency, we adopt the convention that (.,.) is linear with respect to the
second argument and not the first one, as usually the case. In order to keep our
notation as simple as possible, when X is finite, say X = {1,...,p}, we embed X
into N* and use

H=6(N) ={peC", Y |o6)* < +oo}.

i>1

More precisely, a mapping ¢ on X = {1,...,p} with values in C will be viewed
as a sequence (¢(i))i>1 € L2(N*) with ¢(i) = 0 for all ¢ > p. Since H is an
infinite dimensional Hilbert space (whatever X), we may define U as the set of
all orthonormal sequences ® = (¢;);>1 in H. For J € P* and ® € U, we set
®; = (¢j)jes and given an (ordered) finite subset a of X, denote by ®, ; the
|| x [J]-matrix

Do,y = (9(*))eajes -

We extend this notation for rectangle matrices A with entries in C: A, ; =
(A;j)ica,jes. Moreover, A* denotes the transpose of the conjugate of A, that

is, if A= (A4;;)i=1,  kj=1,. .k A = (A:)j=1, K i=1,. k-
Finally, we recall that the Hellinger distance h between two densities p,q on a
measured space (F, &, v) is defined by the formula

W) =5 [ (Vo= Vi)

For the sake of simplicity, we shall keep the same notation h throughout this paper
even though the measured space (F, &, i) may vary.
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2.2. The probabilistic background. In this section, our aim is to introduce the
probabilistic background we shall use throughout this paper. We denote by X the
class of all finite subsets of X and for k£ € N, denote by Xy, the class of those subsets
with cardinality k. By convention, Xo = {@}. We identify X with the set of finite
measures of the form
&zz&v with o € X
rea

and denote the same way o and @ so that for all B € B, «(B) means |oN B|. We
equip X with the smallest o-field B(X) for which the mappings

X =+ N
Mp:a +— «aB)

are measurable for all B € B(X). In particular, the subsets X; = My'(k) are
measurable for all £ € N. We endow (X, B(X)) with the measure L defined for all
measurable functions f from X into R by

1
[ s@usie) = f@)+ X5 [ o adduten) . dua)

k>1

where X'V* is the set of all k-uplets (z1,. .. , X)) € X* with distinct coordinates. If
X is finite, say X = {1,...,p}, and if p is the counting measure on X then L is
merely the counting measure on X.

Throughout this paper, a point process N on (X,B(X)) is a random variable
defined on a probability space (2, A,[P) with values in (X, B(X), L).

3. INTRODUCTION TO DETERMINANTAL PROCESSES

In this section, our aim is to define a determinantal process on (X, B(X)). To
do so, we adopt the point of view developed in Hough et ol [9]. In particular, we
start with the simpler case of determinantal projection processes.

3.1. Determinantal projection processes.

DEFINITION 3.1. — Given J € P* and ® € U, a determinantal projection
process N of rank |J| with parameter ® ; = (¢;);es Is a point process with density
(with respect to L) given by

1% (a) = |det [®q, /] Ix,, (o) forall « € X. (3.1
When J = @, by convention 11 = 0.

If the matrix @57 = (¢;(x))zca,jes depends on an ordering on the set a,
|det [®,, ]| does not and we shall therefore omit to specify one. It follows from
the definition of II% that with probability 1, |[N(X)| = |J|. Hence, a determinantal
projection process N of rank |J| consists of |J| distinct points of X'. The location of
these points depends on the geometry of the ¢; for j € J. If the ¢; are real-valued,
a configuration o = {x1,...,z} of points is all the more likely that the volume of
the parallelepiped based on the |J| vectors ((¢;(z1), ..., ¢;(zk)) e is large.

The fact that 1% is a density on X might not be clear at first sight. In fact,
when X = {1,...,p} this comes the the Cauchy-Binet formula: if A, B are k x p
and p X k matrices respectively with p > k, the Cauchy-Binet formula asserts that

det [AB] = > det Ag1 . ry.qdet Bo (1. 1)- (3.2)

.....

aeXy

Again, note that this formula is independent of the choice of an ordering on «. By
using the Cauchy-Binet formula with B = (¢;(x))sex jes = ®x,7, A= B* and by
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using the fact the family (¢;),cs is orthonormal we get

/X 1% (a)dL(e) > det @4, ] det [@q ] = Y det [®F ] det [®4 ]

a€Xy aeXy
= det [0 P s] = det [<¢ia¢j>i,j€]} =1

When X is no longer finite, the Cauchy-Binet formula can be extended by ubing
the identity below from which we can deduce in a similar way as above that II® g is
a density.

PROPOSITION 3.2. — Let ® = (¢1,...,¢r) and ¥ = (¢1,...,¢) be two ele-
ments of H¥. We have that

det |:(<¢i71/}j>)i,j:1w-vk:| - /

Xk

det [@?1,,..,1@}@} det [Uo (1,5} ] dL(a).

This identity is known for a long time, especially when X is a compact interval
of R and p the Lebesgue measure on X' (see de Bruijn [7]). The general form of
this identity can be found in Baik and Rains [3].

3.2. The general case. As proved in Hough et al [9], the distribution of a (finite)
determinantal process N can be viewed as a mixture of densities of some determi-
nantal projection processes. More precisely, a determinantal process can be defined
as follows.

DEFINITION 3.3. — Let ® € U and A € A. A determinantal process N with
parameters (P, \) is a point process with density

I =" piIy where py = [[ A3 [J(1—A3) forall J € P. (3.3)
JeP jeJ Jje€J

We use the convention 115 = 6.

Since A; € [0,1] for all j > 1 and
D X < oo, (3.4)

j=1

the numbers p’) are nonnegative and well defined (the infinite product [] e (1= A?)
converges for all J € P). Besides,

Sy =T[N+0a-X) =1

JEP =1

Consequently, TI%* is indeed an (at most countable) mixture of densities. Given
J € P*, it is not difficult to see that for the particular choice A = A\; = (1es);>1,
the density II®* is that of a determinantal projection process with parameter & ;:
indeed, for J' = J, p}, =1 and for J' # J, p}, = 0.

As explained in Hough et al [9], another way of defining a determinantal process
is as follows. First simulate a sequence (Z;);>1 of independent Bernoulli random
variables with respective parameters (/\]2) j>1. Consider the subset J of those indices
j = 1 such that Z; = 1. Finally choose N according to a determinantal projection
process of rank \j | with parameter @~ With such a description, Condition (3.4)

is easy to understand: together with the Borel-Cantelli lemma, it ensures that J is
finite almost surely. It is also clear that the distribution of a determinantal process
remains unchanged if we change the labelling of the pairs ((A;, ¢;));>1. That is, for
all bijection o on N*, the parameters ((¢;);>1, (A;);j>1) and (o)) =1, (Ao(j))iz1)
lead to the same determinantal distribution. In particular, with no loss of generality,
we may assume that the sequence A = (\;);>1 is non-increasing with respect to j.
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In the literature, one usually associates to a determinantal process N a square
integrable kernel K on X2 which defines a self-adjoint compact operator on H by
the formula

H — H
Tx:¢ — [m [ Knswant). (3.5)

The sequences (A3);>1 and ® = (¢;);>1 mentioned above correspond then to the
eigenvalues and associated eigenvectors of Tx. Conversely, given the sequences
A= (\j);j>1 and ® = (¢;);>1 and provided that p(X) < 400, the kernel K can be
obtained by the fomula (Mercer’s Theorem)

K(z,y) = > Noj()¢;(y) (3.6)

j>1
where the series converge absolutely for almost every (z,y) € X 2, When X =
{1,...,p}, K is merely (any) p x p Hermitian matrix with eigenvalues in [0, 1].

Interestingly, the kernel K can be related to the distribution of N by the following
formula which holds for all measurable functions f from X into R

E

Z f(a)] = / f(a) det[Ka,o]dL(a) where Koo = (K(2,9))sca.yca-
aCN X

The mapping o — det[K, o] determines the distribution of N and is called the
correlation function. When X = {1,...,p}, this formula simply says that for all
aCX

Pla C N] = det[Ky 0

3.3. Hellinger distance and determinantal process. In the previous section,
we have seen that the distribution of a determinantal process can be parametrized
by a pair (®,A) in U x A and that, conversely, any choice of such a pair allows to
define a determinantal process. The aim of this section is to relate the Hellinger
distance between the distributions of two determinantal processes associated to two
distinct pairs (®,\) and (¥,~) to some distance between these pairs. Again, we
start with the simpler case of a determinantal projection process.

3.3.1. Case of a determinantal projection process. Let ® = (¢;)j>1 and ¥ =
(1j)j>1 be two elements of U and J,J' two elements of P. If |J| # |J'|, the
supports of I and ITY, are disjoint (the densities are supported by X)) and Xz
respectively) and hence h2(I1%,11%,) = 1. If J = J' = @, 1Y = 1%, and therefore
hz(H?, H?,) = 0. Consequently, the only case we need to consider is the one where
|J| = |J'| 2 1. In fact, as already mentioned, we may re-index one of the two
sequences, say ¥, in order to have J = J’ without changing the distribution ITY.
By doing so, the following result holds.

ProprosITION 3.4. — Let J € P* and &,V € U. We have,

RIS = 1= [ (et ] [det ¥, ] dL(c) (3.7)

/N

1— ‘det [(<¢i7¢j>)i,j€-1} ’ :
Moreover,

5
PAM5,I05) < 53 llog — vyl
jeJ

Up to constants, the last inequality is sharp. For example, if J = {1}, H‘%’l} and
Hf{l’l} correspond to the two densities on (X, B(X)) given by

Ify () = [¢1(2)[° and Iy () = [¢r(z)* forall z € X (3.8)
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and hence, if ¢1,1; are two nonnegative real-valued functions on (X, B(X)),

i (1 120) = 3 (Y~ ) 0= S

Clearly, this equality is no longer true when the nonnegativity assumption on ¢,
and 1 is violated. Nevetheless, Proposition 3.4 says that the inequality remains
true (up to a constant). The proof of this proposition is postponed to Section 5.

3.3.2. The general case. Since II®* and I+ are mixtures, the problem of bound-
ing the Hellinger distance between these two densities amounts to understanding
how, more generally, the Hellinger distance behaves with respect to mixtures of
densities. More precisely, let p, ¢ be two densities on the measured space (T, T, m)
and (P;)ier and (Qt)ier two families of densities on a measured space (F,A,v).
What can we say about the Hellinger distance between the two mixtures

P- /T Pip(t)dm(t) and Q = /T Qua(t)dm(t)

when we known how far p is from ¢ and the P; from the Q;? The following result
gives an answer.

ProrosITION 3.5. — If m and v are both o-finite,
R(PQ) < 2 (pa) + 2 | H(PuQua(t)dm(r),
T

The proof of this result is postponed to Section 5.

We may apply Proposition 3.5 with the choices T = P (m being the counting
measure on P), (E,A,v) = (X,B(X),L), p = p* the density defined on P by
p*(J) = p) for all J € P, ¢ = p” defined analogously and for t = J € P, P, = 1%
and Q; = H}’. We obtain the following result the proof of which is detailed in
Section 5.

PROPOSITION 3.6. — Let @, ¥ € U and A,y € A and set

A= (1—./1—A§)j>1 and 7 = (1—,/1—7§)j>1.

The following inequalities hold

v 2
RN < A=+ [A -] (3.9)
5
ZP}hQ(H?aH% < 52’)’?”%*%”2. (3.10)
JeP =1

In particular,

. 2
PAIPA TV < 2 [|A—w|2+ |- ] S D IO G CR ¥

j=1

4. STATISTICAL ESTIMATION

Throughout this section, we consider a point process N on (X, B(X)) with den-
sity IT with respect to L. Given n independent copies Ny, ..., N, of N, our aim is to
estimate II. One may naturally think of N as being a determinantal process which
means that II belongs to the set D of all determinantal distributions. Nevertheless,
our result is robust with respect to such an assumption in the sense that I may not
belong to D. In this case, one may rather consider D as an approximation set for
II. Before turning to the estimation of II, we shall first discuss some identifiability
issues which are of independent interest and may therefore be skipped.
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4.1. Identifiability and exterior algebra. When N is a determinantal process,
we may write IT = II®* for some pair (®, \) € Ux A or, alternatively, define IT from
some kernel K on X? as in (3.6). If these two approaches provide a parametrization
of D, none is identifiable. More precisely, two distinct pairs in U x A or two
distinct kernels may parametrize the same determinantal distribution. This lack of
identifiability is already true if one restricts to the simpler class of determinantal
projection processes. A simple counter-example can be obtained from (3.8) with
(X,B(X), ) = ([0,1],B([0,1],dz) by taking ¢1(x) = € and v;(x) = €**. In
this case, the corresponding kernels K, (z,y) = ¢**~%) and Ky(x,y) = e*(@=¥) are
distinct but both parametrize the uniform distribution on [0, 1]. It is also clear from
this counter-example that there is no hope to estimate ¢, which is not identifiable
either.

Consequently, a question arises. How can we define a one-to-one parametrization
of D? As we shall see, this problem is rather difficult. In fact, we shall partially
answer this question by restricting ourself to the case where X = {1,...,p} and
by focusing on the class Dy, of all determinantal projection distributions of rank
k with k € {1,...,p— 1} and p > 2. Tt follows from Definition 3.1 that for each
element II € Dy, j, there exists an orthonormal family ¢1,. .., ¢x (which is certainly
not unique) such that for all a € Xy,

II(c) = |det [@a,1,...13]] " (4.1)

Let us now consider the exterior algebra £ = /\k CP consisting of the sums of k-
blades ¢1 A ... A ¢ with ¢1,...,¢0r € CP. Since we shall only use the algebraic
properties of these objects and more specifically their connections with determi-
nants, we shall not define them and rather refer the interested reader to Mac Lane
and Birkhoff [12] (Chapter XVI, Section 7). Denoting by es,...,e, the canonical
basis of CP, this exterior algebra E can be viewed as a C-linear space, a basis of
which being given by the k-blades of the form

ea =€j N Neg,

where a = (i1,...,0) (with 1 <4y <iy... < i < p) varies among Xj. This linear
space can be equipped with an Hermitian inner product [.,.] for which the elements
(éa)aex, provide an orthonormal family of E. Besides, for a k-blade ¢1 A ... A ¢

[ea, P1 A ... A Pi] = det [(I)a,{l,.“,k}} for all o € X. (4.2)

Let Sg be the unit sphere of (E,[.,.]), G the subset of Sg gathering the elements
of the form ¢1 A ... A ¢y for ¢1,..., ¢, being an orthonormal family of C? and G
be the subset of Sg defined by

Gi={9+= > lleasgllea | g€ G}
aeXy
It follows from (4.1) and (4.2) that the mapping
G+ — ’Dp,k
g+ = Hgp:am|feagll* = [lea, g+]°

is surjective. It is also clearly one-to-one and provides thus an identifiable parame-
trization of the elements of D), ;; by those of G+. In fact, if A denotes the Hermitian
distance on E defined for g,¢' € E by A2%(g,¢') = [9 — ¢',9 — ¢'], (G4,A) and
(Dp,k, V2h) are isometric: by (3.7), for all g+, ¢/, € G,

Agi,g) = > |lgreal = [dheal T =21 D llg.eallllg eall

acXy aeXy
= 2h° (g4, gry).
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The metric dimension (in the sense given in Birgé [5]) of a set of densities is usually
closely related to the minimax rate of estimation over this set. Roughly speaking,
if the metric dimension of the set is D, one can expect that the minimax rate be of
order D/n. The above isometry shows that the metric dimension D, of (D, x, h)
is the same as that of the subset G C FE for the Hermitian distance. In particular
D, i, is not larger than the dimension of E (in the usual sense, viewed as a linear
space on R), that is D, j < 2(2). This upper bound is unfortunately very crude
and we shall see that the minimax rates can be much faster. We believe that the
metric dimension of G is actually of order kp.

4.2. The main result. Let us now turn to the statistical part of this paper. As
already mentioned, our aim is to estimate the density II of a point process N from
the observation of n independent copies of it. Our estimation strategy is based on T-
estimation. More precisely, we start with an at most countable family {II,,, m € 901}
of candidate determinantal densities, the choice of which will be explained below,
and we use a test possessing robustness properties in view of selecting the closest
element to IT among the I1,,. We shall not detail the statistical procedure here and
rather refer the reader to Birgé [5] (Theorem 9) or Baraud [4]. Nevertheless, in order
to give an brief account of the estimation strategies described there, let us merely
say that they allow to endow {Il,, m € 9} with a (random) binary relation
by means of a statistical test based on the observations. Given a pair (IIy, Ty ) of
distinct candidate densities, we either have I, o I, or Il o I, the test being
build in such way that the former (respectively the latter) relation is likely to occur
when A(II,II,,) is small compared to h(II,II,,/) and vice-versa. If the relation o
were a total order on {Il,, m € 9}, a natural idea would be to define the estimator
of II as the minimal element of ({II,, m € M}, ). Unfortunately, this is not the
case since o fails to be transitive in general. A nice idea, which is actually due to
Birgé, is to define the estimator as the element II of {II,,, m € 9} minimizing the
quantity Iy, — crit(Ily,) = sup{h(Ily, Oy ), Ow o I, }. The property of the test
ensures that the value of criterion at Il is likely to be large when II,, is far from
IT (provided that there exist some elements Il which are closer to II) while it is
likely to be small as soon as Il lies in a small enough neighborhood of II. With
such an estimation strategy, we can design an estimator possessing the following

property.

PROPOSITION 4.1. — Let IT = {II,, m € M} be an at most countable family
of densities on (X, B(X), L) and 7 a sub-probability on 9, that is

Z w(m) <1 and 7(m) >0 for all m e M.
meM

There exist a universal constant C > 0 and an estimator II = ﬁ(H, ) solely based
on Ny,..., N, such that whatever the density II,

CE {hQ(l'Lﬁ)} < mlgg;n {hQ(H,Hm)-I- M

Proof. — Proposition 3 page 363 of Baraud [4] (Example 1, Density Estimation)
ensures that the random measure n=! Y"1 | §x, with intensity II satisfies the as-
sumption of Corollary 5 page 373 of Baraud [4]. The result follows by applying this
corollary with s = II, A = 9, sy = I, and A(IL,) = log(1/7(m)) for all m € 9N,
the summation condition (4) of Baraud [4] being satisfied under the assumption
that 7 is a sub-probability. O

Before turning to the choice of the family {II,, m € 9}, let us comment on the
role of 7 in our result. When 7 is a probability, it can be interpreted as a prior
on the family {II,, m € M} and gives thus a bayesian flavor to our approach.
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Intuitively, our procedure tends to advantage densities II, associated to values of
m(m) which are not too small.

We design our family {II,,, m € M} in view of possessing good approximation
properties with respect to the elements of the class D. Inequality (3.11) tells us that
one can approximate a determinantal density II®* (with respect to the Hellinger
distance) by suitably approximating the sequence A and the functions ¢; of ®
corresponding to those indices j for which ); is large enough. To do so, we introduce
compacts subsets of A and H respectively defined as follows. Concerning A =
(Aj)j=1, with no loss of generality, we may assume the sequence is non-increasing
with respect to j and it is therefore natural to introduce compact sets of the form

A; :{fyeA,fyj/ =0 for all 5’ >4}

for different values of j > 1. This amounts to approximating A by the truncated
sequence keeping the j first entries of A\, the others being turned to 0. In order
to approximate the ¢;, we introduce an at most countable family H = (Hy,)mem
of compact subsets of (H, || ||). Examples of such compacts sets will be given in
Section 4.3 for the purpose of providing rates of convergence. Given a compact
subset H of (H, || ||) and some positive number 7, we denote by H[n] a maximal 7-
separated subset of H, that is, any subset H' C H of maximal cardinality satisfying
the property: for all ¢, ¢’ € H' with ¢ # ¢', ||¢ — ¢'|| > n. The maximality of H|[n]
implies that for all ¢ € H, there exists ¢/ € H|[n] such that ||¢ — ¢'|| < n. This
means that H[pn| is an n-net for the compact set H. By applying Proposition 4.1
to a suitable discretization of the compact sets A; and H,,, we deduce the result
below. Its proof is detailed in Section 5.

THEOREM 4.2. — Let H = (Hum)mem be an at most countable families of
compact subsets H,, of (H, || ||) and let # be a sub-probability on M. There exists

~

a density estimator II such that whatever the density II on (X, B(X), L),

J
2 O . 2 i . . 2
CE [R(ILT] < inf_ | A2(ILI) + inf > jlom,w,@w},;»
J = 7>

where for all j > 1,
. . 1 | Hpm[1/v/n]|n
) = inf £ |lp; — || + = log | VT
O(H,m, ¢;) = nf Lg}qm 165 = 1" + — og( (m)

and C' is a positive universal constant.

Let us now comment on this risk bound. The term h?(II,II®*) corresponds
to the approximation of II by an element of D. It expresses the fact that our
estimation procedure is robust with respect to the assumption that IT belongs to
D. The quantity > e )\?/ is the bias term that we get for approximating A by

the elements of A;. Given j > 1 and m € M, infyepm,, ||¢; — Y|* corresponds to
the best approximation of ¢; by some element of the compact set H,,. Enlarg-
ing H,, (for the inclusion) makes this term smaller but may increase the quantity
n~tlog (|H,,[1/+/n]| n/7(m)) which measures in some sense the massiveness of H,,.
The quantity O(H, 7, ¢;) corresponds to the best trade-off that can achieved be-
tween these two terms among the family H. It is typically the bound we would get
for estimating the function ¢; alone by a model selection procedure among H (up
to possible extra logarithmic factors). The sum Z;/:l O(H,m, ¢;) is therefore the
risk bound we get for estimating the j first elements ¢1,...,¢; of ® = (¢;/);/>1.
In order to specify these quantities, let us turn to the following typical situation.
Let (Sm)mem be a family of finite-dimensional subspaces of H with respective
dimension D,, > 1 (viewed as a linear space on R) and for m € M, let us take
H,, =8NS, where § denotes the unit sphere of H. The following results hold.



12 Yannick Baraud

ProrosiTION 4.3. — For alln > 1,

log |Hm[1/v/n]| < Dy, log(2v/n + 1). (4.3)
Besides, for all p € S

inf |l — | <4 inf ||6— . 4.4
wler}{m”“b Y| wlensm||¢ Y| (4.4)

The first inequality gives a control of the maximal size of a 1/y/n-separated sub-
set of H,,. The second one shows that H,, and S,, share similar approximation
properties with respect to the elements of S. The proof of the proposition is de-
layed to Section 5. With such a result, we deduce from Theorem 4.2 the following
corollary.

COROLLARY 4.4. — Let S = (Sm)mem be an at most countable family of finite
dimensional subspaces of (H, || ||) with respective dimensions D,, > 1 and let = be
a sub-probability on M. There exists a density estimator o= ﬁ(S, m) such that
whatever the density 11 on (X, B(X), L),

J
9 ~ . 2 DA : v 2'/
CE {h (H’ H):| < @e%UI,lﬁeA h (H, 11 ) + ]1121% Z:l O(S; , d)] ) + ‘/E> : /\J

j'= 27>

where for all j > 1,

) . D, logn + log(1/7(m))
O(S,m,¢;) = inf g — > + ==
im0 = inf, | it Joy vl + -
and C' is a positive universal constant.
For illustration, let us consider the elementary situation where X = {1,...,p}

and assume that II € D, ;, is a determinantal projection process on X of rank k as
in Section 4.1. In this case, one can choose S = {Sy} where Sy is the linear subspace
of dimension p of H = ¢»(N*) gathering the elements of the form (u1,...,up,0,...)
with (ui,...,up) € C? and 7 the Dirac mass at 0. Whatever II € D, ;, there exists
® € U with ¢1,...,¢ € SoNS such that II = % with Ay = ... =\, =1
and \j; = 0 for j > k. Since O({Sp}, 7, ¢j) < plogn/n for all j* € {1,...,k} and
> >k A?, = 0, by applying Corollary 4.4 we derive the risk bound

CE [hz(H, ﬁ)} < kpl%

for all II € Dp .

This inequality shows that the minimax rate of estimation over D, ; is not larger
than kplogn/n. Since we expect that the metric dimension of D), is of order kp,
we believe that the logarithmic factor could probably be dropped.

4.3. Rates of convergence. In this section, we assume that X = [0, 1]¥ for some
integer k > 1. Our aim is to deduce from Corollary 4.4 some rates of convergence
towards IT when it is of the form II®* for some parameter (®, \) € Ux A. To do so,
we make some a posteriori smoothness assumptions on ® = (¢;);>1. More precisely,
we assume that the ¢; are real-valued and belong to classes Bg,p([o, 1]%) of (possibly)
anisotropic real-valued Besov functions indexed by a number p € (0,+oc] and a
smoothness parameter 8 = (3;)i=1,.. x € (0,+00)*. When p = +o0, Bfo,oo([(), 1]%)
is merely the class of anisotropic 8-Holderian functions on [0, 1]*, which means that
a function in BY, ([0,1]*) is 3;-Holderian on [0, 1] when we keep all the coordinates
fixed expect the i-th. For a more precise definition of these smoothness classes we
refer to Hochmuth [8], at least when & = 2. The definition there can easily be
generalized to larger values of k. Denoting by |¢|spp» the Besov semi-norm of a
function ¢ in ng([(), 1]%), we set for any R > 0

UL L (R) = {(¢)j21 €U | ¢; € By (10, 1]%), [$lppp <R, Vj =1}
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and for jo € N*,

Uy (R, o) = {(65)521 €U | &5 € B, ((0,1]%), [ylppp <R, Vi=1,....jo}.
In order to approximate the elements of such class, we use the following result of
Akakpo [1].

ProroSITION 4.5. — Let p > 0, k € N* and r € N. There exist a collection
of linear spaces (Sm)menm,,, With My, =Ups, Mk,(D) and a positive number
C'k,r such that for all positive integer D,

My -(D)] < eCrkD. sup  dim(S,,) < Cr D (4.5)
meMy (D)
and _
inf inf ¢ — ol < C(k,r,p)|¢lg,p, D" (4.6)

meMy, (D) YESm
for all ¢ € B ,([0,1]*) and j satistying

1<i<k

A —1
sup B <r+1 and f= <]1€ Z /81> >k [(pil - 2*1) \/O] . (4.7)
i=1 """

Hereafter, k being fixed, we consider the family of linear spaces S = (S, )mem
indexed with M = Ur}OMkJ‘ (omitting thus the dependency with respect to k)
and endow M with the sub-probability = defined by

m(m) = inf {ef(lJrC“’“)Dfr | (rnD)eNxN'me ./\/lk,r(D)} .
By using the first part of (4.5),

SR FS2b D DRRECHISES g
meM r20 D21 meMy, (D) r>0 D>1

and hence 7 is a sub-probability on M.

By applying our Corollary 4.4 with the family (S,,)meas and this sub-probability
7, we deduce the following uniform rates of convergence over the classes of densities
of determinantal projection processes of rank jy, > 1 and parameter ® belonging to
Ug’p(R,jO). The proof of the result is delayed to Section 5.

PROPOSITION 4.6. — There exists an estimator Il such that for all Jjo = 1,
R >0, B € (0,+00)* and p € (0, +0oc] such that B > k [(p_l — 2_1) \Y O], we have

25
log n) 2B+k
)

sup E hz(H‘?l,...,jo},ﬁ)] < Cjo<
®cU? ,(R,jo)

where C' denotes some positive number depending on k, R,p and 3 only.

When jp =1, H<{I>1} is merely a density on (X, B(X)) of the form |¢]” for some
function ¢ of unit norm belonging to B5 ([0,1]%). Note that Hf{I’l} = |¢1]* also
belongs to B ([0, 1]*) and up to the logarithmic factor, the rate we get is the usual
one for estimating a density in B5 ([0, 1]*).

Let us now establish uniform rates of convergence towards more general classes

of determinantal densities. To do so, we also need to make a posteriori assumptions
on A. More precisely, we assume that it belongs to classes of the form

APDA) = SAEA] D N <47 Vi1
i'>j
or
AD(A) = XeA| D N <A™, Vix1

J'>3
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for some A, > 0. These sets contain sequences of (\;);>1 which are decreasing
polynomially and exponentially fast respectively. We get the following result the
proof of which is delayed to Section 5.

PROPOSITION 4.7. — There exists an estimator T1 such that for all A,a,R >0,
B € (0,+00)* and p € (0,+00] such that 8 >k [(p~" —27') Vv 0], we have
logn\ Fr50T
sup E {h2(H‘I”A,ﬁ)] < C < Og”> e (4.8)
(@M)€, (R)x A (A) n

_ . 2B
=N 1 2+k/(28) \ 28+k
sup  E {h%ﬂq’:*, H)} < C <(“5”) (4.9)
(@0’ (R)x A (4) "

where C denotes some positive number depending on k, A, R, p,« and (3 only.

5. PROOFS

Proof of Proposition 3.4. — The first equality is clear since by (3.1) the Hellinger
affinity between H‘}’ and H? equals

pmsat) = [ i@y (e)r(e)

= |det [@q ]| |det [Py, 5] dL(cx).
Xk

For the second part we use Proposition 3.2 and get

/X det [®% ] det [y, /] dL()

- 1_ ‘det {((sbm/fﬁ)i,je-f} ‘ '

Let us now prove the last inequality and set a = 3, ; [|¢; — wj||2. Ifa>2/5
then the result is true since the Hellinger distance is bounded by 1. We may
therefore assume that a < 2/5. In the remaining part of the proof we consider the
linear space My j(C) of |J| x |J| matrices indexed by J with entries in C. We
endow M j, 7(C) with the Hilbert-Schmidt norm defined by

1/2
1A= DD 1Al

i€J jeJ

- / \det [®a]| |det [Fo ]| dL(a) < 1-—
X

It is well-known that this norm is sub-multiplicative in the sense that for all A, B €
M i(C), |AB|| < ||A]l || B and it also satisfies

[Tr(AB)| < || A]l |1 B]]- (5.1)

One can decompose the matrix A = ((¢i,;))ijes as A = D + B where D is
diagonal with entries D; ; = (¢, ¢;) and B = A — D. Since ||¢;|| = ||1;]| = 1 for all
1

lloi = ¢ill” %II

1Dii| > R(Dig) =1— % >0 Vi=1,...k (5.2)

and hence, D is non-singular. We may therefore write

det A = det Ddet(I + M) with M =D™'B
and since for all 7, ZjeJ |<¢i71/)j>|2 < ||¢iH2 =

1—|D;,?
HMH Z| Z| ¢zﬂ/’y < W:Ag

icJ VED icJ
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and by using (5.2) with the fact that u — u=2(1 — u?) is decreasing on (0, +00),
a/4
IM|* < AF < A—a22 Z 65 = 511* <

<L (5.3)

The matrix I + M is therefore non-singular and we may write I + M = e’ for some
matrix L € M j 7(C). In fact,

L=M-—"— + > (-1
p>3
where the series converge normally in (M« ;(C), || ||). Moreover,
det(I + M) = ™8,
Since the mapping L +— Tr(L) is linear and continuous on (M« (C),| ||) and

since Tr(M) =0,

2 P
Tr(L) = —%M) + Z(—l)l’—lmiw).
p=3

By using (5.1) and the sub-multiplicative property of the Hilbert-Schmidt norm,

we get ,
M]|P M
— Z e
and thus, by using that || M| < Ay,
Tr(M?) (B2
R) > -k ) s
> (s hm)

A2 2A 5
> =) ).
-2 <1+ (1_AJ)>

This inequality together with the fact that logu > —(1 — u)/u for all u > 0 leads
to

|det A| = |det D|eR(T(E)
AQ( 2A )
ex lo D” — 1+7
p[ > log (] 30— Ay)

ieJ

A2 A2 2A
> _=J _=J =g
g eXP{ 2 2 <”3<1—AJ>>}

— exp [—c(A))AY]

with c(u) = 1+ u/[3(1 — u)] for w > 0. By using the facts that a < 2/5, ¢ is
increasing and (5.3), we get

RETS,IY) < 1 — |det A
< 1exp[c< 1_a/4>A]
a/2)?

WV

a(l - a/4) —a/4) )
< C((l_a/g)z) (1—a/2) ;}H%—%H
< o3l -l

jed
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Proof of Proposition 3.5. — Let us set
R= / Pq(t)dm(t).
T

Since h?(P,Q) < 2h%(P, R) + 2h*(R,Q), it remains to bound each of those terms
from above. The measures v and m being o-finite, we may apply Fubini-Tonnelli
theorem. By using the Cauchy-Schwarz inequality, we bound the first term as
follows.

2h2(P,R):/E(\/13—\/§)2de/E(\(F§;]j);)QdV

</ (Jr Pilp(t) — a(®)dm(t))”
h E

P+R
/(fT PtFFPtF+de)d
e P+R g
[ (- 0t x I 0],

<2 [ | [ nio) (Vi - vatt)) " avte) | amie) = .0

Let us now turn to the second term. By using similar arguments,

2h2(R, Q) < [E Ur(P2 R+Q)dm( ))zdu
N (5o VP = V@OV x (VP + V@) aBidm()”
5 R+Q
< [E [/T (VP - \/@)2 g(t)dm(t) x fT(m+ﬁé Q(t)dm(t)] dv
<4 [ #PLQua0m()
We conclude by adding these two upper bounds. 0

Proof of Proposition 3.6. — Inequality (3.11) derives from (3.9), (3.10) and
Proposition 3.5. Hence, it remains to prove (3.9) and (3.10).
Let us prove (3.9). To do so, we set a~ ' = e/[2(e—1)] < 1 and prove the stronger

inequality
2}

. 2
If there exists j > 1 such that |A; — 'yj\z + ‘)\j - 'Vyj‘ > @ then the result is clear
since h2(p*,p") < 1. Otherwise,

RPehp) = 1= [Tyu T =1-11 (Aﬂj + ;\jX/j)

R < at [|A—v|2+ -5

JEP jeJ jeJ =1
2
S CHORMA)
j>1

1 . 12
1 —exp Zlog (1_2(|)\j—’}’j|2+‘)‘j_7j‘ ))

Jjz1
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and by using that log(1 — u) > [2a7log(1 — a/2)]u for all u € [0,a/2], we get
~log(1— a/2) s P
h(ptp?) < — DN =l + ‘)\j - %"
Jjz1
1 . 2
= = [IA—VI2+ A= }
a
with our choice of a.

Let us now prove (3.10). By using Proposition 3.4 we have that for all J € P,
J £ O
W) < 2 5 6y - il (54)
jeJ
With the convention ), = 0, this inequality remains true when J = & since in
this case 1% = IV = 05 and thus R2(I1%, 1Y) = 0. We may therefore write

)
> pyhA(mgary) < 3 Door >l — sl

JeP JeP  jeJ
5 2
< G lei=wl® >0 py
j>1 JeP,jeJ
) 2
< gydlei—ul® X I 3 ITa-9
i>1 JeP.jeTj el #i iR
) 2
= 52l —wl® JI 0F +0-3)
i>1 3215 #
5 2
= 3 > 7 les— vl
i>1
as claimed. O

Proof of Theorem 4.2. — The proof is based on Proposition 4.1 with suitable
choices of (I, )meon and sub-probability «” on 1.
Let j be some positive integer. We set

AN[1/n)={ye Al vve{i/n,i=1,...n}if £ <j, v =0 otherwise},
and

.....

i J
g in I

)

by

For all my,...,m; € M and ® € U, there exist b € Hml[l/\/ﬁ],..‘,gj €
Hp,,;[1/+/n] such that for all £ € {1,...,j},

6= e < inf foe el +1/vm (5.5)

erle

since Hy,,[1/y/n] is a 1/y/n-net for H,,,. For such an element (&Fj)ezle € W,
there exists ® € U such that

~ _ _ - 1
d((#5)e=1,...5> Pq1,...53) < qulé%d((ﬁsj)e:L...,j"I’{l,...,j}) + N

Since ® only depends on %1, cee ¢7j, the cardinality of the set U(j,m1, ..., m;) gath-
ering such ® when ¢1,...,¢; vary among Hy,, [1/y/n], ..., Hy,[1/1/n] respectively
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is not larger than Hi:l |Hpm,[1/+/1]|. Besides, by using that ® € U

_ . . 1
AP, 5y P, 5y) <A@y, (%) ,,,,, ')‘*‘\Illré%d((@)f:l ----- ¥, + n
1
d(‘b{l, ik (¢J) 1,. ’J)_'—ﬁ
and hence, by using (5.5)
2 5 J ~ %, 2
d* (1. 51 Ppa5y) S SZH%‘*%‘H +-
=1
J .
. 165 + 2
< 1 f — |+ =22 .
6;@% loe = II” + = (5.6)

For all A € A, let us set A = (A¢ly<;)e>1 € A. Since for all £> 1, Ay € [0,1], we

have
’ QA@ )\4‘ +’,/1—A2 \1— A2 )

>1

v

A

~12 o
‘)\—A‘ +lx-

2
< ( 1- )\2 )
>3
< A+
e>3 1 n w/1 - )\2)
< 2) N (5.7)

£>5

By construction of A;[1/n], there exists A € A;[1/n] such that ’X@ — X@’ < 1/n for

all £ > 1 and by using that |1 —u? — VI — 02| < \/2Ju— v for all u,v € [0,1],
for such an element of A;[1/n],
2)

2y 22 I (1 <2 = =
+ -3 < Z(’)\g—)\g‘ +‘\/1—)\?—\/1—>\§
(=1
J . 3
3> [ - %] < 2. 5.8

5

By using (5.7) and (5.8) with the triangular inequality, we obtain that
—2 . X2 67
A=A a2 5.9
A=A+ ; it (5.9)

By combining (3.11) with (5.6) and (5.9), for all ® € U and A € A, there exists
(®,\) € U(j,mq,...,m;) x Aj[1/n] such that

__ _ L2 _ _
R TP < 2 {|)\>\|2+ ‘)\,)\‘ } +55 X [|o; — 65
i1

< 82)‘ +5d (@1, P, 51)
£>j

92j + 10
< SZAﬁgoZ inf ||¢g ik ]T (5.10)

>3
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Let us now set
J
m=J U {3} x Q{m;} x UGG, ma,...,m;) x A;[1/n]
jZlmieM,....m;eM =1

and for m = (j,m1,...,m;, ¥,5) € M, I, = II¥"7 and

1 L m(my)

(2n)I ,1;[1 | Hm, [1//n]]°

Since for all j > 1 and my,...,m; € M,

7'(m) =

\U(j,ml,..., H m[ 1/\/>

(=1

and |A;[1/n]| < nd,

Noam o< >N ) > (2n H\Hmel/ﬂl

meM jzlma,...m;EM WeU(j,m,...,m;) yEA;[1/n]
1 J
< S (3% mm) <
i1 mem

and hence, 7’ is a sub-probability on 9. By using Proposition 4.1 with the family
of densities (I )mesm and the sub-probability 7’ on 9T, we obtain an estimator IT

for which E [hQ (11, ﬁ)] is, up to a universal constant C' > 0, not larger than

h? (I, Iy ) + M < 2R2(IT, TT%N) 4 212 (I, T ) + M

whatever (®,)\) € Ux A and m € 9. In particular by using (5.10), for any choices

of j > 1 and my,...,m; € M, there exists some m = (j,ml,...,mj,E,X) eM
such that
log(1/7'(m
hQ(H‘i’,/\7Hm)+ g( /n ( ))
J
2|Hm,[L/v/n]|n
— h2 H(P’A,Hq))\ ( £
( Z )

Z
< 102 Z)\@—i—Z( inf H¢e ¥|? + (W) n)
>3

Finally, we get the result from the fact that ®, A, j,m1,...,m; are arbitrary. O

Proof of Proposition 4.3. — For all m € M, H,,[1/+/n] is a 1/y/n- separated
subset of the unit ball of a finite-dimensional linear space S,, on R of dimension
D,,. Consequently, for all m € M

log |Hm[1/+v/n]| < Dpylog(2v/n + 1).

Let a < 1. If infyeg,, [[¢ —¢| > a, then by the triangular inequality, for all ¢’ in
Hp,

2
—¢|| <2< = inf |lo—v.
lo-vl<2< inf lo- vl
Otherwise, there exists ¢ € S, such that ||¢ — ¥| < a. Hence,
ol = ol = ll¢ =l =1 —a>0.
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In particular, ¢ # 0 and we may set ¢’ =/ ||¢|| € H,,. Since ||¢|| = 1, we have

/ ¢ v
o=t = o~ g - H¢ o T Tl
el =Nl
< [P pte-
2|6~ _ 26— vl
h ol = 1-a ~
We get the result by choosing a = 1/2. O
Proofs of Propositions 4.6 and 4.7. — By using the collections of linear spaces

S and our choice of 7, and by using some classical optimization with respect to
m € M, we get that for all j > 1

O(Saﬂ-a(bj) < (logn/n)2ﬁ/ 25+k)

where C' is a positive constant depending on R, k, S and p. Up to the logarithmic
factor, this bounds Correspond to the usual estimation rate over BS ([0,1]*). When

A= (Ligjo)js1, IPA = H{1 o} and Corollary 4.4 leads to Proposition 4.6. For
all A e ALY (A), we get from Corollary 4.4 that

C'E [h2(n,ﬁ)] < inf [j(logn/n)2§/(23+k)+Aj’“
J1z

The minimum is achieved for j of order (n/log n)2#/[(2B+k)(1+)] which leads to the

rate (logn/n)20B/[(2B+k)(1+a)] a5 claimed. The other rate is obtained by arguing
similarly and by choosing j of order
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